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Abstract. For an ordered k-decomposition 2 = {G1,Ga,...,Gy} of a connected graph G
and an edge e of G, the Z-code of e is the k-tuple cg(e) = (d(e, G1),d(e, G2), ..., d(e,Gk)),
where d(e, G;) is the distance from e to G;. A decomposition Z is resolving if every two
distinct edges of G have distinct Z-codes. The minimum k for which G has a resolving
k-decomposition is its decomposition dimension dimg(G). A resolving decomposition 2
of GG is connected if each GG; is connected for 1 < ¢ < k. The minimum k for which G has a
connected resolving k-decomposition is its connected decomposition number c¢d(G). Thus
2 < dimy(G) < ¢d(G) < m for every connected graph G of size m > 2. All nontriv-
ial connected graphs of size m with connected decomposition number 2 or m have been
characterized. We present characterizations for connected graphs of size m with connected
decomposition number m — 1 or m — 2. It is shown that each pair s,¢ of rational numbers
with 0 < s <t < 1, there is a connected graph G of size m such that dimy(G)/m = s and
cd(G)/m =t.
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1. INTRODUCTION

For two edges e and f in a connected graph G of positive size, the distance d(e, f)
between e and f is the minimum nonnegative integer k for which there exists a
sequence e = eq, €1, ..., ¢, = f of edges of G such that e; and e; 1 are adjacent for
t=0,1,...,k— 1. Thus d(e, f) = 0 if and ounly if e = f, d(e, f) = 1 if and only if
e and f are adjacent, and d(e, f) = 2 if and only if e and f are nonadjacent edges
that are adjacent to a common edge of G. Also, this distance equals the standard
distance between vertices e and f in the line graph L(G). For an edge e of G and a
subgraph F' of positive size in GG, we define the distance between e and F' as

dle,F) = min d .
(e, F) Smin (e, f)
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A decomposition of a graph G is a collection of subgraphs of GG, none of which
have isolated vertices, whose edge sets provide a partition of E(G). A decomposition
into k subgraphs is a k-decomposition. A decomposition 2 = {G1,Ga,...,Gg} is
ordered if the ordering (G1,Ga, ..., G}) has been imposed on .

For an ordered k-decomposition 2 = {G1, Gs,...,Gj} of G and an edge e € E(G),
the Z-code of e is the k-vector

cg(e) = (d(e,Gr),d(e,Ga),...,d(e,Gi)).

Hence exactly one coordinate of ¢ (e) is 0, namely the ith coordinate if e € E(G;).
The decomposition & is said to be a resolving decomposition for G if every two dis-
tinct edges of G have distinct Z-codes. The minimum k for which G has a resolving
k-decomposition is its decomposition dimension dimgy(G). A resolving decompo-
sition of G with dimg(G) elements is a minimum resolving decomposition for G.
These concepts were first introduced and studied in [1]. A resolving decomposition
2 = {G1,Gs,...,G} of G is defined to be connected in [13] if each subgraph G;
(1 < i< k) is a connected subgraph in G. The minimum & for which G has a con-
nected resolving k-decomposition is its connected decomposition number cd(G). A
connected resolving decomposition of G with cd(G) elements is a minimum connected
resolving decomposition for G. Since every connected resolving k-decomposition is a

resolving k-decomposition, it follows that
2 < dimg(G) < cd(G) <m

for every connected graph G of size m > 2.

To illustrate these concepts, consider the graph G of Fig. 1. Let 2 = {G1,G2,Gs},
where E(G1) = {e1,es, f1, f5, fa}, E(Ga) = {ea,e3, fo}, and E(G3) = {eq, e, f3,
fe, f7}. The Z-codes of the vertices of G are:

1,1,0), C@(ﬁl) = (07251)7 C@(ff)) = (0,3,1) C@(fG)

(]" 370)7

Thus, Z is a resolving decomposition of G. In fact, Z is a minimum resolv-
ing decomposition of G and so dimy(G) = |2| = 3. However, 2 is not con-
nected since G; and G5 are not connected subgraphs in G. On the other hand,
let 2% = {G7,G5,G5,G5, G}, where E(GY) = {e1, fi}, E(G3) = {es, fa, f5},
E(GY%) = {ea,e3, fo}, E(G}) = {e4, f3}, and E(GE) = {es, f6, fr}- Then 2* is a

682



Figure 1. A graph G with dimy(G) = 3 and cd(G) = 4.

connected resolving decomposition of G. But 2* is not minimum since the decom-
position 2’ = {G}, G4, G%, G}, where E(GY) ={e1}, E(GY) = {es}, E(G%) = {es},
and E(G)) = E(G) — {e1, e3,¢e5}, is a connected resolving decomposition of G with
fewer elements. Indeed, it can be verified that 2’ is a minimum connected resolving
decomposition of G and so c¢d(G) = |2'| = 4.

The concept of resolvability in graphs has appeared in the literature. Slater intro-
duced and studied these ideas with different terminology in [11], [12]. Slater described
in [8], [9], [10] the usefulness of these ideas when working with U.S. sonar and coast
guard Loran (Long range aids to navigation) stations. Harary and Melter [7] dis-
covered these concepts independently. Recently, these concepts were rediscovered by
Johnson [5], [6] of the Pharmacia Company while attempting to develop a capability
of large datasets of chemical graphs. Resolving decompositions in graphs were first
introduced and studied in [1] and further studied in [3], [4]. The connected resolving
decompositions in graph have been studied in [13]. We refer to the book [2] for graph
theory notation and terminology not described here.

Connected graphs of size m > 2 with decomposition number 2 or m are charac-
terized [13], as we state next.

Theorem 1.1 [13]. Let G be a connected graph of order n > 3 and of size m.
Then
(a) c¢d(G) =2 if and only if G = P,,
(b) ¢cd(G) =m if and only if G = K3 or G = K1 1.

2. CHARACTERIZING GRAPHS WITH CONNECTED
DECOMPOSITION NUMBER m — 1

In this section, we establish a characterization of connected graphs of size m > 3
with decomposition number m —1. In order to do this, we first present several results
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established in [13]. The following three results present bounds for the connected
decomposition numbers of connected graphs in terms of other graphical parameters.

Theorem 2.1 [13]. Let G be a connected graph that is not a star. If G contains a
vertex that is adjacent to k > 1 end-vertices, then dimg(G) > k+1 and ¢cd(G) > k+1.

Theorem 2.2 [13]. IfG is a connected graph of size m > 2 and diameter d, then

2<cd(G)<m—d+2.

The girth of a graph is the length of its shortest cycle.
Theorem 2.3 [13]. If @ is a connected graph of size m > 3 and girth | > 3, then
3<cd(G)<m—1+3.

Moreover, ¢d(G) = m — 1+ 3 if and only if G is a cycle of order at least 3.

Although there is no general formula for the decomposition dimension of a tree that
is not a path, a formula has been established in [13] for the connected decomposition
number of a tree that is not a path. In order to present this formula, we need some
additional definitions. A vertex of degree at least 3 in a connected graph G is called
a major vertex of G. An end-vertex u of G is said to be a terminal vertex of a major
vertex v of G if d(u,v) < d(u,w) for every other major vertex w of G. The terminal
degree ter(v) of a major vertex v is the number of terminal vertices of v. A major
vertex v of G is an exterior major verter of G if it has positive terminal degree. Let
0(G) denote the sum of the terminal degrees of the major vertices of G and let ex(G)
denote the number of exterior major vertices of G. If GG is a tree that is not path,
then o(G) is the number of end-vertices of G.

Theorem 2.4 [13]. IfT is a tree that is not a path, then

cd(T) =o(T) —ex(T) + 1.

We are now prepared to present a characterization of connected graphs of size
m > 3 with connected decomposition number m — 1. For n > 4, let T}, be the graph
of order n obtained from the path Ps by adding n — 3 pendant edges at an end-vertex
of P5. The graph T,, is shown in Fig. 2. In particular, Ty = Py.
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CV4 (KQUK1)+K1 Tn

Figure 2. The graphs Cy, (Kj U K2) + K1, and T}, in Theorem 2.5.

Theorem 2.5. Let G be a connected graph of size m > 3. Then ¢d(G) =m —1
if and only if G is one of the graphs in Fig. 2.

Proof. It is routine to verify that the graphs mentioned in the theorem have
connected decomposition number m — 1. For the converse, assume that G is a
connected graph of size m > 3 and connected decomposition number m — 1. If
m = 3, then G € {Py, K3, K1 3}. Since cd(Py) = 2 and cd(K3) = cd(K7,3) = 3 by
Theorem 1.1, it follows that P, = T} is the only graph with the desired property. If
m = 4, then G € {Cy, (K1 UKs) + K1, K1.4,P5,T5}. Since ¢cd(G) =3 =m —11if
G = Cy, (K1 UK>s)+ K3, Ts, it follows by Theorem 1.1 that Cy, (K7 U K») + K7, and
Ts are the only connected graphs with the desired property for m = 4.

We now assume that m > 5. First, suppose that G is not a tree. Let [ be the
girth of G. If [ > 5, then cd(G) < m — 2 by Theorem 2.3. Thus I =4 or [ = 3. We
consider these two cases.

Case 1: | = 4. Let C: v1,v2,v3,v4,v1 be a cycle of length 4 in G. Since G is
connected and m > 5, there exists a vertex v not in C such that v is adjacent to a
vertex of C, say v is adjacent to v;. Since [ = 4, it follows that v is not adjacent to v;
for i = 2,4. Let 2 = {G1,Ga,...,Gm—2}, where E(G1) = {vvy,v1v2}, E(Gs) =
{v1v4,v304}, E(G3) = {vavs}, and each of G; (4 < i < m — 2) contains exactly one
edge in E(G) — (E(C) U {vv1}). Then 2 is connected. Since cg(vvy) = (0,1,2,...),
cg(vive) = (0,1,1,...), cg(vnivg) = (1,0,2,...), and cgp(vsvs) = (2,0,1,...), it
follows that & is a connected resolving decomposition of G and so cd(G) < |Z]| =
m — 2, which is a contradiction.

Case 2: | = 3. If the order of GG is 4, then G = K4 — e or G = K,4. Since
cd(Ky —e) = 3 and cd(K4) = 4, it follows that ¢cd(G) = m — 2 for all connected
graphs G of order 4 and size m > 5. Thus we may assume that n > 5. Let
C': v1,v9,v3,v1 be a 3-cycle in G. Then there exists a vertex v not in C such that
v is adjacent to a vertex of C, say vv; € E(G). Since n > 5 and G is connected,
there exists a vertex w € V(G) — {v,v1,v2,v3} such that w is adjacent to at least
one vertex in {v, vy, v2,v3}. We consider three subcases.
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Subcase 2.1: w is adjacent to v. Let ¥ = {G1,Ga,...,Gp_2}, where E(G1) =
{nv,vw}, E(Ga) = {v1ve,vavs}, E(G3) = {vivs}, and each of G; (4 < i < m — 2)
contains exactly one edge in E(G) — (E(C) U {v1v,vw}). Since cg(vivy) = (1,0...),
cg(vavs) = (2,0,...), cg(viv) = (0,1,...), and cgp(vavs) = (0,2,...), it follows that
2 is a connected resolving decomposition of G and so ¢d(G) < |2| = m — 2, which
is a contradiction.

Subcase 2.2: w is adjacent to vi. Let 2 = {G1,Ga,...,Gn—2}, where E(G;) =
{nv,v1v2}, E(G2) = {vivs, viw}, E(G3) = {vavs}, and each of G; (4 < i < m — 2)
contains exactly one edge in E(G)— (E(C)U{viv,v1w}). Since cgp(v1v) = (0,1,2...),
cg(vivg) = (0,1,1,...), cg(vivs) = (1,0,1,...), and cy(viw) = (1,0,2,...), it fol-
lows that 2 is a connected resolving decomposition of G and so cd(G) < |Z| = m—2,
a contradiction.

Subcase 2: w is adjacent to vy or to vs, say w is adjacent to ve. Let I =
{G1,Ga,...,Gn_2}, where E(Gy) = {vivg,vaw}, E(G2) = {vivs,n1v}, E(Gs3) =
{vaus}, and each of G; (4 < i < m —2) contains exactly one edge in E(G) — (E(C)U
{viv,vaw}). Since cgy(vive) = (0,1,1...), cg(vaw) = (0,2,1,...), cp(vivs) =
(1,0,1,...), and cg(v1v) = (1,0,2,...), it follows that & is a connected resolving
decomposition of G and so cd(G) < |Z| = m — 2, again, a contradiction.

Thus, G is a tree of size m > 5. Since cd(P,) = 2 for n > 3, it follows that G is
not a path. Furthermore, by Theorem 2.2, the diameter d of G is at most 3. If d = 2,
then G is a star and so cd(G) = m. Thus d = 3 and G is a double star. Let v and v be
the two central vertices of G; that is, u and v are not end-vertices of G. If degu > 3
and degv > 3, then u and v are exterior major vertices of G and so ex(G) = 2. Since
o(G) = m—1, it follows by Theorem 2.4 that cd(G) = (m—1) —2+1 = m —2, which
is a contradiction. Thus exactly one of u and v has degree 3 or more. Therefore,
G =T, as desired. O

3. CHARACTERIZING GRAPHS WITH CONNECTED
DECOMPOSITION NUMBER m — 2

In this section we present a characterization of connected graphs of size m > 4 with
connected decomposition number m — 2. For n > 5, let H,, = (Ko U (n—3)K;) + K;.
For n > 6, let X,, be a double star with two central vertices of degree at least 3.
For n > 5, let Y,, be the graph obtained from P, by adding n — 4 pendant edges at
an end-vertex of Py, and let Z,, be the graph obtained from Ps: v1,vs,vs,vq,v5 by
adding n — 5 pendant edges at vs. In particular, Y5 = Z5 = P5. The graphs H,,, X,,
Y,, and Z,, are shown in Fig. 3.
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Theorem 3.1. Let G be a connected graph of size m > 4. Then cd(G) = m — 2
if and only if G is one of the graphs in Fig. 3.

B TL Y
AL T O— (Y
AL w YA

Figure 3. The graphs F; (1 < i < 6), Hp, Xn, Yn, and Z, in Theorem 3.1.

Proof. It is routine to verify that each graph G in Fig. 3 has connected
decomposition number m — 2, where m is the size of G. For the converse, assume
that G is a connected graph of order n > 4, size m > 4, and connected decomposition
number m — 2.

Ifn=4and m >4, then G € {C4, (KoUK;)+ K1, K4, Ky—e}. Since cd(Ky) = 4,
and cd(K4 — e) = 3, it follows by Theorem 2.5 that Ky = F} and Ky — e = F; are
the only graphs with the desired property for n = 4. If n = 5 and m = 4, then
G € {K1,4,P5,T5}, where T5 is the graph of Fig. 2 for n = 5. By Theorems 1.1
and 2.5, P5 is the only graph with the desired property. If n = 5 and m = 5, then
G e {F;: 3<i<6}U{Hs}. Since cd(F;) = cd(Hs) =3 =m —2 for 3 < i < 6,
the graphs F;, 3 < i < 6, and Hy are the only graphs with the desired property for
n=2>5and m = 5.

We now assume that n > 5 and m > 6. We may assume that G is not one of the
graphs of Fig. 3. First, suppose that G is not a tree. Let [ be the girth of G. Since
c¢d(G) = m — 2, it follows by Theorem 2.3 that 3 <1 < 5. We consider three cases,
according to whether | = 5,1 =4, or [ = 3.

Case 1: 1 = 5. Let Cs: v1,v2,v3,v4, V5,01 be ab-cyclein G. Since m > 6 and Cs is
a smallest cycle in G, there exists a vertex v € V(G) — V(C5s) such that v is adjacent
exactly one vertex of Cs, say v is adjacent to v1. Let 2 = {G1,Ga,...,Gn_3} be
a decomposition of G, where E(G1) = {vv1,v1v2}, E(G2) = {vavs,v3v4}, E(G3) =
{v4v5,v5v1 }, and each of G; (4 < i < m — 3) contains exactly one edge in E(G) —
(E(C5) U {vv1}). Thus 2 is connected. Since cg(vv1) = (0,2,1,...), cg(vive) =
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(0,1,1,...), cg(vavs) = (1,0,2,...), ca(vsvg) = (2,0,1,...), cap(vqvs) = (2,1,0,...),
and cg(vsv1) = (1,2,0,...), it follows that 2 is a connected resolving decomposition
of G. Thus cd(G) < |2| = m — 3, which is a contradiction.

Case 2: | = 4. Let Cy: v1,v92,v3,v4,v1 be a 4-cycle in G. Since n > 5, there exists
a vertex v € V(G)—V(Cy4) such that v is adjacent one vertex of Cy, say, v is adjacent
to v1. Since m > 6, it follows that G contains an edge f such that f ¢ E(C4)U{vv1}
and f is adjacent to some edge in F(Cy) U {vv1}. Thus G must contain a subgraph
that is isomorphic to one of the graphs A; (1 <4 < 5) in Fig. 4.

V2 U1
0 o V2 U1 v w V3 V2
A1 . ' ? A2 . Ag .
3 4 VU3 Vg w Vg V1 v
V2 V2
v
U1 [ w
o, o
A4 : 3 A5 : 3 1
w
V4 V4

Figure 4. The graphs A4; (1 < i< 5).

Subcase 2.1: G contains a subgraph that is isomorphic to A;. Let 9 =
{G1,G3,...,Gn_3} be a decomposition of G, where E(Gy) = {vvs}, E(G2) =
{vv1,v1v2}, E(G3) = {viv4,v2v3,v304}, and each of G; (4 < i < m — 3) con-
tains exactly one edge in FE(G) — (E(Cy4) U {vvy,vv3}). Thus 2 is connected.
Since cg(vv1) = (1,0,1,...), cg(viva) = (2,0,1,...), cap(niva) = (2,1,0,...),
cg(vavs) = (1,1,0,...), and cg(vzvy) = (1,2,0,...), it follows that Z is a resolving
decomposition of G.

Subcase 2.2: G contains a subgraph that is isomorphic to As;. Let 9 =
{G1,Ga,...,Gpm—_3} be a decomposition of G, where F(G1) = {vvy,v1v4}, E(G2) =
{vaw,vsv4}, E(Gs) = {wviva,vovs}, and each of G; (4 < ¢ < m — 3) con-
tains exactly one edge in E(G) — (E(C4) U {vvi,vqw}). Thus Z is connected.
Since cg(vvy) = (0,2,1,...), cp(viva) = (0,1,1,...), cop(vaw) = (1,0,2,...),
cg(vzvy) = (1,0,1,...), cap(vnrve) = (1,2,0,...), and cg(vevs) = (2,1,0,...), it
follows that 2 is a resolving decomposition of G.

Subcase 2.8: G contains a subgraph that is isomorphic to As. Let 9 =
{G1,Ga,...,Gpm—_3} be a decomposition of G, where F(G1) = {vvy,v1v4}, E(Ga) =
{v1v2,v2v3}, E(G3) = {vsw,vsvs}, and each of G; (4 < i < m — 3) con-
tains exactly one edge in E(G) — (E(C4) U {vvi,vsw}). Thus Z is connected.
Since cg(vvi) = (0,1,2,...), cg(vivy) = (0,1,1,...), ca(vrriv2) = (1,0,2,...),
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cg(vavs) = (2,0,1,...), cg(vsw) = (2,1,0,...), and cg(vsvy) = (1,1,0,...), it
follows that 2 is a resolving decomposition of G.

Subcase 2.4: G contains a subgraph that is isomorphic to Ay. Let 9 =
{G1,Ga,...,Gn_3} be a decomposition of G, where E(G1) = {vv1,v1v2}, E(G2) =
{vavs,v3v4}, E(G3) = {vivg,viw}, and each of G; (4 < ¢ < m — 3) con-
tains exactly one edge in E(G) — (E(Cy4) U {vvi,vyw}). Thus 2 is connected.
Since cg(vv1) = (0,2,1,...), cg(viva) = (0,1,1,...), ca(vavs) = (1,0,2,...),
cg(vavy) = (2,0,1,...), ca(vive) = (1,1,0,...), and cyp(vyw) = (1,2,0,...), it
follows that 2 is a resolving decomposition of G.

Subcase 2.5: G contains a subgraph that is isomorphic to As. Since | = 4, it
follows that viw, vvg,vvs ¢ E(G). If vvg € E(G), then G contains a subgraph that
is isomorphic to A, and so the result follows by Subcase 2.1. If vow € E(G)
or vaw € FE(G), then G contains a subgraph that is isomorphic to Az, and so
the result follows by Subcase 2.2. If vsw € E(G), then G contains a subgraph
that is isomorphic to As, and so the result follows by Subcase 2.3. Thus we may
assume that none of vvy, vvs, vug, viw, vow, vsw, viaw is an edge of G. Let
2 ={G1,Ga,...,Gn_3} be a decomposition of G, where E(G1) = {vw}, E(Gs3) =
{vv1, v102}, E(G3) = {v1v4, v2v3, 0304 }, and each of G; (4 < i < m — 3) contains ex-
actly one edge in E(G) — (E(Cy)U{vvy,vw}). Thus Z is connected. Since cg(vvy) =
(1,0,1,...), cg(viva) = (2,0,1,...), ca(vaus) = (3,1,0,...), ca(vivs) = (2,1,0,...),
and cg(vsvg) = (3,2,0,...), it follows that 2 is a resolving decomposition of G.

Thus, in each case, GG has a connected resolving decomposition with m—3 elements,
and so ¢cd(G) < m — 3, which is a contradiction.

Case 3: | = 3. Let C3: v1,v9,v3,v1 be a 3-cycle in G. Since G is not one of the
graphs in Fig. 3, it follows that G # H,,. Since n > 5, there exist v, w € V(G)—V(Cs)
such that the subgraph ({v1,v2,vs3, v, w}) induced by {v1, v, v3,v,w} is a connected
subgraph of G. This fact together with m > 6 implies that G must contain a subgraph
that is isomorphic to one of the graphs B; (1 < ¢ < 10) in Fig. 5. We proceed
by cases. In each of the following subcases, we construct a connected resolving
decomposition 2 = {G1,Gs,...,Gn_3} of G by choosing G1, G2, G3 such that
|E(G1)| + |E(G2)| + |E(Gs)| = 6 and each G; (4 < i < m — 3) contains exactly one
edge from E(G) — (E(G1) U E(G2) U E(G3)).

Subcase 3.1: G contains By. Let E(G1) = {viv2}, E(G2) = {v2v3}, and E(G3) =
{v1v3, v1v, vw,wvs}. Then cy(vivs) = (1,1,0,...), cap(viv) = (1,2,0,...), cg(vw) =
(2,2,0,...), and cp(wvz) = (2,1,0,...).

Subcase 3.2: G contains Bz. Let E(G1) = {vive}, E(G2) = {vivs,vv1}, and
E(G3) = {vovs,vow,wuz}. Then cy(vivs) = (1,0,1,...), cp(viv) = (1,0,2,...),
cg(vavs) = (1,1,0,...), cg(vew) = (1,2,0,...), and cg(wvs) = (2,1,0,...).
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v
Bi: By: Bs: Bity, 4,
U1
V3 (%
v
w > w U3 U1
1
w v
U3 (%) w v
B5Z v B6Z v w B7Z

v
w V2 V3 €T (%) U3 x (%) U3 w €T
T
Bg : Bg : BlO :
V2 U2 T U2 T

Figure 5. The graphs B; (1 < ¢ < 10).

Subcase 3.8: G contains Bs. Let E(G1) = {vvi,vnvs}, E(Ga) = {vavs}, and
E(G3) = {viva,vaw,wv1}. Then cy(vvy) = (0,2,1,...), ca(vivs) = (0,1,1,...),
cg(vivg) = (1,1,0,...), cg(vew) = (2,1,0,...), and cy(wvr) = (1,2,0,...).

Subcase 3.4: G contains By. If vvy € E(G) or vsw € E(G), then G contains Bj
and so the result follows by Subcase 3.3. Thus we may assume that vvy ¢ E(G)
and vsw ¢ E(G). Similarly, we may assume that wvy ¢ E(G) and vvs ¢ E(G).
Let E(G1) = {vw}, E(G2) = {vvi,v1v2}, and E(G3) = {vevs,vsvy,wvr}. Then
cg(vvr) = (1,0,1,...), cg(viv) = (2,0,1,...), cg(vavs) = (3,1,0,...), cap(vsvy) =
(2,1,0,...), and cp(wvy) = (1,1,0,...).

Subcase 3.5: G contains Bs. Let E(G1) = {vu1}, E(G2) = {vaw,vi1v2}, and
E(G3) = {v1vs,vavs,v3z}. Then cy(vew) = (2,0,1,...), ca(vive) = (1,0,1,...),
cg(vivs) = (1,1,0,...), co(vavz) = (2,1,0,...), and cp(vsx) = (2,2,0,...).

Subcase 3.6: G contains Bg. Let E(G1) = {vvi,vnv2}, E(Ga) = {vavs,vsx},
and E(G3) = {vivs,viw}. Then cg(vv1) = (0,2,1,...), cg(vive) = (0,1,1,...),
cg(vavs) = (1,0,1,...), co(vsz) = (2,0,1,...), cag(vivs) = (1,1,0,...), and
cg(vw) = (1,2,0,...).

Subcase 3.7: G contains By. Let E(Gy)
and FE(G3) = {wz,vsw}. Then cy(vvy) =
cg(vive) = (1,0,2,...), cg(vavs) = (1,0,
cg(vsw) = (1,1,0,...).

Subcase 3.8: G contains Bs. If there is an edge joining one vertex in {va,vs}

= {111)1,’011)3}, E(G2) = {viva, v203},
(0,1,2,...), cg(vivs) = (0,1,1,...),
1,. ), cg(wr) = (2,2,0,...), and

and one vertex in {v,w,z}, then G contains at least one of By, B, and B7 and
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so the result follows by Subcases 3.1, 3.2, or 3.7. Assume that v; is not adja-
cent to x and w; for otherwise, G contains By or Big. If G contains By, then
the result follows by Subcase 3.4. If G contains Bjg, then this will be verified in
Subcase 3.10. Thus we may assume that there is no edge between {vq,v3} and
{v,w,z}. Let E(G1) = {aw,wv,vv1, 0102}, E(Ga) = {vavs}, and E(G3) = {v1vs}.
Then cg(zw) = (0,4,3,...), cgp(wv) = (0,3,2,...), cgp(vvr) = (0,2,1,...), and
cg(vivg) = (0,1,1,...).

Subcase 3.9: G contains Bg. If there is an edge joining one vertex in {va,vs}
and one vertex in {v,z}, then G contains B; or By and so the result follows by
Subcases 3.1 or 3.2. Thus we may assume that there is no edge between {vs,v3}
and {v,z}. Let E(G1) = {vw,v1v,v102}, E(G2) = {vz}, and E(G3) = {vivs, vavs}.
Then cg(vw) = (0,1,2,...), cp(vvr) = (0,1,1,...), ca(vivs) = (0,2,1,...),
cg(vivg) = (1,2,0,...), and cg(vavs) = (1,3,0,...).

Subcase 3.10: G contains Big. If there is an edge joining one vertex in {vg,vs}
and one vertex in {v,w}, then G contains By or B3 and so the result follows by
Subcases 3.1 or 3.3. Thus we may assume that there is no edge between {vs,v3}
and {v,w}. Let E(Gy1) = {vw,vv1,nvs}, E(G2) = {xvi,v1v2}, and E(G3) =
{v2v3}. Then cy(vw) = (0,2,3,...), cg(vv1) = (0,1,2,...), cgp(vivs) = (0,1,1,...),
cg(xvr) = (1,0,2,...), and cgp(vive) = (1,0,1,...).

Thus, in each subcase above, G has a connected resolving decomposition with
m — 3 elements, and so so c¢d(G) < m — 3, which is a contradiction.

Therefore, G is a tree of order n > 5 and size m > 6. Let d be the diameter of G.
By Theorem 1.1, G is neither a path nor a star and so d > 3. On the other hand,
by Theorem 2.2, d < 4. Thus, d = 3 or d = 4. We consider these two cases.

Case 1: d = 3. Then G is a double star. Let u and v be the two central vertices
of G. Since G is not a star, at least one of v and v has degree 3 or more. On the
other hand, if exactly one of u and v has degree 3 or more, then cd(G) = m — 1 by
Theorem 2.5. Therefore, G = X, as shown in Fig. 3.

Case 2: d = 4. Let Ps: v1,v9,v3,v4,v5 be a path of order 5 in G. Since G # Ps,
at least one of the vertices vo,v3,v4 has degree 3 or more. We claim that G = Y,
or G = Z, in Fig. 3 in this case. Assume, to the contrary, that this is not true.
Then G contains a subgraph that is isomorphic to one of the graphs 77, T5, and T3
in Fig. 6.

If G contains the subgraph that is isomorphic to 77, then let 2 = {G1,Go,...,
G—3} be a decomposition of G, where E(G1) = {vav}, E(G2) = {vsw}, E(G3) =
V(Ps), and each of G; (4 < ¢ < m — 3) contains exactly one edge in E(G) —
(E(Ps) U {vav,vsw}). If G contains the subgraph that is isomorphic to Ts, then let
2 ={G1,Gs,...,Gn_3} be a decomposition of G, where E(G1) = {vva}, E(G2) =
{vqw}, E(G3) = E(Ps), and each of G; (4 < i < m — 3) contains exactly one edge in
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Figure 6. The graphs T; (1 <7 < 3).

E(G)—(E(Ps)U{vv,vqw}). If G contain the subgraph that is isomorphic to T3, then
let 2 ={G1,Ga,...,Gn_3} be a decomposition of G, where E(G1) = {viva, vavs3},
E(G2) = {vsvg, v4vs5}, E(G3) = {vsv,vw}, and each of G; (4 < i < m — 3) contains
exactly one edge in E(G) — (E(Ps)U{vsv,vw}). In each case, it can be verified that
2 is a connected resolving decomposition of G and so ¢d(G) < |Z| = m — 3, which
is a contradiction. Therefore, G =Y, or G = Z,,, as claimed. O

4. REALIZABLE RATIOS

We have seen in Theorem 1.1 that a path of size m > 2 is the only connected graph
of size m > 2 with connected decomposition number 2. Furthermore, it was shown
in [1] that a path of size m > 2 is also the only connected graph of size m > 2 with
decomposition dimension 2. Thus, there is no connected graph of size m > 2 with
decomposition dimension 2 and connected decomposition number 3 or more. On the
other hand, it was shown in [13] that every pair a,b of integers with 3 < a < b is
realizable as decomposition dimension and connected decomposition number of some

connected graph, as we state below.

Theorem 4.1. For every pair a,b of integers with 3 < a < b, there exists a
connected graph G such that dimy(G) = a and cd(G) = b.

However, there is no restriction on the size of such a graph in Theorem 4.1. On
the other hand, it is routine to verify that every graph described in Theorem 2.5
has size m and decomposition dimension m — 1. Thus, if a, m are integers with
2 < a < m—2, then there is no connected graph G of size m such that dim4(G) = a
and c¢d(G) = m — 1. Furthermore, it can be verified, for the graphs described in
Theorem 3.1, that (1) dimg(F;) = m —2 for 1 < i < 6, (2) dimg(H,) = m — 2 for
n =5, (3) dimy(X,,) = max{deg u,degv} + 1, where u and v are the central vertices
of X,, for n > 6, (4) dimg(Y,,) = m —2 for n > 5, (5) dimg(Z,) =m —2if n="5,6
and dimgy(Z,) = m — 3 if n > 7. In each case (1)—(5), the integer m is the size of
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the graph under consideration. Hence, if a, m are integers with 2 < a < [$(m — 1)]
and m > 7, then there is no connected graph G of size m such that dim,(G) = a
and c¢d(G) = m — 2. Therefore, there exist infinitely many triples a, b, m of integers,
where 2 < a < b < m, for which there is no connected graph of size m having
decomposition dimension a and connected decomposition number b. This suggests
the following definitions.
For a connected graph G of size m > 2, the decomposition dimension ratio rqim(G)
of G and the connected decomposition number ratio r.q(G) of G are defined as
- dlmd(G)

ram(G) = =222 and er(G):CdT(nG>.

Since 2 < dimy(G) < ¢d(G) < m for every connected graphs G of size m > 2, it
follows that
0< Tdim(G) < Tcd(G) < 1.

It is shown in [13] that if G be a connected graph of order n > 3 and of size m, then
dimg(G) = m if and only if G = K3 or G = K} ,,—1. Thus, by Theorem 1.1, we have
the following.

Proposition 4.2. Let G be a connected graph of size m > 2. Then rq4im(G) = 1
if and only if req(G) = 1.

Next, we show that every pair s, ¢ of rational numbers with 0 < s <t < 1 is re-
alizable as the decomposition dimension ratio and connected decomposition number
ratio for some connected graph. Recall that, for a graph G and a major vertex v
of G, ter(v) is its terminal degree, o(G) is the sum of the terminal degrees of the
major vertices of G, and ex(G) is the number of exterior major vertices of G. These
concepts were defined in Section 2.

Theorem 4.3. For each pair s, t of rational numbers with 0 < s <t < 1, there
is a connected graph G such that rqim(G) = s and r.q(G) = t.

Proof. Let s = s;/sy and t = t1/to, where s1, o, t1, t2 be positive integers.
Let a,b > 20 be integers such that ass = bts. Since 0 < s < t, it follows that
0 < asi/ass < bty/bta. Because asy = bty, we obtain 0 < asy < bt;. Let bty =
kasy + ko, where £ > 1 and 0 < kg < asy. Since b > 20 and k£ > 1, it follows that
kbts > 20 and kasy < kbt,. We construct a connected graph G of size kbts such that
dimg(G) = kas; and cd(G) = kbty. There are two cases.

Case 1: 0 < ko < 5. Let N=k(ko+4)—2>2and L =k[b(ts —t1) — 2ko — 8] —
6 > 2. Furthermore, let P: vy,v2,...,vny be a copy of a path of order N and
Q: wy,ws,...,wr be a copy of a path of order L. Then the graph G is obtained
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from P and @ by (1) adding kas; — 1 new vertices U1,1,U1,2, - - -, Ul kas; —1 and joining
each of these vertices to vy, (2) for each ¢ with 2 < ¢ < k, adding kas; — 2 new
vertices u; 1, U; 2, - - ., Ui kas, —2 and joining each of these vertices to v;, (3) for each ¢
with k41 < ¢ < N, adding two new vertices u;,1, u;,2 and joining these two vertices
to v;, and (4) adding the edge un,1wi. Then the size of G is

m = |E(P)|+ |E(Q)| + (kas1 — 1) + (k — 1)(kas1 —2) +2(N — k) +1
=(N-1)+(L—-1)4 (kas; — 1)+ (k —1)(kas1 —2) + 2(N — k) + 1
= kbty — kbty + k*asy + kko
— Ebty — kbty + k(bt1 — ko) + kko = kbts = kass.

Since ex(G) = N = k(ko +4) — 2 and
o(G) = (kasy — 1) + (k — 1)(kas1 —2) + 2(N — k),
it then follows by Theorem 2.4 that
cd(G) = k?asy + kok = k(bt1 — ko) + kko = kbt;.

Thus, it remains to show that dim,4(G) = kas;. Since v; is adjacent to kas; — 1
end-vertices in G, it follows by Theorem 2.1 that dimg(G) > kas;. On the other
hand, let 2 = {G1,Ga, ..., Gkas, } be a decomposition of G, where E(G1) = E(P)U
EQ)U{unvi: 1 <i < N}U{uyiwi}, E(Ga) = {upvi: 1 < i@ < N}, E(Gj) =
{ujjvi: 1 < i < k) for 3 < j < kasy — 2, E(Gras;—1) = {U1 kas;—1v1}, and
E(Gras,) = {unvn}. Since d(u;jvi, Gras,—1) = i for 1 < i < N and 1 < j <
kas1 — 2, d(v;viy1, Gras;—1) =t for 1 < i < N — 1, d(un1w1, Gras;—1) = N + 1,
d(wiwit1, Gras,—1) = N+ 1+ifor 1 <i < L—1, dujvi,Gras,) = N + 1 —i for
1 <i < N, and d(v;vi41,Gkas,) = N —i for 1 < i < N — 1, it follows that Z is
a resolving decomposition of G, implying that dimy(G) < |2| = kasy. Therefore,
dimg(G) = kass.

Case 2: 5 < ko < as;. Let N = 4k +2 > 6 and let L = kb(ta — t1) —
2(4k + 1) > 10. Furthermore, let P: v1,vs,...,vn be a copy of a path of order N
and @Q: wy,ws,...,wr be a copy of a path of order L. Then the graph G is ob-
tained from P and @ by (1) adding kas1 — 1 new vertices u1,1,u1,2,- -, U1 kasy—1
and joining these vertices to vy, (2) for each ¢ with 2 < 4 < k, adding kas; — 2 new
vertices u; 1, Ui 2, ..., Ui kas,—2 and joining these vertices to v;, (3) for each i with
k+1 < < 4k, adding two new vertices u; 1, u; 2 and joining these two vertices
to v;, (4) adding kko — 2 new vertices UN—1,1,UN—=1,2, - - -y UN—1,kko—2 and joining
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these vertices to vny_1, (5) adding two new vertices u N,1, un,2 and joining these two
vertices to vy, and (6) adding the edge un,1wi. Then the size of G is

m=|E(P)|+ |E(Q)| + (kasy — 1)+ (k — 1)(kas1 —2) +2(3k + 1) + (kko — 2) + 1
=(N-1)+(L—-1)+ (kas1 — 1)+ (k — 1)(kas1 — 2) + 6k + kko + 1
= k2a51 + kko + kbtz — kbtl = kth = kasz.

Since ex(G) = N =4k + 2 and
o(G) = (kasy — 1)+ (k — 1)(kas1 —2) + 2(3k + 1) + (kko — 2),
it follows by Theorem 2.4 that
cd(G) = k2as; + kko = kbt;.

Thus it remains to show that dim4(G) = kas;. Since ter(vy) > ter(v;) > ter(vy)
for all 2 < i < N — 1, it follows by Theorem 2.1 that

dimgy(G) = ter(v1) + 1 = (kas1 — 1) + 1 = kas;.

On the other hand, let 2 = {G1,Ga,...,Gkas, } be a decomposition of G, where
E(Gy) = E(P)UE@Q) U {ujnvi: 1 < i< N}U{uyiwi}, E(Ga) = {uppvi: 1 <
i < N—1}, B(Gy) = {ujjui: 1 < i <k i=N-1}for 3 <j < kko— 2,
E(G;) = {usjvi: 1 < i< k}for kko—1 < j <kasi—2, E(Gras;—1) = {1 kas1—101},
and E(Gras,) = {un2vn}. Since d(ui;vi, Gras,—1) =@ for 1 < i < k, i = Ny, and
1 <j < kasy —2, d(vivig1, Gras,—1) = 1 for 1 <i < N —1, d(un,1w1, Gras,—1) =
N+1, d(wjwit1,Gras;—1) = N+1+ifor 1 <i< L—1, d(unvi, Gas,) = N+1—1
for 1 < i < N, and d(v;vit1, Gras,) = N —i for 1 < i < N — 1, it follows that &
is a resolving decomposition of G, implying that dimg(G) < |2| = kas;. Thus
dimg(G) = kass.

Hence, in either case, we construct a connected graph G of size kbty such that
dimg(G) = kas; and cd(G) = kbty. Therefore,
51

kasy kbty 1
— =22 d wd(G) = — = = =1t,
ka52 59 y an " d( ) kbtg t2

Tdim (G)

as desired. O
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