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Abstract. Let G = (V, E) be a simple graph. A 3-valued function f: V(G) — {-1,0,1}is
said to be a minus dominating function if for every vertex v € V, f(N[v]) > o fluw) =21,
u€EN [v]
where N[v] is the closed neighborhood of v. The weight of a minus dominating function f
on Gis f(V)= > f(v). The minus domination number of a graph G, denoted by v~ (G),
veV

equals the minimum weight of a minus dominating function on G. In this paper, the
following two results are obtained.
(1) If G is a bipartite graph of order n, then

Y (G) = 4(Vn+1-1) —n.

(2) For any negative integer k and any positive integer m > 3, there exists a graph G with
girth m such that v~ (G) < k. Therefore, two open problems about minus domination
number are solved.
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1. INTRODUCTION

Let G = (V, E) be a simple graph. The girth of G is the length of a shortest cycle
in G. For a vertex v of G, the closed neighborhood of v is the set N[v] consisting
of v together with all vertices of G adjacent to v. Let f be a real valued function

on V. For a non-empty subset S of V, we define f(S) = > f(v). The minus
veES
dominating function is a function f: V(G) — {—1,0,1} such that f(N[v]) > 1 for
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all v € V(G). The minus domination number for a graph G is v~ (G) = min{f(V):
f is a minus dominating function on G}. The problem of finding v~ (G) seems to
be very difficult. Even if we restrict G to be bipartite, the corresponding decision
problem is also NP-complete. In [3], the following two open problems about the
minus domination number of a graph were posed.

Conjecture 1 ([3]). If G is a bipartite graph of order n, then

7 (G)=4(Vn+1-1)—

Problem 1 ([3]). For every negative integer k and positive integer m, does there
exist a graph G with girth m and v~ (G) < k?

In Section 2, we will prove that Conjecture 1 is true. And in Section 3 we will
give a positive answer to Problem 1.

2. MINUS DOMINATION OF BIPARTITE GRAPHS

In this section, we will give a proof for Conjecture 1. A bipartite graph B = (X,Y)
is an (a, b)-bipartite graph if every vertex in X has degree a and every vertex in YV’
has degree b. If B = (X,Y) is an (a, b)-bipartite graph, then a|X| = b|Y]|.

Let % be a family of bipartite graphs of order n = 4s(s + 1) in which each
bipartite graph B = (X,Y’) satisfies the following two properties:

(1) X = X; U X, is a partition of X such that |X;| = 2s and |X5| = 252, and
Y =Y; UY; is a partition of Y such that |Y;| = 2s and |Y3| = 2s%.

(2) Both G[X;UY2] and G[Y1UX3] are (2s, 2)-bipartite graphs, G[X;UY1] = Kas 25
is an (2s, 2s)-bipartite graph, and G[X3 U Y] contains no edges.

Since K3 o5 is a (2s, 2)-bipartite graph, the family .%#; is not empty for any positive
integer s.

It is easy to prove the following lemma.

Lemma 1. For all positive integers n, the inequality 4(\/n +1— 1) —n < 1 holds
and it becomes an equality only for n = 3.

Theorem 1. If G is a bipartite graph of order n, then
7 (G)=4(Vn+1-1)—

Further, a bipartite graph G satisfies v~ (G) = (\/ +1- 1) —n if and only if G is
K12 or G is a bipartite graph in % where n = 4s(s + 1).
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Proof. Let f be a minimum minus dominating function on G. Let X and Y
be the bipartite sets of G. Denote X* = {v € X | f(v) =1}. X~ ={ve X |
f(v) = =1} and X° = {v € X | f(v) = 0}. Denote Y+ = {v € Y | f(v) = 1},
Y- ={veY | fv)=-1}and Y ={v e Y | f(v) =0}. Let P = XTUYT,
M=X"UY  and W =V(G) — P—- M = X°UY". Furthermore, let | X | = 21,
I X7 =20, YT | =y1, |Y | =y, |P|=p, IM|=mand [W|=w=n—p—m. It is
obvious that 1 +y; =p >0, and w > 0.

Case 1: 1 =0or y; =0.

If z; = 0, then we have that y; > 0 and yo, = 0. Furthermore, we have x2 = 0.
Otherwise, we assume that there exists a vertex u € X~ # (). Since f(N[u]) > 1, we
have N{u] N Y™ # (). For any v € N[u]NY ™, since X = {), we have f(N[v]) < 0.
This contradicts that f is a minus dominating function. Therefore, by Lemma 1, we
have v~ (G) =p—m=x14+y1 — (x2 +y2) =y1 = 1 > 4(v/n+1—1) — n. For the
case y; = 0, the proof is completely similar. Furthermore, if a bipartite graph G of
order n satisfies that v~ (G) =1=4(vn+1—1) —n, then n =3 and G = K .

Case 2: 1 >0 and y; > 0.

Since every vertex in X~ must be adjacent to at least two vertices in Y+, by the
pigeon-hole principle, there is a vertex vg of Y such that vy is adjacent to at least
[225/y1] vertices of X . Since 1 < f(Nvo]) =1 —|N(vo) N X |+ |[N(vo) N X | <
1— [2x9/y1] + |N(vo) N XF|, we have that

a1 = |XT| 2 [N(vo) N XTF| = [222/y1] = 222/y1.

Thus we obtain that xiy; > 2z5. Similarly, we have that x1y; > 2y2. Therefore
T1y1 = T2+ Y2 = n —p—w. Since x1y; < i(ﬂh +y1)? = %pQ, we have that
1p? > n —p — w. Thus we have that 1p?> + p > n —w. Since p = 21 +y; > 2 and
w > 0, we have that w(w + 4p — 8) > 0. Thus we can obtain that

2 2
D p+2w w
— Zn—w>n— ——— —.
1 +pz2n—wz=n 1 16

This follows that

<2p+w

2
; +1) >n+1.

Thus we have that

2p+w>4(Vn+1-1).
Therefore,
T (@) =p-m=2p—(n—w)=2p+w)—n=4(Vn+1-1)—n.
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Now we assume that G is a bipartite graph of order n such that v~ (G) =
4(vn+1-1)—n. Then 2p+w =4(v/n+1-1) and w(w+4p—8) = 0. Since p > 2,
we have that w = 0 and 1p? + p = n. Thus z1y1 = (21 +y1)? and 2191 = 22 + yo.
Therefore, the following properties of G can be obtained:

(1) wlzylzép:\/n—i—l—l,

(2) 22 =yo=3z1p1 = p* =3(n—2Vn+1+2),

(3) every vertex in Xo U Y3 has degree 2,

(4) every vertex in X; (Y1) is adjacent to v/n + 1 — 1 vertices in Y5 (X2), and

(5) GIX uYi]isa (vn+1—1,v/n+1—1) bipartite graph and G[X5 UY>] contains

no edges.

Since v/n + 1 is an integer and n is even, there exists an s such that n = 4s(s+1).
Thus G is a bipartite graph in %#;. Now for any graph G in Z,, we let f(v) = —1 if
v € XoUYs2 and f(v) = 1ifv € X;UY7. Then f is a minus dominating function on G.
Thus 7~ (G) < £(V(G)) = [Xa| + || — | Xa| — Vs = 4(vA T T — 1) - n. Therefore
any graph G in ., satisfies that 7~ (G) = 4(v/n+ 1 — 1) — n. This completes the
proof. (I

3. GRAPHS WITH NEGATIVE MINUS DOMINATION NUMBER AND LARGE GIRTH

In this section, we are going to give a positive answer to Problem 1. An s-regular
graph with girth m is called an (s, m)-graph.

Lemma 2 ([8, p. 81]). For any positive integers s > 2, m > 3 and n > 3, there
exists a connected (s, m)-graph G such that the order of G is at least n.

An s-factor of G is an s-regular spanning subgraph of G, and G is s-factorable if
there are edge-disjoint s-factors Hy, Hs, ..., H, such that G=H; UHyU...UH,.

Lemma 3. For any positive integer r, if G is a 4r-regular graph, then G is
4-factorable.

Proof. By a famous theorem of Petersen [7], we have that any regular graph
with even degree is 2-factorable. Thus GG can be factored into 2r 2-factors F1, ..., Fo,.
Let H; = Foj_1 UFy;, 5 =1,...,r. Then Hy,..., H, are r pair-wise edge disjoint
4-factors of G. O
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Theorem 2. For any negative integer k and positive integer m > 3, there exists
a graph G with girth m and v~ (G) < k.

Proof. Assume that k is a negative integer and m > 3 is a positive integer. Let
n be a positive integer such that m —n < k. By Lemma 2, there exists a connected
(8, m)-graph H with order at least n. By Lemma 3, H can be factored into two edge
disjoint 4-factors Hy and Hs. Let C' be an m-cycle in H. By subdividing all edges in
E(H1)— E(C') we obtain a new graph G from H. Then G is a connected graph with
girth m. We denote by T the set of all vertices with degree 2 in G. Then t = |T| >
2n — m, and the order of G is n + t. We define a mapping f: V(G) — {-1,0,1}
such that f(v) =1ifv € V(G) —T and f(v) = —1if v € T. Then it is easy to verify
that f is a minus dominating function on G. Thus v~ (G) < f(V(G)) =n —t <
n—(2n —m) = m — n < k. Therefore, G is a graph satisfying all the conditions of
the theorem. This completes the proof. O
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