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Abstract. We apply the method of quasilinearization to multipoint boundary value prob-
lems for ordinary differential equations showing that the corresponding monotone iterations
converge to the unique solution of our problem and this convergence is quadratic.
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INTRODUCTION

In this paper, we shall consider the following differential problem

O {x’(t) = h(t,z(t)), te J=[0,T], T >0,

z(0) = —ax(t1) + B=(T) + k, 0<t1 <T,

where h € C(J x R,R), o, 8,k € R. We see thatif a =k=0and f=1o0r §=-1,
then we have a periodic or anti-periodic boundary value problem, respectively.

It is well known ([2], [3], [8]-[12], [15]) that the method of quasilinearization offers
an approach for obtaining approximate solutions to nonlinear differential problems.
Recently it was generalized and extended under less restrictive assumptions.

The aim of this paper is to apply this method to general multipoint boundary value
problems for ordinary differential equations. We construct monotone sequences as
the solutions of the corresponding linear systems. Under the assumption that f 4+ A
is convex and g + ¥ is concave for some convex function A and concave function ¥
(see assumption Hs(a)) with h = f + g, we prove that those sequences converge
quadratically to the unique solution of our problem. This result is of both theoretical
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and computational interest. We must point out that our considerations lead us to
prove some results for linear problems which are important in our investigations.

In Sections 1 and 2 we study differential problems with conditions of the form
z(0) = wiz(t1) + woz(T) + k, 0 < t1 < T, for wi,ws,k € R (see problems (1)
and (13)). Our considerations crucially depend on the notion of weakly coupled
lower and upper solutions connected with positive or negative values of w; and ws.
Section 3 contains the general case with a multipoint boundary condition of the form
x(0) = XT: a;x(t;), a; € R.

This l;:ziper generalizes the results of [5] and [6] in which multipoint problems were
studied for cases when all coefficients a; are positive or all are negative. This paper
also contains some results for periodic and anti-periodic boundary value problems
obtained in [8]-[12], [16]-[17]. Note that if all coefficients a; = 0, then we have an
initial value problem.

Two and multipoint boundary value problems have been considered by several
authors, see for example [4], [13], [14] and the references therein and in [1]. It is
difficult to compare those results with the corresponding results of this paper because

we use a different technique based on the theory of differential inequalities, see for
the details [7] and [12].

SECTION 1

Functions u,v € C*(J,R) are called weakly coupled lower and upper solutions of

the problem (1) if
u'(t) (t,u(t)), ted, u(0)<—av(ty)+ pu(T)+k,
v'(t) (t,v(t), teJ, v(0)=—au(ty)+ Bv(T) + k.

Let Q = {(t,u) € J x R: yo(t) < u < 20(t), ¢t € J} be nonempty. The notation
h € C%2(Q2, R) means that h, hy, hy. € C(, R).
We introduce the following assumptions for later use.
(H) h e C@,R), a,6 >0,
(H2) wo, 20 € C*(J, R) are weakly coupled lower and upper solutions of (1) and such
that yo(t) < 20(t), t € J,
(H3) f,9,A,¥ € C*2(Q, R) with h = f + g, and moreover
(a) Foz(t,u) =20, Agp(t,u) = 0, Gea(t,u) < 0, Upr(t,u) < 0on Q for FF =
f+A G=g+ V¥,
(b) @K (t1)+BE(T) < 1 for K(t) = exp(f, L(s)ds) with L(s) = Fy(s, z0(s)) +
Ga(s,50(s)) = Aa(t, yo(s)) — Wals, 20(5)).

h
h

VoA
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Lemma 1. Let a,b € C(J,R), M,N € C(J,R;) with Ry = [0,00). Assume that
ki, ko, o, a1, 3,31 = 0 and the conditions

(i) 1—BA(T)>0, 1—BB(T)>0, ajad(t)B(t) < [1— BAT)[1 — B B(T)]

are satisfied for

A(t) = exp ( /0 t a(s) ds), B(t) = exp ( /0 t b(s) ds).

Let p,q € C*(J,R) and

{p’(t) <a(t)p(t) + M(t), t € J, {q’(t) < b(t)g(t) + N(t), teJ,
<«

p(0) < aq(tr) + Bp(T) + ks q(0) < aip(tr) + B1g(T) + ko.
Then
(2) w(t) <CHAB+D(t), telJ
with
_[»@®) _[A®) 0 _[1=BA(T) —aB(t)
w= ] co=[" ) A= Ty 1)

[ aB(t)D(t1) + BAT)C(T) + ky TA®C(®)
. {alA(n)c*(tl) BB(T)D(T)HCQ]’ D“){B@)Du)]’

Ct) = /O tM(s)exp(— /O " a(u) du) ds, D(t) = /O "N (s) exp(— /O “b(u) du) ds.

Moreover, if M(t) = N(t) =0 on J and ky = ky = 0, then

+
+

(3) p(t) <0, q(t) <0 on J.

Proof. Note that

SO
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Moreover, using the boundary conditions we get

{p(o) < aB(t1)[g(0) + D(t1)] + BA(T)[p(0) + C(T)] + k1,
q(0) < a1 A(t1)[p(0) + C(t1)] + 61 B(T)[q(0) + D(T)] + k2,

or Aw(0) < B. Hence w(0) < A~!B because A~! exists and is positive (so its entries
are nonnegative), by assumption (i). Combining this with (4) we have (2).

Note that if M(t) = N(t) = 0on J and k; = k2 = 0, then C(t) = D(t) = 0
onJ,so B=1[0 0], D(t)=[0 0], te J. In this case, the inequality (2) yields
p(t) <0, q(t) <0on J.

This completes the proof. (Il

Remark 1. If « = ay, 8 = 51 and a(t) = b(t) on J, then A(t) = B(t) on J.
Consequently, the condition (i) takes the form

(5) aA(t) + BA(T) < 1.
Note that in this case we have also
A(t)
(6) p(t) +a(t) < —=lay(t) + B1(T) + ki + kel + (1), e
with m =1 — aA(t1) — BA(T), v(t) = A@®)[C(t) + D(t)], t € J.
Similarly as Lemma 1 we can prove
Lemma 2. Assume that a € C(J,R), M € C(J,R;), o, 3,k1 = 0 and
m=1-—aA(t1) — BAT) >0 for A(t) = elo als)ds,

Let p € C'(J,R), and

{p’(t) <a®)pt) + M(t), teJ,
p(0) < ap(t) + Bp(T) + k1.
Then .

plt) < AW{ =0 A)C(1) + BATIC(T) + ] + C (1)}

with C' defined as in Lemma 1.
Moreover, if k; =0 and M(t) =0 on J, then p(t) < 0 on J.
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Lemma 3. Assume that a,b, M, N € C(J,R), and
(7) [1 = BAM)|[1 = p1B(T)] — acn A(t1)B(t1) # 0

for A and B defined as in Lemma 1.
Then the system

+M(t), ted, y0)=—azty)+py(T)+ ki,
2'(t) =b(t)z(t) + N(t), teJ, 2z(0)=—ay(tr)+ f12(T) + ke

has a unique solution (y, z).

Proof. Indeed,

y(t) = AW(0) + (1)), te T,
2(t) = BW)[=(0) + D)), teJ

with C' and D defined as in Lemma 1. Using the boundary conditions we obtain

p[Y0)] L[ 0Bt AT 4 |
—OqA(tl)C(tl) + ﬁlB(T)D(T) + ko

with the matrix P defined by

(1= BA(T) aB(t1)
P= { atA(t) 11— 513(T>] .

By (7), the matrix P is invertible which proves that the problem (8) has a unique
solution (y, z).
This completes the proof. O

Lemma 4. Let the assumption H; hold. Assume that h, € C(Q,R), and

(9) aexp (/Ot1 hz(s,u(s))ds) + Bexp (/OT hz(s,u(s))ds) #1 for (s,u) € Q.
Let y,z € C'(J,R) and

h’(tay)7 te Ja y(O) = 70[2(t1) + ﬁy(T) + k7
h(t,z), te€J, z2(0)=—ay(t1)+pz(T)+k

/_/H
ST
— ,—\\
~+ o

|l

Then y and z are solutions of the problem (1).
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Proof. Putp=y— z. Then p(0) = ap(t;) + Bp(T) and
p'(t) = h(t,y) — h(t, z) = ha(t,€())p(t), tEJ,
where £ is between y and z. Hence
¢
p(t) =d(t)p(0), te J with d(t) =exp (/ ha(s,&(s)) ds).
0

Now, the boundary condition yields p(0)[1 — ad(t;) — Sd(T)] = 0. By the condi-
tion (9), p(0) = 0, and hence p(t) = 0 on J. This means that y(¢) = z(¢) on J, so y
and z satisfy the equations

y'(t) =h(t,y), teJ y0)=—ay(tr)+By(T)+k,
Z'(t) = h(t,z), teJ, z(0)=—az(tr)+ pz(T)+k.
This proves that y and z are solutions of the problem (1).
This ends the proof. (]

Lemma 5. Let the assumption H; hold. Assume that h, € C(Q,R), and

(10) ozexp(/otl hz(s,u(s))ds) +5eXP(/OT hz(s,u(s))ds) £1 for (s,u) € Q.

Then the problem (1) has at most one solution.

Proof. Assume that problem (1) has two distinct solutions 2 and y on the
segment [yo,20]. Put p = & — y, so p(0) = —ap(t1) + Bp(T). The mean value
theorem yields

p'(t) = h(t,z) = h(t,y) = ha(t,€(@))p(), € J,

where ¢ is between z and y. Hence p(t) = c(t)p(0), t € J with c(t) = eJo he(s:6() ds,
Moreover, by the boundary condition, p(0)[1 + ac(t;) — Be(T)] = 0. By (10), it
follows that p(0) = 0 showing that p(¢) = 0 on J. This means that z(t) = y(t) on J.

This completes the proof. (Il
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Lemma 6. Assume that the assumptions Hy, Hz are satisfied. Let u,v € C1(J, R)
be weakly coupled lower and upper solutions of (1) such that yo(t) < u(t) < v(t) <
zo(t) on J. Let

+ W(t,u,v)[y(t) —u(t)], teJ,

)
)
(11)
2 (t) = h(t,v) + W(t,u,v)[z(t) —v(t)], t € J,
)

I
—
o
\
\
Q
<
—~
~
—
~
+
@
N
—~
~
+
N

with W (t,u,v) = Fyp(t,u) + G5 (t,v) — Agz(t,v) — Uu(t, u).
Then

(12) u(t) Sy(t) < z2(t) <wolt), tel

and moreover, y, z are weakly coupled lower and upper solutions of (1).

Proof. By the assumption Hs, we get W (t,u,v) < L(t). This, the assumption
H3(b) and Lemma 3 prove that the system (11) has a unique solution (y, z).
Now we are going to show that (12) holds. Put p = u—y, ¢ = z — v, so p(0) <

aq(t1) + Bp(T), q(0) < ap(t1) + Bq(T). Moreover,

{p ( ) < h( ’ ) h(t u) - W(t7u7v)[y<t) - u(t)] = W(t,u7v)p(t)7 ted,
"(t) < h(t,v) + W(t,u,v)[z(t) —v(t)] — h(t,v) = W(t,u,v)q(t), t€J.

This and Lemma 1 give p(t) < t) < 0 on J showing that u(t) < y(t), z(t) < v(¢)

»4(
on J. Now, let p =y — 2. Hence p(0) = ap(t1) + Bp(T). Furthermore, by the mean
value theorem and the assumption Hs(a) we obtain

p'(t) = h(t,u) = h(t,v) + W(t,u,v)[y(t) — u(t) — 2(t) + o(t)]
= ha(8,§(0))[u(t) — v(t)] + W (t, u, 0)[y(t) — u(t) — 2() + v(t)]
= [Fu(t, £(1) + Ga(t, (1) — Au(t, £(F) — Walt, £(2) — W(E, u, v)][u(t) — v(t)]
+ W(t,u,v)p(t) < W(t,u,v)p(t), teJ,
where u(t) < &(t) < v(t), t € J. This and Lemma 2 prove that y(¢) < z(t) on J

which means that (12) holds.
Now, the mean value theorem and the assumption Hs(a) yield

y'(t) = h(t,u) + W(t,u,v)[y(t) —u(t)] — hit,y) + h(t, y)

= h(t,y) + ha(t, &) [ut) —y ()] + W(t, u,v)[y(t) —u®t)] < h(t,y), t€J,
2'(t) = h(t,v) + W(t,u,v)[z(t) — v(t)] — h(t, z) + h(t, 2)

= h(t,2) + ha(t, &2(0))[v(t) — 2(8)] + Wt u,v)[2(8) —v(t)] = h(t, 2), t€J.
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It follows that y and z are weakly coupled lower and upper solutions of (1).

This completes the proof. O

Theorem 1. Let the assumptions Hy, Hy and H3 hold.

Then there exist monotone sequences {y}, {zn} which converge monotonically
and uniformly to the unique solution of the problem (1) and the convergence is
quadratic.

Proof. Let
{yn-i-l(t = h(t,yn) + W(t, yn, Zn)[yn-H( ) = yn(t)], tE€J,
Ynt1(0) = —azpi1 (t1) + Bynt1 (T) +
{ 1(t) h(t, zn) + W(t, yn, 2 n)[zn+1( ) —za(t)], tE€J,
Zn-i-l(o (

—Ynt1(t1) + Bzni1

where W is defined as in Lemma 6. By Lemma 3, y; and z; are well defined.
Moreover, Lemma 6 yields the relation

yo(t) <y1(t) < z1(t) < 2o(t), ted

Also, by Lemma 6, y; and z; are weakly coupled lower and upper solutions of (1).
Now, using induction argument, we can prove that for all n and ¢ € J,

Yo(t) <yi(t) <. Syn—1(t) Syn(t) < 2n(t) < zpo1(t) <o < 21(t) < 20().

Employing a standard argument (see [7]), it is easy to conclude that the sequences
{yn}, {zn} converge uniformly and monotonically to the limit functions y and =z,
respectively, where y and z satisfy the equations

By Lemma 4, y and z are solutions of (1). This and Lemma 5 show that problem (1)
has a unique solution x, so y = z = .

The proof will be completed if we show that the convergence of {y,} and {z,}
to x is quadratic. Let pp41 = ¢ — ypy1 = 0, gn+1 = 2Zny1 —x = 0. Note that
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Pnt1(0) = agni1(t1) + Bpnt1(T), 4n+1(0) = appia(ta) + Ban+1(T). Hence, by the
mean value theorem and the assumption Hz(a), we obtain
Py () = h(t, ) = h(t,yn) = W(t, yn, 2n)[Yn11(t) — yn(t)]
= ha(t, £0)pn(t) = W (t, yn, 2n) [pn(t) — Pra(t)]
< [Fu(t,m) = Fo(t,yn) + Gu(t,yn) — Ga(t, 2n) + Au(t, 2n) — Au(t, yn)
+ Vet yn) = Vo (t, 2)]pn(t) + Wt yn, 2n)pnr1(t)

= {Fua(t, &2)pn(t) — Gaa(t,£3)[Pn(t) + qn ()] + Buw(t, €4)[gn (t) + pn(t)]
= Wau(t, &5(8))Pn(8) }on(t) + Wt yn, Zn)Pny1(2)
{(A1 + Ad)pn(t) + (A2 + As)[pn(t) + gn ()] }pn(t) + L(t)pnia (D),

<
< L( )pn-i-l( )+D1’

where y,, (t) < &1(t),&2(t),&5(t) < x(t), yn(t) < &3(t),&a(t) < 2, (t) with L defined as
in the assumption H3(b), and

|Fm;v( )| Al, |Gwm(t7u)| < AQa |Awm(tau)| A3, |lIlacm( )l < A4 on Qa

1
Dl = I%lea}([Klpn(t) + qui(t)], Al —+ A4 + = (A2 —+ Ag) K2 = 5(142 —+ Ag)
In a similar way, we obtain

@1 (t) < L(t)gni1(t) + Dy with Dy = meaX[K:zp () + Kaqa (1)),

where

1
Kj = 5(141 + Aq), Ky=A+ A3+ (A1 + Ay).
Put w = ppi1 + gnt1, s0 w(0) = aw(ty) + fw(T), and
w'(t) < L(Hwt)+ D, teld

with D = D; 4+ Ds. Consequently, by Lemma 2, we have

w(t) < K(t){%

(0K (1)C(t) + BK (T)C(T)] + C(t)}D, teld
with K defined as in the assumption Hs(a) and
t
O(t) = / e o LMArqs m=1—aK(t) — BK(T).
0

Put
7 =max K(0){ oK (1)C(0) + BE(T)CT)] +C(1) ).

teJ
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Then
<(Ki+K ; 2]
maxw(t) < (K1 + K)y [maxpy (t) + maxqp ()]
Since glea}(pnﬂ(t) < I?eawa@) and max gnt1(t) < I?eawa@) we get the desired
quadratic convergence.
The proof is therefore complete. |

Remark 2. Theorem 1 contains some results of [5] (when o = 0), [8], [12] (when
a=3=0),[10], [12] (when a =k =0, 3 =1).

SECTION 2

Now, we shall consider the following differential problem

3 2/ (t) = h(t,z(t)), teJ=1[0,T], T >0,
(13) 2(0) = ax(t1) — Bx(T) + k, 0<t; <T,

where h € C(J x R,R), ke R, a, 5 >0

Functions u,v € C!(J,R) are called weakly coupled lower and upper solutions of
the problem (13) if
Bt u(t), teJ, u(0) < aulty) — Bo(T) +k,
Bt o), ted, v(0) > av(ty) — fu(T) + k.

Theorem 2. Let the assumptions Hy and Hs hold. Let yg, zo be weakly coupled
lower and upper solutions of the problem (13) and such that yo(t) < z(t), t € J.

Then there exist monotone sequences {yy,},{zn} which converge monotonically and
uniformly to the unique solution of the problem (13) and the convergence is quadratic.

Proof. Let
{yn+1(t = h(t,yn) + Wt Yn, 20) [Yyns1(t) = yn(t)], t € J,
Yn+1(0) = ayni1(t1) — Bzn1(T) + k
{ +1(t) = h(t, zn) + W(t yn, 2n) 2041 (1) — 20 (1)), t € J,
Zn41(0) = azpy1(t1) — Bynt1(T) + k,

where W is defined as in Lemma 6. The proof is similar to the proof of Theorem 1
and therefore is omitted. |

Remark 3. Theorem 2 contains some results of [5] (when a = 0), [12], [16], [17]
(when a =k =0, =1).
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SECTION 3

Let us consider a generalization of the problems (1) and (13), namely

x'(t) = h(t,x), teJ,

14 r
(14) 2(0) = > ax(ts) +k, 0<ti<ta<...<tp_y1<t,=T,
=1

where h € C(J x R), k € Rand a; € R, i = 1,...,r. Functions u,v € C!(J,R) are
called weakly coupled lower and upper solutions of the problem (14) if

u'(t) < h(t,u), teJd, w(0) < > ai(ti,u,v) + k,
v'(t) = h(t,v), ted, v(0) = > ain(ts, u,v) + k,

where

u(tl) if a; > 0,
U(tl) if a; < 0,

U(ti) if a; > 0,

C(ti,u,v) = { n(ts, u,v) = {

The proof of the next theorem is similar to the proofs of Theorems 1 and 2 and

therefore is omitted.

Theorem 3. Let the assumption Hs(a) hold. Assume that the condition
S lailK(t:) <1 for K(t) = el L)ds
i=1

is satisfied with L defined as in the assumption Hz(b). Let yo, 20 € C*(J, R) be weakly
coupled lower and upper solutions of the problem (14) such that yo(t) < zo(t), t € J.

Then there exist monotone sequences {y}, {zn} which converge monotonically
and uniformly to the unique solution of the problem (14) and the convergence is

quadratic.

Remark 4. Note that Theorems 1 and 2 are special cases of Theorem 3. More-
over, Theorem 3 contains some results of [6] when all the coefficients a; of (14) are
positive or all are negative.
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