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Abstract. A natural T-function on a natural bundle F' is a natural operator transforming
vector fields on a manifold M into functions on F'M. For any Weil algebra A satisfying
dim M > width(A) + 1 we determine all natural T-functions on T*TAM, the cotangent
bundle to a Weil bundle T4 M.
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The aim of this paper is the classification of all natural T-functions defined on the
cotangent bundle to a Weil bundle T*T4 for any Weil algebra A. The starting point
is a general result by Kolaf, [4], [5], determining all natural operators 7 — TT%
transforming vector fields on manifolds to vector fields on a Weil bundle T4. We
also follow the similar classification results of Mikulski, [7] and [8]. Natural operators
lifting vector fields to cotangent bundle structures were studied in [9] and also in [3]
and [12], where some partial results of our general problem are solved. We follow the
basic terminology from [5].

We start from the concept of a natural 7T-function. For a natural bundle F,
a natural T-function f is a natural operator fj; transforming vector fields on a
manifold M to functions on FM. The naturality condition reads as follows. For a
local diffeomorphism ¢: M — N between manifolds M, N and for vector fields X
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project MSM 261100007, Czech Republic.
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on M and Y on N satisfying Tpo X =Y o, the equality fnY o Fp = fi; X holds.
An absolute natural operator of this kind, i.e. independent of the vector field, is
called a natural function on F'.

There is a related problem of the classification of all natural operators lifting
vector fields on m-dimensional manifolds to 7*74. The solution of the second
problem is given by the solution of the first one as follows [13]. Natural opera-
tors Aar: TM — TT*TAM are in the canonical bijection with natural T-functions
gy T*T*TAM — R linear on fibers of T*(T*T4AM) — T*T4M. Using natural
equivalences s: TT* — T*T by Modugno-Stefani, [10] and t: TT* — T*T* by
Kolar-Radziszewski, [6], we obtain the identification of gas with natural T-functions
far: T*TTAM — R given by fas = g otpaps o 5;}11\/1' Thus we investigate natural
T-functions defined on T*TP®4 M to determine all natural operators T — TT*T4,
where D denotes the algebra of dual numbers.

We recall the general result of Kolaf, [4], [5]. For a Weil algebra A, the Lie
group AutA of all algebra automorphisms of A has a Lie algebra AutA identified
with Der A, the algebra of derivations of A. Thus every D € Der A determines a one
parameter subgroup d(t) and a vector field Dy, on T4 M tangent to (d(t))ss. Hence
we have an absolute natural operator A\p: TM — TTAM defined by ApX = Dy
for any vector field X on M. For a natural bundle F', let F denote the corresponding
flow operator, [5]. Further, let Ly;: AxTTAM — TTAM denote the natural affinor
of Koszul, [4], [5]. Then the result of Kol4f reads

All natural operators T — TT* are of the form L(c)T* + \p
for some ¢ € A and D € Der A.

Let £: M — TM be a vector field. Kolaf in [3] defined an operation ~ transforming
a vector field on a manifold M into a function on T*M by £(w) = (£(p(w)),w), where
p is the cotangent bundle projection and w € T*M. One can immediately verify
that for a natural bundle F' and a natural operator Ay;: TM — TEFM we have a
natural T-function Ay : T*FM — R defined by AM(X) = m for any vector
field X: M — TM.

2.

In this section, we find all natural T-functions fy;: T*TAM — R for any mani-
fold M for m = dim M > width(A) + 1. For some Weil algebras A, [13], all natural
T-functions in question are of the form

WIL(TANp)) ¢eC, DeD
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where C is a basis of A, D is a basis of Der A and h is any smooth function
Rdim A+dimDer4_, R Tet D7 denote the algebra of jets J5(R¥,R). It can be
also considered as the algebra of polynomials of variables 71, ..., 7¢. By [5], any Weil
algebra A is obtained as the factor of I, by an ideal I, i.e. A =D} /I.

The contravariant approach to the definition of a Weil bundle by Morimoto sets
M4 = Hom(C*(M, R), A) and was studied by many authors, e.g. Muriel, Munoz,
Rodriguez, Alonso [1], [11]. The covariant approach (Kola¥, [3], [5]) defines T4M as
the space of A-velocities. Let ,1: R¥ — M, ¢(0) = 9)(0). Then ¢ and 1 are said to
be I-equivalent iff for any germ,, f, f: M — R the inclusion germ(fop — fo)) € I
holds. Classes of such an equivalence j4¢ are said to be A-velocities. For a smooth
map g: M — N define T4g(j4¢) = j4(g o ). Since T# preserves products, we
have TAR = A, TAR™ = A™. The identification F: M4 — TAM between those
two approaches to the definition of a Weil bundle is given by

(1) F(i*e)(f) =j*(fop)  forany f € C®(M,R).

We are going to construct natural T-functions defined on T*T“ from natural op-
erators T" — T'I}, since there are some additional ones on T*T#, which cannot be
constructed from natural operators T' — TT4.

Let p: Dj — A be the projection Weil algebra homomorphism inducing the nat-
ural transformation par: Ty M — TAM. There is a linear map ¢: A — Dy, such
that po:t = idy. By means of ¢ we construct an embedding T4M — Ty M.
Consider any j4p € TAM as an element of Hom(C>(M,R), A). Then domains
of j4p € T M can be replaced by JI (M,R). Indeed, for any f € C*(M,R),
ite(f) = jA(f o @) = [germ,, f o germg ¢]r, where 29 = ¢(0), 0 € R*. Since any
ideal I in the algebra E(k) of finite codimension contains the rth power of the max-
imal ideal of E(k), the last expression can be replaced by [j§(f o ¢)ls = j40 (45, f),
where J is an ideal of D} corresponding to I.

Further, any element j; f € J; (M,R) can be decomposed into f(x¢) +
j;o(t;(lzo) of) = f(zo) + j;of, where ¢,: R — R denotes in general a transla-
tion mapping 0 into y. The second expression is an element of the bundle of
covelocities of type (1,r), namely an element of (T"*), M = (T7*),, M, the bundle
of covelocities of type (k,r) being defined as T7*M = J"(M, RF)o, [5].

Select any minimal set of generators By, of the algebra T,/ M. For any j fe Bz,
define 7, : Tib M — (T])ao M by (iay (79)) (55, F) = 0((7*¢) (i3, f))- In the second
step,  can be extended to a homomorphism J; (M, R) — Dj.

We extend the map i,, to i: TAM — TiM. For a general Weil algebra B
we show that any element j8¢ € TP M corresponds bijectively to some element

780 € TEM. Indeed, jPo(jof) = jP(fop) =jB(fotz' otz own) = jPpo(iL, fo)-
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This general property extends i, to i: T4AM — Ty M. The map ¢ is not a natural
transformation and for a manifold M, it depends on the selection of the algebra
basis B, at xo € M. To stress this we shall use sometimes the notation i, for i
We have proved the following assertion.

Proposition 1. Let A = D} /I be a Weil algebra, p: D, — A the projec-
tion homomorphism with its associated natural transformation p: T} — T4 and
t: A — Dj, a linear map satisfying p o+ = id4. For a manifold M and zy € M
let By, be a minimal set of generators of the algebra J; (M,R)q = T,;*M. Then
there is an embedding ip,  : TAM — Ty M satistying py o ig,, = idpap such that
(5., (179) (35, ) = L((i*9) (35, ) for any j*p € T M and ji f € Ba,.

In the following investigations, we shall need coordinates on T4M and T*T4M.
We introduce them and using Proposition 1, we give a relation between them and

those on T} M to be right now recalled. Consider a polynomial form of elements
1

ol

from D}, namely x,7* for 0 < || < 7. Since Weil bundles preserve products, we
have canonical coordinates x%, on Ty R™ = (D} )™ for 1 < i < m and 0 < |a| < 7.
Consider the system S formed by non-zero images p(7) of all 7* € [, forming its
monomial linear basis. Take a maximal linearly independent subset Sy of S (a linear
basis of A). Then any element d € S — S is uniquely expressed as cla for a € z¢. For

any element b € S, select a monomial representative 7 having a minimal multiindex
5

among all of them. Then there is such a basis Sy C S that any c? = ¢,

satisfy
|6| > |a| for the minimal representatives 7 of p~'(a) and 7° of p~1(d). Define
the map ¢: A — D}, by t(a) = 7 for a minimal representative 7* of a € Sy and
1(d) = &1 for other elements d € S and their minimal representatives 7°. Hence ¢
is a linear map satisfying pot = id 4 from Proposition 1. It introduces the coordinates

yl, on TAM by

~[ ~ 1 i 1 (Ao
(2) L(p(%xw"y)) = ayaT .
1

The following formula gives the relation between the coordinates v’ of ﬁ(?xfﬂ'"f)

and z’, of the projected element of 77 M. It is of the form

5

o

al

(3) Yo = To + 57T5¢

The transformation laws for the action of the jet group Gj on the standard
fiber (T*T4)oR™ are of the form

—i 1 ! l i h1 ht 0
(4) oo = iy 1Yoy -+ Yoo + 570 n Y5, -+ Y5, Car
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Further, we define the additional coordinates p¢ on T*TAM by p&dy’,. The trans-
formation laws for the action of G7.! on the additional coordinates satisfies

p_(atB)' o oas . A hi e
6) P =g G Ta T b ¥ G sl - T bl

The relation between p$ and the additional coordinates ¢; on T*T} M defined by
q; d!, is given by

!
(6) ¢ =p] form7€S and ¢} = %p?cg otherwise.

Without loss of generality, we can suppose the following form of generators of the
ideal I. Let my: D} — [D; be the canonical projection of Weil algebras. Then
there is such a set of generators of I that each of them either gets mapped to zero
by 7] or is a linear monomial. In the following investigations, such an ideal will
be called a normal ideal. It is easy to see that for any Weil algebra A there is a
Weil algebra Ay with this property and an algebra isomorphism ¢: A — Ag. Then
every natural operator Dﬁ : TM — TTAM is bijectively assigned a natural operator
Diy: TM — TT#°M by

DX (y) :==T@y " o DI X 0 @o(y)

for a vector field X on M, y € TAM. The notation (¢ indicates the natural equiva-
lence T4 — T4¢ induced by the isomorphism @q: A — Ay.

For a manifold M and an algebra basis B, of the algebra of covelocities T, *M
with the source at xo € M, let us define operators TM — TT“M by means of By,
and natural operators T' — T} as follows. Every natural operator [: T" — T}
defines an operator

(7) A=Ayp,,: TM ->TT*M by Ayp,, =TpoAoig,,
which does not have to be natural and neither do the functions A = Ay, Bay
T*TAM — R. Consider a basis of natural operators T — TT}.

The non-absolute natural operators A together with some of the absolute ones in
this basis induce natural operators A: T'— TT#, while the others will be used for
the construction of natural functions T*TAM — R, i.e. those functions T*TAM — R
which become free of the selection of zo € M and B, € T, M.

By general theory, [5], searching for natural T-functions defined on T*T“, we are
going to investigate G7-+2-invariant functions defined on (J™H1T)oR™ x (T*T4) R™.

Therefore we state some assertions, concerning the action of G2 and some of its
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subgroups on this space. It will be necessary to consider the coordinate expression of
this action as well as that of base operators A: TM — TTAM and their associated
functions A: T*TAM — R.

Denote by )\? a natural operator A D’ associated to a derivation of I, defined by

i — 070 for j € {1,...,k} and 1 < |ﬁ| r. Then we have coordinate forms of )\B
Af and f\f . We have

s i 9 B _ ol ¢ o ‘ o) 9
& X = gsng M (gt oo sd) o

r r
9) Af - (ﬁyﬁa—ﬁ + ﬁ%a—ﬁ%)p?-

Let & be the width of the Weil algebra A. For m > k, define an immersion element
i € T{'R™ as follows. For m >k, let i7": R¥ — R™ defined by i7" = idgr x(0)™F
be the canonical inclusion of R into R™. Then define i € T{'R™ by

(10) i= g,

In coordinates, it satisfies y’, = 0 whenever |a| > 2 and y] = 61

Consider the jet group G7, [5]. It can be identified with Aut D7, the group of
automorphisms of the algebra D, as follows. For jjg € G}, and ji¢ € D), define
(11) J69(igw) = Jop o (jgg) "

For a Weil algebrap: D} — A = D, /I Alonso in [1] defined subgroups G 4 and G*
of G% as follows. G4 = {jig € G%; pojsg =p}and G4 = {jig € G%; Ker(pojig) =
Ker(p)}. He also proved that G4 is a normal subgroup of G# and the property
GA/G 4 ~ Aut A.

In the following investigations, we shall need the concept of a regular A-point and
thus we recall it. An element ¢ € M, is said to be regular (a regular A-point) if
and only if its image coincides with A, [1]. Taking into account the identificatin (1),
such a concept can be extended to an A-velocity j4p € TAM. Clearly, it is regular
if and only if ¢ is an immersion in 0 € R¥, where k is the width of A. Further, it
must hold that dim M > k. In the case m = k the concept of regularity coincides
with that of invertibility. The map ¢ from Proposition 1 preserves regularity and
thus i: A* — RF can be restricted to reg(N*) — G%, where N denotes the nilpotent
ideal of A.

The following lemma characterizes G 4 as the stability subgroup of the immersion

element 7.
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Lemma 2. Let A = D!, /I be a Weil algebra of width k with the projection
homomorphism p and a normal ideal I of DV,,. Let St(i) C GI, be the stability
subgroup of the immersion element i € T{'R™ under the canonical left action of G,.
Then G 4 = St(i) = Ker p N G~ , if we consider the restriction of pgpm to G, .

Proof. The formula (11) implies that every element of G7,, stabilizes ¢ if and
only if a} = 6! for j € {1,...,k} and a, + Hajc), = 0 whenever |a| > 2 and
T € (T1y oo, Th)-

On the other hand, G4 = {jig € G~,; po jip o (jig)~*

=Pojor Vigp €
D7, }. The transformation law for the action of jg € Aut D!, on jie € DV, (in the
coordinates z,,) is given by

- ~11 ~1
(12) Ta = Tiy..0,00, - - G,

for all decompositions o ..., of a. Further, the application of (3) on (12) yields
the identity

al

(13) Yo = $llu.lqdl0}1 ...dlo‘jq + ﬁgﬂhlmhﬁgf af;tici,
satisfied for any admissible 7, z.

Substituting the ith projection pr; for ¢ in (13), we obtain 0 = g, = a, + Yajc’,
for [a| > 2, 7% ¢ I and 7* € (71...,7). Moreover we obtain a; = a; = §; for

j € {1,...,k}. This proves that G4 C St(i). The converse inclusion follows from
the coordinate characterization of St(¢) in the very beginning of the proof, the fact
that the functions pr; fulfill the condition from the definition of G4 and from an
application of the automorphisms from the definition of G4. This proves our claim.

The second assertion follows from the formulas (3), (4) and the definition of the
coordinates y’,, which completes the proof. O

Let A =D, /I be a Weil algebra, dim M > m+ 1. In the proof of the main result,
we need to describe the stability group of ji 1 (9/9y™*+1). The transformation laws
for the action of G;;'fl on (J™HT)gR™ have the coordinate expression

(14) X, = aj, X, a,
where X/, |a| < 7+ 1 denote the canonical coordinates of j§*'(9/9y™*+!). Further,

any multiindex v including the empty one is decomposed into 71, 72 and the notation
ls

. for ly,... ls forming the multiindex v and

a7, denotes the system of all al!, ...a
decompositions ajy,...,as forming «. It follows that in coordinates any element
of G/ ¥? must satisfy o} = 6}, ,, and a!, = 0 whenever the multiindex « formed by

all of 1,...,m + 1 contains at least one m + 1 for |a| > 2. To describe the stability
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group of j§*'(0/0y™*1) in terms of Lemma 2, denote by A, ; the Weil algebra of
5,1/ for J = (Ty417), |a| > 1. Thus we have proved the following lemma.

Lemma 3. The stability group ofjé“(@/aymﬂ) in G:ntfl is of the form

(A" NG

Moreover, the stability group of jg“(a/aymH) and the immersion element i €

T64 R™t1 js of the form

Gammt1 = Ga NI((ALZ)™ ).

Let us consider the basis B of all T-functions A defined on T*T“M (not natural
in general), constructed from the non-absolute natural operators L(7*)7“ and from
the absolute operators Af with the coordinate expression given by (8). Let B; denote
the subbasis of B formed by natural T-functions T*T4 — R.

Alonso in [1] proved that there is a structure of a fiber bundle on reg T4 M with the
standard fiber GT, /G 4 over an m-dimensional manifold M and therefore reg T R™
is identified with G”, /G 4. The elements of reg(T4)oR™ are the left classes j5gG a.

Let A = D¢, /I be a Weil algebra of width & < m, where I is a normal ideal.
Define a map I*: A™ — G, by

(15) = (Top") x idgm—« .
Then we have a map Imm: T*(reg T4)oR™ — (TT4)oR™ defined by
(16) Imm(w) = I((F*(q(w))) ™", w),

for w € T* reg TOA R™ and the cotangent bundle projection q.
In the following assertion we prove that the map Imm preserves the value of any
A: T*TAR™ — R induced by a natural function A T*A — R.

Proposition 4. Let A = DV, /I be Weil algebra of width k with the normal
ideal I and (T*(reg T4))oR™ — (reg T#)oR™ be the restriction of the natural bundle
T*TAR™ — TAR™ to the open submanifold (reg T4)oR™. Then all operators from
B — By are GT2-invariant with respect to the map Imm.

Proof. We prove that for any ]\f : (T*T4)oR™ and for any w € T*(reg T4)oR™
the values of ]\f (w) and ]Xf (Imm(w)) coincide. We use the coordinates from (2)
and (5) and the transformation laws from (4) and (5) for the action of G7t? on
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(T*T#)oR™. To emphasize Imm(w) as a transformed value under this action use p
for the additional cordinates of Imm(w) (obviously, the cordinates 7?, indicate those
of the immersion element ). Then the formula (5) reduces to

5 _ (et B! -1 8
(17) p; = 'ﬁ' ja l + 5'—ﬂ'ajéc'y p?
We have ﬁ!ﬁf = [N\JB(Imm(w)) = Aﬁ(ya,pl ), which follows from the formula (9).
The coincidence of /NXf (w) with Af (Imm(w)) will be proved if there is an element
j6+2g € *(A™) the coordinates of which satisfy the equation determined by the
formulas (17) and by the second formula from (9) multiplied by §!. Clearly, it

r+2

suffices to put di yﬂ{ and complete the other coordinates of j,"“g so that it

belongs to * (Am). This proves our claim. O

The following lemma specifies a certain class of functions, among which all inves-
tigated ones must be contained.

Lemma 5. Let A be a normal Weil algebra of width k and height r considered

as D2 /I for m > k. Then every G 7 -invariant function f: (J'T1T)oR™+1 x

T*TAR™! — R is of the form h(L(TO‘)’TA,]\f) for some smooth function h of a
suitable type.

Proof. By the general lemma from [5, Chapter VI|, every G}, -invariant
function defined on (J™HT)oR™1 x T*TAR™ ! must satisfy f(jgT' X, w) =
h(vaZ ,yépf) for any non-zero ]6+ X of a vector field X on Rm“, if we use
again the coordinates y!, and p{. The last expression can be considered in
the form h(L@A,leZ,AB,yépZ) for || = 0, |[y] = 1 and |6] > 2. Iden-
tify q(w) with j4g for any w € T*(reg T4)oR™ 1| ie. q(w) = I(i*(j*g), i) and put
P = 1@ (7A9) L jg T IX). Then F(jgt X, w) = h(L(r*)TA, Y57, A%, 0, )
for |y| > 1 and i € {1,...,k}. Here 1‘)? indicate the transformed values of pZ
under the map Imm. The last identity follows from Proposition 5. Further, there
is o129 € Gan GAT+2 such that 1(j5 g, jo T (0/0y™ 1)) = jo™'Y. Then we

have f( "X, w) = h(L (TO‘)TA 0, Aﬁ pY) for i € {1,...,k}. The excessive coordi-
nates p{ are annihilated by an element of Kernl ™1 N L((AT+2 )m*1)) namely by an
element satisfying in coordinates a’, = 0 except of « = (i,...,4) . Such an element
———
(r+1)-times
stabilizes jg“(a/aymH) as well as ¢, which completes the proof. O

Searching for all natural T-functions T*T4R™*! — R among those from Lemma 5,
we introduce a basis B of functions, defined on Ti*TARm“ which shall be iden-
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tified with B as follows. By general theory, [5], every natural T-function de-
fined on T*TAR™*! — R is determined by its values over j;™'(9/dy™*!) and
(T*T4)oR™*!. Further, Lemma 3 and the formula (16) imply that the map Imm
stabilizes j;t1(9/0y™*!) in the following sense. For any w € T*(reg T4)oR™*1, the
action of I*(g(w)) on (J™HT)oR™+1 stabilizes j5 T (9/dy™1).

Thus we have the basis B of functions defined on T;TAR™*! obtained by the
restriction of B to j5 T (8/dy™*!) and T} TAR™ 1. Conversely, B determines B by

(18) B <j6+1 <6yi+1 ) ) w) = BoImm(w).

Analogously, we construct B; from B;. Moreover, for any w € T (reg TA)o R,
the values formed by B(w) coincide with the cordinates pf ofwfor j=1,...,k and
|B] > 1 in case of the absolute operators and pfn 41 in case of the non-absolute ones.
Thus any base T-function of B defined on T (regT“)oR™*! corresponds to some
projection prf: T (reg TA)oR™ — R.

——

It follows from Lemma 3 and the naturality of L(7®)74 that all natural T-
functions (T*T4)R™*! — R from Lemma 5 are in a canonical bijection with G -
invariant functions defined on T}TAR™*! which are of the form h(L(;_“\)/T A)(Af )
for /NXf : TYTAR™! — R. Using coordinates, we find all G 4-invariants of pf ,
j € {1,...,k}, || = 1. Then we identify the functions h(L(:;)/TA)(pf) with
h(L(?O\‘ﬁ’A)(]\f) and by (17), we obtain all natural 7-functions on T*TAR™*!.

This way we have deduced that our problem can be reduced to the problem of
finding all G 4-invariant functions defined on 7;"TAR™*!. The coordinate expression
for the action of G4 on Ty TAR™*! is given by (17). It follows that T;TAR™*! is
identified with the space RY endowed with such an action. Thus we are searching
for G 4-invariant functions defined on R .

We are going to investigate G4 N G, 1-orbits on RN, since only pg? depend on
B;#l and they can be annihilated by this subgroup. For those orbits, we construct
all functions distinguishing them and then we express the corresponding invariants
in terms of elements from 5.

The following assertion describes an important property of (G4 N Ker n%)-orbits
which is needed in the proof of the main result. Denote by Bs; C B the set of all
(G a NKer nh)-invariants selected from B and denote by N, the number of elements
in Bs. Clearly, By C By C ... C B,_1 € B,. Further, denote Bf = B; — B; and
Ny = Ng — N;. Then we have
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Proposition 7. Let w € RY and let Orb,(w) be its (Ga N Ker 77)-orbit. Then
B+ (Orbg (w)) has the structure of an affine subspace of RN: " | the modelling vector
space of which is (B3, NG a)/H for a normal Lie subgroup H C Bt NG 4. The
canonical injection i of such a vector space into the vector space RN+ " and the sum
of a point with a vector are given by

(19) io(s T elm) = LG5 e w) —w and  w+ [j§T ol = LG5 e, w),

respectively for [joT ¢y € (B, NGa)/H and any element w of B+ (Orby(w)),
where ¢ denotes the canonical left action of a jet group on the standard fiber.

Proof. The proof is done directly applying the formula (17) restricted to
Byt N Ga. Let wy and wy be elements of B3+ (Orb,(w)). Then w can be ob-

tained from w by the action of an element of Bfntll NGa. The cordinate expression

for such a transformatlon is glven by pj = p] + (O:jﬁﬁ,) ak,p by 5—”!%&250‘;5197 =
B + (O:jﬁﬁ,) Ao l Py (%Tg) aj(;ql using the formula (6). Analogously for w; and wa,

48 _ ~ 18 _ 540 5
we have pj = pj + (O;,B,) béa ?B + 5|ﬁ|bl5c(wpl - pf + (a;ug!) béd ?B (5l5|) bé(ﬁ lﬁ'

It follows from the definition of Orb,(w), BT (Orbs(w)), the formula (6) and the

transformation laws for the action of Gﬁh on T*TkM that ql‘w T+l

5
invariants. Then we have p] = pj + (O;T;) (@, + béa) + ((;T;) (aks + bjé)ql +
7((’:,@:7) ~lh7béa zﬁv + L;g,’:f)' fabéa ,‘jﬁa. Consider j5ty € BSH1 and jstp €

Bfn"’_ﬁl Let aw biy and &, denote the coordinates of ]S‘ng L ]S'Hz/) I and

G G e o ifS“(JS“w ') for |y] = s+ 1 and |w| = 25 + 1, where

S

are Kerm;

it J° — J" denotes in general the canonical inclusion of jet functors of order s,
h 7l
lnb'y
decompositions of w containing v and 7. Then the transformation laws for pj

depend on BQS“, which is a contradlctlon with p € BS“(Orb (w)). Finally,

o § . .
we have pj p] + (Jﬁﬁ,) (ah, + béa) + (;5) (a ajs + bJJ)Qz , which implies

r, for s < r. Then any ¢ is in fact a sum of some a for all admissible

ww; = Wwi + Wiws.

In the second step, we are going to prove the uniqueness of an element of
B NG 4 determined by the couple of elements of B5+!(Orbg(w)). This follows
from the fact that if an element of B3*!(Orb,(w)) is stabilized by ji™'g € BSHY
under the canonical left action then the whole B:T1(Orbs(w)) is stabilized. Denote
H = Stj}"{é_|r1 C Ga N B the stability group of B:*!(Orby(w)). Clearly, H is a

closed and normal subgroup of G4 N Bfn':_l, which completes the proof. ]

The first formula from (19), giving the definition of the vector space structure on
(B:HL N Ga)/H also allows us to introduce the scalar product on it, induced by
the scalar product on RN It will be used in the construction of a basis D of
additional natural functions. The construction is given by a procedure, generating
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step by step a basis of G 4-invariants. As a matter of fact, they are functions defined
on TFTAR™! corresponding in the sense of (18) to base natural 7*T“-functions,
which are in fact functions of the elements of B.

We start the procedure by selecting the elements of B; and puting Dy = B;. For
any w € TFTAR™T!, consider its orbit Orb(w) = Orby (w).

In the second step, comsider B?%(Orb;(w)), which is by Proposition 7 a ko-
dimensional affine subspace of the affine space RV I for some ks < NZ. Consider
the orthogonal complement VS in the vector space RYT to Vo = (B2, NG)/HZ,
where H? corresponds to the normal subgroup H of Bfntfl NG 4 from Proposition 7.
The new G 4-invariants are obtained as the components of the unique point Ps given
by the intersection of B2(Orby (w)) with the affine subspace of RV containing the
origin and the modelling vector space of which being VS'. For almost every G 4-orbit
in the sense of density, the maximal dimension K5 is attained and so it suffices to
select only N2 — K5 components forming the basis of the additional G 4-invariants
from the second step.

We are going to give their expressions in formulas. Select a linear basis of Vg
formed by the elements [j§¢i]p2, .- [jgcpf(z]H%. Denote by Ort; ([jdpa]y2) the or-
thogonal complement to the sequence obtained from this basis by omitting the ith
element. Then for any w € T} TAR™ ! we have

(B (w), [jg 2l uz), Orts ([jg w2l m2) (2

(20) Py(w) = B (w) + (Gelums. 2oblue), Ortf([j@(pz]le) Joal me

using the vector form of the notation and the symbol ( , ) for the scalar prod-
uct. Taking into account the identification (18) and selecting N? — K> compo-

~ N2
nents of P, we obtain the base natural functions I%,...,Iév 1752 and the basis

Dy = Dy U f21, ceey févf_Kz of natural T*T“-functions after the second step of the
procedure.

Further, we used the uniquely determined element ca(w) of Vo = (B2, ,,NGA)/H}
to obtain P and so the element w € T} TAR™*! is after the second step transformed
into wy = £(as(w), w).

In the (s+1)th step of the procedure we start from the basis Dy of natural functions
and an element ws = f(as) o ... 0 f(az)(w) instead of the w from the second step.

Consider B+ (Orbs(w)), which is by Proposition 7 a ks-dimensional affine sub-
space of the affine space RN for some ksy1 < Nt Consider the orthogonal
complement V¢, in the vector space RV o Veyg = (B NGa)/HEH, where
H:# %! corresponds to the normal subgroup H of Bfn':ll NG 4 from Proposition 7. The
new G 4-invariants are obtained as the components of the unique point P, given by
the intersection of B5+1(Orbg(ws)) with the affine subspace of RV:"" containing the
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origin and the modelling vector space of which being V<. For almost every G 4-orbit
in the sense of density, the maximal dimension K, is attained and so it suffices to
select only NZ — K, components forming the basis of the additional G s-invariants
from the (s + 1)th step.

Let us express them in formulas. Select a linear basis of Vi formed by the
elements [j8+1<,0§+1]H§+1, ey [jg"’lgaf_,fl“]Hssﬂ. Denote by Ortf+1([j5+1g05+1]H§+l)
the orthogonal complement to the sequence obtained from this basis by omitting the
ith element. Then for any w € T;TAR™+! we have

(21) Poy1(ws) = By (ws) + Cf“[jSHsDiH]HgH
if we put

((B§+1(ws)7 [j8+1505+1]H§+1 )7 Ortf+1([j8+lcps+l][_[:+1)

S

(5T o] graens 0T @) o), O (5 sl o)

(22) Ot =

where (, ) denotes the scalar product and we use the vector form of the notation.
Taking into account the identification (18), we obtain the N3:*!-tuple of natural
T*T“-functions given by

(23) Ioi1(w) = Psy1(8(asy1) o ... 0 8(az)(w)).

Selecting N, SS“ — K41 components of Psy1, we obtain the base natural functions
~ TS+l ~ ~ ~ N

Islﬂ,...,lév_;l Ko+t and the basis Dyyy = Dy U T ..., I~ of natural

T*T4-functions after the (s + 1)th step of the procedure.

This generating alghoritm is finished if in the (s + 2)th step the inequality kg0 >
N, 5112 . This means that the excessive coordinates can be annihilated by the action
of Bfnt_ll N G4. Clearly, s <r — 1.

In the case of the (s+ 2)th step, we start from w,11 obtained as follows. We used
the uniquely determined element cvgy1(ws) of Vg = (Bfntfl NGa)/HST! to obtain
P11 and so the element ws € TTAR™*! is after the (s + 1)th step transformed
into wst1 = Llasi1(ws), ws).

We have proved the main result given in the following classification theorem

Theorem 8. Let A =D, /I be a Weil algebra of width k, dimM =m > k + 1.
Let ig,, : TAM — T, M be the embedding presented in Proposition 1. Consider a
basis C' of A and a basis By of Der(D},). Further, let B be a basis of functions defined
on T*TAM constructed from operators Tpo Ap o iB,, by the operation ™ defined at
the very end of Section 1, D € By. Then all natural T-functions fy;: T*TAM — R
are of the form

KT

)

~ ~ ~ ~NT2 ~ ~NT —
(24) W) Tit Dy DIy ™ Do Iy
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where h is any smooth function of a suitable type, I n, are natural functions selected

directly from B and iﬁ\j[:s are obtained in the sth step of the recurrent procedure.

Acknowledgement. I would like to express my gratitude to I. Kolaf for his

precious advice, suggestions and comments.

[1]
2]

3]
(4]

[5]

[10]
[11]
[12]

[13]

[14]

Uni

882

References

R. J. Alonso: Jet manifold associated to a Weil bundle. Arch. Math. 36 (2000), 195-199.
1. Kolar Covariant approach to natural transformations of Weil functors. Comm. Math.
Univ. Carolin. 27 (1986), 723-729.

I. Koldr: On cotagent bundles of some natural bundles. Rend. Circ. Mat. Palermo. Serie
IT 87 (1994), 115-120.

I. Koldr On the natural operators on vector fields. Ann. Global Anal. Geometry 6
(1988), 109-117.

1. Kolar, P. W. Michor and J. Slovdk: Natural Operations in Differential Geometry.
Springer-Verlag, 1993.

1. Koldr and Z. Radziszewsks: Natural transformations of second tangent and cotangent
bundles. Czechoslovak Math. J. 38(118) (1988), 274-279.

W. M. Mikulski: The natural operators lifting vector fields to generalized higher order
tangent bundles. Arch. Math. 36 (2000), 207-212.

W. M. Mikulski: The jet prolongations of fibered fibered manifolds and the flow operator.
Publ. Math. Debrecen 59 (2000), 441-458.

W. M. Mikulski: The natural operators lifting vector fields to (J"T™*)*. Arch. Math. 36
(2000), 255—-260.

M. Modugno and G. Stefani: Some results on second tangent and cotangent spaces.
Quaderni dell’Universita di Lecce (1978).

F. J. Muriel, J. Munoz and J. Rodriguez: Weil bundles and jet spaces. Arch. Math.. To
appear.

J. Tomds: Natural operators on vector fields on the cotangent bundles of the bundles
of (k,r)-velocities. Rend. Circ. Mat. Palermo II-54 (1998), 113-124.

J. Tomds: Natural T-functions on the cotangent bundles bundles of some Weil bundles.
Differential Geometry and Applications. Proc. of the Satellite Conf. of ICM in Berlin,
Brno, August 10-14, 1998. 1998, pp. 293-302.

J. Tomds: On quasijet bundles. Rend. Circ. Mat. Palermo. Serie II 63 (2000), 187-196.

Author’s address: Department of Mathematics, Faculty of Civil Engineering, Technical
versity Brno, Zizkova 17, 602 00 Brno, Czech Republic, e-mail: Tomas.J@fce.vutbr.cz.



		webmaster@dml.cz
	2020-07-03T14:59:48+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




