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Abstract. This paper deals with two types of non-local problems for the Poisson equation
in the disc. The first of them deals with the situation when the function value on the circle
is given as a combination of unknown function values in the disc. The other type deals
with the situation when a combination of the value of the function and its derivative by
radius on the circle are given as a combination of unknown function values in the disc. The
existence and uniqueness of the classical solution of these problems is proved. The solutions
are constructed in an explicit form.

Keywords: non-local problem, Poisson equation, discrete Fourier transform

MSC 2000: 35325, 35J05

INTRODUCTION

This paper investigates non-local boundary problems for the Poisson equation in
the disc. The non-local problem for harmonic functions in the two-dimensional case
was first investigated by O. Sjostrand [9]. Unique existence theorems were obtained
by using the theory of Fredholm integral equations. Analogous problems were posed
by A. Bitsadze and A. Samarski. Unique existence theorems for a harmonic function
were obtained in a rectangle [1]. A. Bitsadze [2] also constructed the harmonic
function u(r, ) in the disc (r < 1) satisfying the condition

u(l,9) =u(h,¥)+ f(¥), 0<I<2r, 0<h<],

where r, 1 are the polar coordinates of the point, f(¢#) is a given function, and h is a
given constant. The solution is represented by Fourier series. In this paper this prob-
lem is generalized and more effective solutions in the integral form by quadratures
are constructed. They may be used for a wider class of functions. Non-local bound-

ary problems arise in connection with mathematical modeling of some processes in
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physics, chemistry, biology, etc. Applications of these problems can be found in the
research of baroclinic sea dynamics [4], in the theory of elasticity and shells [3], [6],
7], [8], ete.

1.1. The first problem.

Let D be a disc with radius R, whose center coincides with the origin of coor-
dinates. Consider a finite number of concentric circles, with radii satisfying the
condition R > Ry > ... > R,, > 0. Let S be the boundary of D, then D = DU S.

Consider the non-local problem for the Poisson equation in the disc:

(1) Au = g(r,9), re €D,
(2) u(R,0) =Y axu(Ry,9) = f(9), 0<9<2m,
k=1

where z = re!” are complex points of the disc, f € C2(S), g € C*(D) are given
functions, ax (k = 1,...,m) are given real numbers, A is the Laplace operator,

written in polar coordinates

10 0 1 92
A= () T o

By a classical solution u(r, ) of the problem (1)—(2) we mean a function u(r,)
of class C%(D) N C(D) satisfying all the conditions of the problem (1)—(2).

Theorem 1. Let f € C?(S), g € CY(D) and
1=k #0, n=0,+1,42, ...

where

1 2r

. m R2 — R2
_ —in?d _ k
n=gn [ ke d0, k) 3

a .
2= ""R2 4 R — 2RR) cos ¥

Then there exists a unique classical solution of problem (1)—(2), which is represented
as follows:

1 2n R2 _ ,r2 1 2r
u(r, ) 211/0 R? 4 r2 —2Rrcos(v — 0) ( (6)+ 211/0 KO- )F(p) dcp) 40

+ Ul(T, 19)3
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where

2r rR
® w0 = [ 6+ g~ 2rocosty ~ 0)le.0)odods,
* _ - k’ﬂ in
k (19)—11;%17]%(3, 9
(4) F(o):f(o)*Ul(RaQ)ﬁLZakUl(Rkﬁ)-
k=1

Proof. Asisknown, the general solution of the equation (1) is represented as
follows:

(5) u = ug + U1,

where ug is a harmonic function and w; is a particular solution, which can be taken
as (3).
By means of the equality (5), the problem (1)—(2) reduces to the following problem:

(6) Aug =0, re e D,

(7) UO(Rv 19) - ZakuO(Rkvﬂ) = F(ﬂ)a 0 < ¥ < 27[7
k=1

where F(¢) is given by the formula (4). Since ug is a function harmonic in D and
continuous in D, it is possible to use the Poisson formula

0<Y<2n

1 /2“ (R? — r?)ug(R, 0) db
0

9) = —
(8) uo(r, V) o R2 + 72 — 2Rrcos(d — 0)’

Using the formula (8) for the condition (7) one can obtain

1 & 7 (R? - R?)uo(R,6)do
_ = ’ =F < )
(9) wuo(R,9) 275;%/0 B R~ R cos(0 —0) (9), 0<9<2n

Let us introduce the following notations

m R2*R2
1 9) = 9), k(W)= k .
( 0) ’U( ) UO(Ra )a ( ) ;akRQ +Rz — 2RRkCOS19

By virtue of (10) the equation (9) can be written in the following way:

1
2n

(1) o(9) /02“ k(9 — 0)0(0) 0 = F(9), 0<9 < 2z
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The equation (11) represents a convolution type equation, whose kernel has the
same period as the function F(¢) in the right-hand side of the equation (11) and
the unknown function v(). Therefore in this case the solution of the equation (11)
can be sought in quadratures by applying the discrete Fourier transform. Let us
introduce the following notations

1 2n - 1 2n -—
12 n = 5_ 19 - dﬁa kn - = k 19 - d197
(12) =g [ ot 5 | ke
1 2n .
F,=— F(9)e™ " dy.
21 0

Multiplying the equation (11) by %e*i"ﬁ, integrating from 0 to 2t and changing

the integration order (as the sub-integral functions are continuous), one can obtain

1 2% . 1 2% 1 2% .
— [ w@)e ™ dy — —/ v(¥) d19—/ k(o —0)e™ ™ dy
21 0 21 0 21 0
1 2n -
13 = — F(9)e "V dv.
(13) 27 J, (V)e

Let us denote
p—10=n.
Taking into account this notation and (12), the equation (13) can be rewritten as
1 r2 1 2 _
(14) Un = oo /0 v(9) di /_ ) k(y)e O+ 4y = F,.
As k(y)e "+ is a periodic function with period 2r, one gets
2m—1 2
/ k(y)e ) dy = / F(y)e mOH) dy,
_y 0
Consequently, from (14) one can obtain

1 2n

) 1 [2" )
Yy — — 9e Y gy — k(v)e "™ dy = F,,.
vmge [ oo ang [T ke

Hence, one gets

(15) vp(l—ky)=F,, n=0%1,+2,....
The last equation is solvable for any Fj, only when

(16) 1—k,#0, n=0,£1,£2,....
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In this case the equation (15) has the unique solution:

(17) Up =

n=0+1,42,....

Let us rewrite (17) in the following way
(18) Un = Fp+k'F,, n=0+1,+2 ...

h
where k.

i 1
k"’1—kn’k"<1—kn*1>+k”'

Since k,, is the discrete Fourier transform of the periodic function k(d), ky ((1 —

kn)~t — 1) will be the discrete Fourier transform of a periodic function.
Taking into account the notations (10) and (12) one can obtain

) _iaj /27( (R27R?)e_im9d’l9
" “2n ), R?+R;-2RRjcosV’

Jj=1

Introducing the notation
t= Rem,
one gets
ol 4 10 _ R*4¢?
2 2Rt
According to the residue theory one obtains

cost) =

- R™ dt
by = — 2 _ p2 4y /
D (R B o | = mya - e

(5 oo

thus
(19) ky = ia-(&yn‘ n=0,£1,+2
n*j:1 J R ) — Y, ) PR

It is obvious that k) vanishes at the infinity just as fast as k, does, therefore
k*(¥9) is an analytic function. The solution of the equation (11) can be obtained by

multiplying (18) by ¢’ and summing over the interval (—oo, 00):
1 2n

(20) v(¥) = F(¥) + 2—/ kE* (9 — 0)F(0)dé,
TJo
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where on the basis of (19) one gets:

U |n\ in

* = kn ind - ng a](%) ¢ ’

(21) K@= > T = X T Rl
n=-—o00 n n=—oco | — j;l aj(fj)

Taking into account (10) and substituting uo(R,6) into the Poisson formula (8)
for the function v(f) defined from the formula (20), one obtains unknown harmonic
function ug(r,9), 0 < r < R, expressed as

(22) wo(r,9)

1 2n R2 o T2 1 2n
— F(0 — k*(0 — o) F dp | dé
27:/0 R? 4+ r2 —2Rrcos(¥ — 0) ( (0) + 2Tt/0 ( PIE(¢) S0) ’

where F(0) is the function defined by the formula (4). Thus, on the basis of (22),
(3) and (5) the solution of the problem (1)—(2) can be represented as follows:

1 [ RZ — 2 1 [
u(r, 9) = 211/0 R? + 12 — 2Rrcos(¥ — 0) (F<9) + ﬁ/ (0= )F(p) dcp) dé

2n
—|—— / In(r? + 0% — 2rpcos(¥ — 0))g(o,0)0dod6.

O

Remark. Since k*(9) is an analytic function, the function v(¥) obtained by the
formula (20) will belong to the same class as F'(¥) and the formula (20) is true not
only for continuous F(¢), but also for an integrable function F(¢).

1.2. The second problem.
Consider the non-local problem for the Poisson equation in the disc:

(23) Au = g(r 9), re’ €D,

(24) g—g_R—l—auRﬂ ZﬁkuRk, )+ f(9), 0<Y<2n,

where A, D, S, R and Ry, (k =1,...,m) are defined as in the first problem, f €
C?(S), g € CY(D) are given functions, «, Bx (k= 1,...,m) are given real numbers.

By a classical solution u(r, ) of the problem (23)—(24) we mean a function u(r, )
of class C%(D) N C'(D) satisfying all the conditions of the problem (23)—(24).
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Theorem 2. Let f € C?(S), g € CY(D) and a # i Br,
k=1

1—ky#0, n=0,+1,42,...

where
1 ¥

=— [ k(@)e ™ av,
2n J_,

ky
k(9) = aRIn(2R*(1 — cos®)) — Y B RIn(R? + R} — 2RRy cos V).
k=1

Then there exists a unique classical solution of the problem (23)—(24), which is

represented as follows:

2n
u(r,¥) = —;;T[ ; In(R? 4 72 — 2Rrcos(¥ — 0))w(0) db + ¢ + uy (r, ),

where

1 2r pR
(25) up (r,9) = E/ / ln(r2 + 0% —2ro cos( — 0))g(p,0)ododb,
o Jo

w(¥) = F(9) + 217: / k*(9 — 0)F () df + (é By — a)c(l + 1 koko),

* k’ﬂ in
E*(9) = Z T © v

n=—oo

SO e (R9) + > A (Re 9) + £9)

—(J5FW) + o [T, k(9 — O)F(0) d0) dv)
(é Be — a) 27(1 + ko(1 — ko))

r=R

Proof. To solve this problem one cannot use the Poisson formula, since for
determining the value du,/ 87"T:  the boundary value of the kernel obtained as
a result of differentiation of the integral kernel has a second order singularity at
0 = . Therefore for investigating this problem it is more convenient to use Dini’s
formula [5], which gives the solution of Neumann’s problem to the Laplace equation.

As in the case of the solution of the first problem, the general solution of the

equation (23) is represented as follows:
(26) u = uo+ U1,
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where u is a particular solution, which can be taken as (3), and wug is a harmonic
function satisfying the following problem:

(27) Au():() rel’ € D,

ou
(28) 6'—7’0 - + aup(R, 9) — Zﬁkuo Ry, ¥) =F(¥), 0<9<2r,

where F(¥9) is given by the formula (25). If f € C?(S), g € C(D), then F(9) €
C?(S). By virtue of (28) the solvability condition of the Neumann problem will be

(29) /OQK <au0 (R, 1) Zﬂkuo Ry, ¥ ) /(J%F(ﬁ)dﬂ.

Provided (29), ug(r, ) is represented by Dini’s formula [5]:

2n
(30) uo(r,9) = —2£ In(R? + r? — 2Rr cos(d — 6))w(#) db + ¢,
TJo
where P
w() = % g €= const.

Thus the function ug defined by the formula (30) represents the solution of the
problem (27), (28).

Substituting into the condition (28) the value of ug defined by the formula (30)
one obtains an integral equation with respect to w(¥):

(31) w(d) — 21? /027[ k(0 — O)w(6)df = FW)+2, 0<d <2,

where

- —f$na)

k(y) = aRIn(2R*(1 — cos 7)) — Y _ BxRIn(R? + R} — 2RRy. cos ),
k=1

where k(v) is a periodic function with period 2w, which is continuous except at
~v = 0, where it has the logarithmic singularity. Since w(6) is a periodic function,
the equation (31) can be expressed as follows:

(33) w(®) — 21? / k(0 — 0)w(6)d6 = F(9) + 7, —m<d <

—T

494



Applying the discrete Fourier transform to the equation (33), one gets

(34) wp(1—ky) =F,+¢, n=0,+1,+2,...
here also
1 2n .
Wy, = — w(¥)e™ ™ Ao,
21 0
1 2n .
kp = — k(9)e™ ™Y dy,
2t Jo
1 2n .
F,=— [ F@)e ™ dv,
21 0

~ Ea n =0,
Cn =
0, n#0.
The last equation is solvable for any F), + ¢, only when
1—k,#0, n=0,£1,£2,....
In this case the equation (34) has a unique solution which is represented as follows

35 n = )

n=0+1,+2,....

As in the previous problem, (35) can be expressed as

(36) wp =F, +¢, + ki (Fn+¢,), n=0,%1,+2,...
where L

kX = LR

"1 -k,

Hence, similarly as above, the solution of the problem (33) can be written as
follows:

-7

(37)  w®) = F) + %/ k* (9 — 0)F(6) do + (]; Br — a)c(1 4 _Fo )

where

@)=Y Fn_ gind.
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Proceeding from (32) one obtains

T
kn = aft In(2R%(1 — cosf))e "% dg
2n J_,
R
- Z ﬁ’“ n(R* + R} — 2RRy,cos0)e 7 df.

Let us calculate the first integral as shown below:

/ In(2R%(1 — cosh))e " dh = In RZ/ e~ 70 49 + / 2 ln’2 Sing’e*ine a0

-
—2n/n, n=12,...,

=< 2rlnR?% n=0,
2r/n, n=-1,-2,....

Let us calculate the second integral when n = 0:
/ In(R? + R? — 2RRy, cosf)e " df = 2n1n R?.
—T

Introduce the following notation:

t=e"R,
then
0 t*+ R 0 t* — R?
= 11 = .
€08 ort ' ° %Rt

Let us calculate the second integral when n # 0:

sin fe—"? 6
+ R% — 2RRy. cost

T ; 2RR
/_ In(R? + R? — 2RRy, cosf)e " df = b / 7

7_/ (t? — R?)dt
~in Jg t"FL(t = Ry)(t — R?/Ry)’

According to the residue theorem one gets

/ In(R? + R} — 2RRy, cosf)e ™" df

2
_ (%>2_R2 2n, n>1
2 ntl, P2 ) )
) () (G m)
' RIQ“;RQQ%E n<—1.
R”(Rk—g—k)
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We have found that the integral vanishes at the infinity. Therefore &k is repre-
sented as a sum of two summands. The first component vanishes at the infinity
as 1/n, and the second one vanishes at the infinity to a higher order. Therefore
the kernel k*(¢#) is continuous everywhere except at the point ¢ = 0, where it has a
logarithmic singularity. As is known, the convolution of an integrable function with
a continuous function is continuous. Proceeding from that, since F'(¢) is continuous,
the function defined by the formula (37) is continuous, which means that w(¥) is
continuous as well.

It is possible to choose the constant ¢ so that [*_w(#) df = 0. On the basis of (37)

we obtain:

- ( / T (F) + 217 / k- 0)F(©) d@) dd)

(38) c= i i

(i B — a) 27 (1 + ko(1 — ko))

k=1

Since

1—k,#£0, n=0,%1,£2, ...

we have (1 -+ ko(1 — ko)™') # 0.
Thus, one obtains the solution of the problem (23), (24):

2n
u(r,9) = —;;T[ ; In(R? 4 1% — 2Rrcos(¥ — 0))w(#) db + ¢ + u(r, 9).
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