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Abstract. In this paper, the boundedness of the Riesz potential generated by gener-
alized shift operator Iz, from the spaces Ba = (Lp,..v(RE), am) to the spaces Ba' =

(Lg,,.»(RE), al,) is examined.
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1. INTRODUCTION

A new class of function spaces, denoted by Ba, was introduced by X. Ding and
P. Luo in [5]. This class of spaces is a very natural generalization of the classical
L, spaces and also includes some important Orlicz spaces, Orlicz-Sobolev spaces,
etc. In the past few years, many results have been obtained pertaining to Ba spaces
and have been used in both classical analysis and other branches of mathematics
(see [3]-[7]). The boundedness of the Riesz potential in Ba spaces was investigated
by Y. Deng, W. Chang and Y. Li [7]. The Riesz potential generated by generalized
shift operator was introduced by I. A. Aliev and A.D. Gadzhiev [8], where weighted
L, estimates were obtained for I, .

The aim of this paper is to prove the boundedness of the Riesz potential generated
by a generalized shift operator I from the spaces Ba = (L, ,(RE), anm) to the
spaces Ba' = (L, »(RF),al,).

m
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2. Ba SPACES AND RIESZ POTENTIAL GENERATED BY
A GENERALIZED SHIFT OPERATOR

Let B = {Bi,...,Bm,...} be a sequence of Banach function spaces and a =

{a1,az2,...,am,...} be a sequence of non-negative real numbers. Let ¢(z)
o0 oo
> amz™ be an entire function. For f € (] B, we form a power series as
m=1 m=1
follows

o0

I(f, ) = Z am”f”gm/\mv

m=1

where || - || ,, is the By,-norm of f. Let R, denote the radius of convergence of the

series I(f, A\) and Ba denote the following function set
Ba = {f; f€ () Bu: By >0}.
m=1

The set Ba is proved to be a Banach space when we define the norm of an element
f € Ba by

7l = it {5 1050 <1,

(see, for details, [5]).
In this paper we will confine ourselves to the Banach spaces

1/pm
2v;
B = Ly ®5) = {1 Wl = (150 |pmnxn ) <o),

where v; > 0, j =1,2,...,k are fixed parameters, 1 < p,, < oo (m =1,2,...), and
Rfm = {SC: T = (‘T17$27"'7xn)7$n*k+1 = 05- cy Ty 2 071 <k < n}

For simplicity, we will denote || - ||z, , by || - |5,

The generalized shift operator is defined by

T T
Tyf(fl?) = Cy; / . / f{xl - y’, \/I’i_k_i,_l + y%_k+1 — 2% k4 1Yn—k+1COSQL, ...,
0 0

k
Va2 4+ y2 — 22,y, cos ak} H sin®i "t a; dayl],
Jj=1

where

k 1
L(vj+ 3)
_ —k/2 J 2
Cy, =T | I —_—,
’ =1 L'(v;)
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x = (¢ Tp_tt1y-sTn), ¥ = YV, Yn—kt1s---,Yn), and 2,y € R,_r. We remark
that T is closely connected with the Bessel differential operator
0% 2v 0

B, = —— 0.
or2 r or’ r=

Let Ap, denote the Laplace-Bessel operators,

"L 92 Moy,
Ap = __|_ . 1<k<n, v, >0(G=1,...,k).

The shift TY generates the corresponding convolution (“B-convolution”)
(e )W) = [ AT )] 2

We note that this convolution satisfies the property f1 * fo = fo x f1 (see [1], [2],

[9]-[11]).

The Riesz potential I* is defined by

(1)) =r(e) [ T W 4y 0<a<n,

R, |7 =y
where f € L,(R,) and r(a) = [2"/22°T(3a)/T((n — oz))]f (see [12]). It is well-
known that, for p € (1,n/a), I* is bounded operator from L, to L,, with 1/q =
1/p — a/n, i.e., there exists a constant A(p) such that || I%f||, < A®)|fllp. In [7],
the boundedness of Riesz potential I in Ba spaces were investigated by Y. Deng,
W. Chang and Y. Li

Now let TY be the generalized shift operator. The Riesz potential generated by
generalized shift operator is defined by

1) (B S =) [ ST (el Hyi”ﬂkﬂ b 0<a<ntap

where f(z) belongs to the space of test functions, denoted by Z, (RF) = Z,, and

S r )]

The Riesz potential generated by generalized shift operator I is a bounded
operator from L, ,(RF) to L, ,(RE) with 1 < p < g < oo, 1/g=1/p—a/(n+2|v|),
i.e., there exists some constant A, (p,q,v) such that for all f € L,(RE) (see [8])

c(a) = 20°F (k= n)/2r<

(2.2) 15, fllaw < Aa(p: g, V)| fllpw
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It is natural to expect that If is bounded from Ba = (L,,, ,(RE),apm) to Ba’ =
(Lg,, »(REY, al), where 1/qy, = 1/py — a/(n +2|v|), m = 1,2,.... However, this is
not true in general. Indeed, we have

Theorem 2.1. Let 0 < a < n+ 2|v| and let 1 < p,, < (n+2[v|)/a. Then
the Riesz potential generated by generalized shift operator I, is bounded from
Ba = (Lp,, »(RE),am) toBa’ = (L, ,(RE), a’,) if and only if there exist two positive
constant 8 and «y such that

(2.3) 1< f<pn <<

2
Llu' for all a.,, # 0.
@

To prove of this theorem we first give the following two lemmas.

Lemma 2.2.

k
2 @) [ du=c, [ 5 gl
{u€RE: [u|>e} =1 |5—g|>e
k
X f(y/, \/9121—1@-1-1 + y121—k+27 SRRV, 97214_;@_1 + 97214.;@) H |Yn—kt2i 291 dF,
where ¢, = n~k/22F H D(v; + 3)/T(v;) and & = (2, Tp—k+41,- .-, Tn,0,...,0), &’ =
——
B k-terms
(xla v 71'71—/6)7 y= (y sy Yn—k+15 -5 Yny Ynt1, - - '7yn+k)-
Proof. We denote the first part by I,
k 1
% H / |u|o¢—n—2|u\
=1 lul>e
T
/ / -, ,217,#1 —l—u%fkﬂ — 25 k4+1Up—k+1 COSQ, ...,

kol

\/:102 —|—u2 —2xnuncosan>H u,, " kﬂsm Vi~ ajdaj]du

k 1
H VJ / |a n—2\v \/ /
j=1 VJ |ul|>e

\/I?szﬂ — 2% 1Un—kt1 COS 1 + (Up—j11 COS1)? + (Up—py18inaq)?, ...,

mm

o

\/x% — 22Uy, o8 oy + (up cos ag)? + (u, sinay) ) H u,’ k+; sin?vi~ aj daj]du
Jj=1
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:cl,/ |u|0‘_"_2|”‘/ / fla' =,
|s|>e

\/(iﬂn k1 — Un—kt1 €08 1)% + (Up—py18inar)?,. ..,

V(2 — up cosag)? + (u, sin ak)2) H[ui’”kﬂ sin?7 ! a; daj] du.

i=1
Now, we pass to the new variables & = (¢/,%n—k+1,.-.,2n,0,...,0), § =

!/ . / ! __ / _
(y ayn—k-i-la---7ynayn+17---7yn+k)- r—-—u =Y, yn7k+(2j71) = Tn—k+j — Un—Fk+j X
COS Qj, |[Yn—k+2j] = Un—k+jsina;, 0 <o <nand up—g+; >0,5=1,2,..., k. Since

the Jacobian of the transformation is equal to (tn_g11 * Un_ki2 ... U,) " we have

I=c¢c, /|~ ) |j _ g|a—n—2\z/|f(y/7 \/yiikﬂ + yifk+2’ ey \/yfl+k71 + ythk)
T—y|>e

X H |yn k+2j| -1 dy

Lemma 2.3.

k
2vj _ / 2 2 /)2 2
/Rk (U) H un—jk-&-j du = Cv /[Rk (y ’ \/yn—k—i-l + yn—k+2’ Tt yn-i—k—l + yn—i—k)

n J=1 n+k

x T 1gn—rr2s 7 dy dynsr - dynss,

k
where ¢, = n=*/22% T] T'(v; + 1) /T (v;).
j=1

The proof is straightforward by substituting y’ = ', yn—k4(2j—1) = Un—r+j COS
Yn—k+2j = Un—k+jsine;, 0 <oy <mand up—py; >0,5=1,2,... k.

Proof of Theorem 2.1. If 8 < p < < then there exists a K > 0 such that
Aq(p,q,v) < K by the continuity. Now suppose that (2.3) holds, then we have
Aa(Pm, @m,v) < K, m =1,2,.... By the definition of the Ba-norm, for all f € Ba =
(Lp, »(RE), a,,), we have

— Il
( HfHBa> 2, an Il

m=1
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SO

. s,
I Ioz f7 a k'gm,
(T84 777ma) = 2 K
oo T
g Am my Ym B ~ 1'
2_ am AL (P G V) G

3
ﬂ‘

This implies
175, fllsar = fof {1/As (5, £,3) < 1} < K] 5o

and the sufficiency is thus proved.
We now proceed to prove the necessity of condition (2.3). We need some estimates
concerning the functions f; and g; defined by

1, zel=A{z: |z| <, Znpy+; 20(j=1,2,...,k)},
filx) =

0, otherwise.

and

2|7 log(1/|z])— (2D TI0+e) gp e p,
qi(z) =

0, otherwise.

First, we claim that there exists some constant B, (p, q,v), which depends only on p
and B, (p,q,v) — oo as p — 17, such that

115, fillq.v

2.4
@4 ilw

> Ba(p,q,v)

holds for all p near 1, where 1/¢=1/p — a(n +2|v|)~!. For any y € [ and = ¢ I, if
we use Lemma 2.2 we have

k
(5. £0(@) = ele) | T (al*2) T] 2%, o

Jj=1

2
—c(a) [ Wl T Hy,:ﬂkﬂ
RE

n

= C(Oz) / i |j — gla*"”'”‘fz (y/» \/yifqu + yifquv RNV yi+k71 + y?th)
RE (@)

k
< I lyn—np2;* " dg.
j=1
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Since |z| > I, |g| < [ and, |Z| = z, it follows that |Z — g| < |Z] + |7] < |z| + 1 < 2|x|.
Thus, for any z ¢ I,

(I, fi)(x)
> ¢(a) / (2|z))>2v (y’, \/yi_kﬂ U2y o\ Yok + yi+k>
RY L .(8)
2v;—1 ~
x H Y- k+2j
By Lemma 2.3

e

15 f@) > (@) [ Qa2 ) [T 022, d

RY j=1

— (@)@l [ Hui“fkﬂ

Jul<I

ln+2\y|
_ C(a)2a—n—2|u\ |I|o¢—n—2|u\c

n+2y|’

By a simple computation we see that

k 1/q
o 2v;
(/ |Ikal($)|qH“7n o A )
115, fillg,v S |z|>1 j=1
.f2

by (c [nr2vl )1/19
n+ 2|y|

ln+2\v|
C(a>2a7n72\v|c

L 1/
n+ 2|v| |(a . 2‘,,|)q1—‘[ 2, a
=T m>z Tn=+j

(n+2[v])t/

WV

:c(a)2a7n72\v|( ¢ )1_1/pln+2\v|7(n+2\v|)/p
n+ 2|v|

00 1/q
~ (C// T(a7n72|u\)q+n+2|u|fl dT)
l

ax—n—s|\V c 171/17 n vi—(n 14
= c(a)2 2| |<n+2|y|> (2l = (2D /p (Y1 a

1-1/p
1 a—n—2|v| ¢ 1/
|: l(a—n—2|u\)q+n+2|y| :|E B C(CY)2 <TL + 2|I/|) (C) 1
qgn 42y —a) — (n+2Jy|) [q(n 2l —a)— (n+ 2M)]l/q
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Thus we obtain (2.4) by taking

2l c 1-1/p
c(a)20— =2 |<_n_+2|y|> CORE

[g(n + 2|V — a) — (n + 2Jv|)] /e

Ba(p7QaV) =

)

where B, (p, q,v) is independent of | and, B,(p,q,v) — oo as p — 17 as desired.
Next, we assert that if [ < %, then

||I](§k9l q,v

(2.5) LButlar
llgtllp,v

2 Ca(p.q,v)

holds for all p sufficiently near (n + 2|v|)/«, where Cy(p,q,v) is independent of !
and Cy(p,q,v) — 00 as p — ((n + 21/)/04)7. In fact, if it is not the case, then there
exists some K, which is independent of p, such that

k

« 2v; C «a
(2.6) ( / @ Tl d:c) <1150

j=1

v S K”gl”p,l’-

Now ¢ — 0o as p — ((n+2v)/a) , and by a similar argument as in [7], [12], it is
easy to see that

ot = ([ {lale
lz|<i

<([
lz|<!

However, (I3, gi)() is essentially unbounded near the origin since

(Ip,91)(x) = c(a)/ 1 <1Og é)wﬁwue)

i<t 1yl

(14€

1 |—w52m7
logm‘

P 2, »
} Hxn7k+jdx

J=1

1
1 1—(+e)yp k 2, P
1ogm‘ } jl:[lxnk+jda:> < 00.

k
« TV (|w|—a—n—2\l/|) H yil:jk+j dy

Jj=1

is infinity at the origin as long as a(n + 2|v|)"1(1 +¢) < 1.
Now let us suppose that there exists a constant A, independent of f, such that for
all f € Ba,

(2.7) 13, fillBar < Al f[lBa-
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It follows from (2.4) and (2.7) that

o oo
B v am |15 v
Z am[ a(pmv%na Hfl”pm < Z m” kalqu -1

= (AllfillBa)™ 113, fillBar
In particular,
1/m lm
o O BaOmam Dl gy 0 Wil A
A”fl”Ba ’ ”fl”Ba Ba(pmy%nay)’

where By (pm, Gm,V) — 00 as p, — 07, So if 3 in (2.3) does not exist, then there is

a pmy > 1 such that

29 g Uil _

1
e <5 forpm € (Lpw] and L€ (0,00).

Without loss of generality, we assume there is a,,~ such that a.,,» # 0, pmr < D

and

1/m” ||fl||pm// <

1
(2.10) 0<a,l —bml <~
IfillBa 2

n2 (4 2p])~1 > 1 and

ln+2|l" 1/p7n’ 1/ " ZTL+2‘V| 1/p7n”
M(ce—2—— <all ,
(Cn+ 2|u|) G \ 2]

where M = sup(al/m” :m=1,2,...) < co. Then we have for any p,, > ppm

m'’

l’ﬂ+2|’/‘ 1/pm ln+2"’| 1/Ppmr Lim?” ln+2| | \L/Pmrr
al/m( e2—— <M|c—4—— <alm .
n + 2|v| n + 2|v| mn n+2|u|

Now let us choose [y large enough such that cl

Thus by using (2.10) and the fact || fi,||p, = (CZ"HM(H + 2|1/|)_1)1/p, we have for

any pm > Pm/,

7" 1
211 al/melOHp7n7V <a/1//’r/n ”flo”Pm/uV < Z.
211) ol SO oles 2

This together with (2.9) gives

- ”flo”;n 1\ m
i < 2 (3) =
2 11015 23

m=1 m=1
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which contradicts the definition of the Ba-norm since I(f,,1/|fi,l|}Ba) = 1. We
have thus proved that § > 1. Next we prove v < (n + 2|v|)/a. Using (2.5) and (2.7),
we obtain

Z a, (Ca(pM7qm7V)Hgln|l|Pmal’) g 1.
2 (Allals)

So a}n/mHgl”pm,u/”gl”Ba < A/Ca(pma(Jm»V)- Note that Ca(pmv(Jm»V) — o0 as Py —

((n+2[v])/a) . Thus if v does not exist, we can find p,, large enough such that

v 1
(2.12) a%mm < = forpy, € [pm/,

2
<3 E!t—fﬂ) and [ € (0, 00).

Similarly we may assume there exists a m’ such that p,,» > p,, and

1/m” ||gl prn//,lj

m'’

<

1
(2.13) 0<a -
lgillBa 2

for I € (0, 0).

Now choose [; small enough such that 1/e(—logl;)¢ < 1 and

<a

)

[ C, ]1/Pm’

1/777,// Cl 1/p7n”
e(—logly)e

m" | e(—logly)e
then for any p,, < pm/,

1/pm 1/ppr 1/pr
] ™ < ]

Gm e(—logl e(—logly)e < G e(—logly)e

)

thus by using (2.12) and the fact that ||g;, ||, < [C1/e(—logly)%]'/?, we have

14 " 1,V 1
(2_14) QMWM < ain/l’l” M < = for pm < Pm-
91, IBa lgnllBa 2

From the equations (2.12) and (2.14) we see that

oo

Z a%mHQthm,u <1

= 191 [Ba

So we again have a contradiction to the definition of the Ba-norm, and the theorem
is proved.
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