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Abstract. We study whether the projective and injective properties of left R-modules
can be implied to the special kind of left R[z]-modules, especially to the case of inverse
polynomial modules and Laurent polynomial modules.
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1. INTRODUCTION

Northcott [3] and McKerrow in [1] proved that if R is a left Noetherian ring and
E is an injective left R-module, then E[z~!] is an injective left R[z]-module. In [5]
Park showed that P[z~!] is not a projective left R[z]-module while P|[z] is a projective
left R[x]-module for a projective left R-module P. In this paper we study whether
the projective and injective properties of left R-modules can be implied to the special
kind of left R[z]-modules. We prove that for any non zero left R-module E, that
the Laurent polynomial module E[x,z7!] is not an injective left R[z]-module and
Elzy ", x5 2, .. ] is not an injective left R[xy, 2, ...]-module, in general. We also give
another proof of Northcott’s and McKerrow’s result by using locally nilpotent. And
then we prove that for a projective left R-module P, the inverse power series module
P[[z7!]] and the Laurent polynomial module P[z,z~!] are not projective left R[z]-
module. Inverse polynomial modules were studied in [2], [4], [5] and recently in [6],

(7], [8]-
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Definition 1.1. Let R be a ring and M a left R-module, then M [z~!] is the left
R[z]-module such that

x(mo+miz 4. Fmaa") =my Fmer 4.+ mpa v

and

r(mo +miz . mpaT™) = rmo +rmazt L Frmpr”

where r € R.

Similarly, we can also define M[[z—1]], M[z,2~1], M|z, 2~ }]], and also M[[x,z~}]
as left R[z]-modules where, for example, M [z, x~!] is the set of Laurent series in x

with coefficients in M, i.e. the set of all formal sums Y. my2* with ng any element
k>no
of Z (Z is the set of all integers).

Lemma 1.2. Let M be a left R-module. Then
Homp(R[z], M) = M[[z~"]]
as left R[x]-modules.
Proof. Define p: Homg(R[z], M) — M|[z~!]] by

o(f)=f(1)+ fx)a™ ' + fa®)a™? +....

Then ¢ is an isomorphism. O

We note that if E is an injective left R-module, then Hompg (R[x], E) is an injective
left R[z]-module so by the above Lemma 1.2, E[[z~1]] is an injective left R[z]-module.

2. INJECTIVE PROPERTIES OF R[z]-MODULES

Definition 2.1. Given any module M and f € End(M) we say that f is locally
nilpotent on M if for every « € M, there exist n > 1 such that f"(x) = 0.

The following Lemma 2.2 is originally due to Matlis and Gabriel.
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Lemma 2.2. If R is a left Noetherian ring, E is an injective left R-module,
and f € End(E) is such that E is an essential extension of Ker(f), then f is locally
nilpotent on E.

Proof. Let K bethe kernel of f and E an essential extension of K. Consider the
direct sum K @K @. .. of countable number of K’s. Choose (a1,as9,...) € EGE®. ..,
then a; = 0 for all ¢ > n for some n. Since F is an essential extension of K, choose
r1 € R such that a1 € K. Then choose r5 € R such that ra(rias) € K and so on.
Finally, choose 1 € R such that ri(rg—1...7r27m0ax) € K. Then

(rarn—1...r2r1)(a1,a2,...,a,,0,0,..) EKOK D ....

Thus E@ E®. .. is an essential extension of K K & . ... Since R is left Noetherian,
E @ E @ ... is injective, so it is an injective envelope of K @ K @ .... If M C Fj,
M C FE, are injective envelopes of M and ¢: E; — FEs is the identity on M then
 is an isomorphism. So define the map

p: E®E®... — EOE®...
(x1,29,...) — (21,22 — f(x1), 23 — f(22),...).
Then ¢ is a homomorphism, and ¢|kgke.. = idrkgke...- SO ¢ is an automorphism

of E@ E@®... and in particular ¢ is onto. Let 2 € E and counsider (z,0,0,...). Then
o(x1,z2,23,...) = (2,0,0,...) for some (x1,22,23,...) E E®E®.... Then

r1 =,
J;Z_f(xl) :Oa
r3 — f(22) =0,

and so on. So x, = f*~!(z) for all n > 2. But for some n, z,1 = 0, i.e., f*(x) = 0.
Therefore, f is locally nilpotent on E. g

The following Theorem 2.3 is originally due to Northcott and McKerrow. We give
another proof by using locally nilpotent.
Theorem 2.3. Let R be a commutative Noetherian ring and E an injective left

R-module. Then E[z~!] is an injective left R[x]-module.

Proof. Let E be an injective left R-module. Then

1%

Homp(R[z], E) = E[[z~]]
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is an injective left R[z]-module. Define ¢: E[[z~!]] — E[[z~]] by

for f € E[[z71]], then ¢ is not locally nilpotent on E[[z~!]]. So E[[z~!]] is not
an essential extension of Ker(¢). Let E be an injective envelope of Ker(p), then
Ker(p) C E C E[[z7!]]. Then ¢: E — E defined by

o(f)=xf

for f € E is locally nilpotent on E. So E C E[z~!]. But E[z7!] is an essential
extention of Ker(¢), so that E[x~!] is an esssestial extention of E. Therefore, E =
E[z~!]. Hence, E[x1] is an injective left R[z]-module. O

We note that E[z] is not an injective left R[z]-module if E # 0.

Theorem 2.4. For any non zero left R-module E, E[x, 2~ | is not an injective
left R[x]-module.

Proof. Consider the following diagram

0 — (14 z) —— Rlz]
Elx, 271

defined by h(1+x) = e, e € E; here i is the inclusion map. Then we can not complete
the above diagram as a commutative diagram. g

Theorem 2.5. Let E be an injective left R-module. Then Elzy", z52,..] is
not an injective left R[x1,x2,...]-module, in general.

Proof. We give a counterexample for the case of E = Q (the set of all rational
numbers), and R = Z (the set of all integers). Let I = (x1,29,23...) and J be an
ideal generated by z;x;, for i # j, and 23, for all i. Consider the following diagram

)

Qlz1,xa, .. ]
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defined by ¢: I/J — Qz;',252%,..], p(x? +J) = 1 and p(z; + J) = x; ', and
i: I — QJx1,x2,...] the inclusion map. Then we can not complete the above

diagram to a commutative diagram.

3. PROJECTIVE PROPERTIES OF R[z|-MODULES

Theorem 3.1. Pz~ !]] is not a projective left R[x]-module for P a projective
left R-module.

Proof. Let P be a left R-module and P[[z,z1]], P[[z~!]] be R[z]-modules,
then f: P[[z,27 ] — P[[z~}]] defined by

o(. .. +azx® +agx® +arx +ag+ bt FboxT? d bz L)
= Qo + b1I71 + b2$72 + b3I73 + e

is a surjective R[x]-linear map. If P[[x~!]] is an projective left R[z]-module, then we
should be able to complete the following diagram as a commutative diagram by an
RJ[z]-linear map g.

R[m]P[[Iil]]
g lidp[[mq]

wo Plles e 1] —2 iy Pl —> 0

Let ap € P[[z7!]] and ap # 0. Then g(ap) = ao + a1z + azz? + azz® + ...
But xg(ag) = apr + a12? + aza® + agz* + ... # 0 and g(xap) = g(0) = 0. So,
g(zao) # wg(ag). Therefore, g is not an R[z]-linear map. Hence, P[[z~!]] is not a
projective left R[zr]-module. O

Theorem 3.2. Plx,z7!] is not a projective left R[x]-module for P a projective
left R-module.

Proof. Weshow that R[z,r~!]is not a projective left R[z]-module. Let R[x] be
considered as a left R[x]-module over itself. Consider the subsets ™ R[x], for n > 1,
then clearly the intersection of these sets is 0. We can argue the same for any free
left R[z]-module F (so F is a direct sum of copies of R[z]). Now recalling that any
projective left R[z]-module is direct summand of a free left R[z]-module, we see that
the intersection of all the z™P for P a projective left R[z]-module and n > 1 is
also 0. But 2" R[z,27!] = R[z,27!] for any n > 1. So R[z,z~!] is not a projective
left R[x]-module. O
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