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Abstract. We assign to each positive integer n a digraph whose set of vertices is
H = {0, 1, . . . , n − 1} and for which there is a directed edge from a ∈ H to b ∈ H if
a2 ≡ b (mod n). We establish necessary and sufficient conditions for the existence of iso-
lated fixed points. We also examine when the digraph is semiregular. Moreover, we present
simple conditions for the number of components and length of cycles. Two new necessary
and sufficient conditions for the compositeness of Fermat numbers are also introduced.

Keywords: Fermat numbers, Chinese remainder theorem, primality, group theory, di-
graphs
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1. Introduction

This paper extends results given in the works [1] by Bryant, [4] and [5] by Chassé,

[12] by Szalay (motivated by [7] and [10]), and [11] by Rogers, which provide an
interesting connection between number theory, graph theory and group theory. In

the paper [12], Szalay investigated properties of the iteration digraph representing a
dynamical system occurring in number theory. Each natural number has a specific

iteration digraph corresponding to it. We will classify sets of positive integers whose
iteration digraphs have particular structural characteristics.

We describe this iteration digraph below. For n > 1 let

H = {0, 1, . . . , n− 1}

This paper was supported by grant No. 201/02/1058 of the Grant Agency of the Czech
Republic.
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and let f be a map of H into itself. The iteration digraph of f is a directed graph

whose vertices are elements of H and such that there exists exactly one directed edge
from x to f(x) for all x ∈ H (cf. Fig. 1).
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Figure 1. The iteration digraph corresponding to n = 8.

Note that f need not be a polynomial modulo n when n is not a prime. To see
this, set n = 4, f(0) = 0, and f(i) = 1 for i 6= 0. Then f(2) 6≡ f(0) (mod 2) which
implies that f is not a polynomial modulo 4.

For standard references concerning graphs and digraphs see [3] and [6].

Starting with an arbitrary element x0 from H , we define the sequence of successive

elements of H by

xj+1 = f(xj), j = 0, 1, . . . .

This iteration scheme is called a discrete iteration. Since H is finite, the se-

quence {xj} has to be cyclic starting from some element xk. If xk , xk+1, . . . , xl are
pairwise distinct and

xk+1 = f(xk),
...

xl = f(xl−1),

xk = f(xl),

then the elements xk, xk+1, . . . , xl constitute a cycle of length l− k +1. Let us call a
cycle of length 1 a fixed point. The cycles of length t are said to be t-cycles. Cycles
are assumed to be oriented counterclockwise (see Fig. 2 for n = 11).
For each x ∈ H let f(x) be the remainder of x2 modulo n, i.e.,

(1.1) f(x) ∈ H and f(x) ≡ x2 (mod n).

This corresponds to the iteration scheme xj+1 ≡ x2
j (mod n). From here on, when-

ever we refer to the iteration digraph of f , we assume that the mapping f is as given
in (1.1) (for other choices of f see [7], [10], [12]).
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We identify the vertex a of H with residues modulo n. For shorthand we will make

statements such as gcd(a, n) = 1, treating the vertex a as a number. Moreover, when
we refer, for instance, to the vertex a2, we identify it with the remainder d such that
d ≡ a2 (mod n) and 0 6 d < n.

0
2 8 6 7 10

4 9 3 5
1

Figure 2. The iteration digraph corresponding to n = 11.

For a particular value of n, we denote the iteration digraph of f by G(n). It is
obvious that G(n) with n vertices also has exactly n directed edges.

Let ω(n) denote the number of distinct primes dividing n and let the prime power

factorization of n be given by

(1.2) n =
s∏

i=1

pki

i ,

where p1 < p2 < . . . < ps are primes and ki > 0, i.e., s = ω(n). The next two
theorems are proved in [12].

Theorem 1.1 (Szalay). The number of fixed points of G(n) is equal to 2ω(n).

A component of the iteration digraph is a subdiagraph which is a maximal con-

nected subgraph of the symmetrization of this digraph (i.e., the associated nondi-
rected graph). When n is a prime, Rogers [11] describes completely the structure of

each component of G(n).
The digraph G(n) is called symmetric if its set of components can be split into

two sets in such a way that there exists a bijection between these two sets such that

the corresponding digraphs are isomorphic (compare with Fig. 3).

6 5 7 11 2 8 10 3

0 1 4 9

Figure 3. The iteration digraph corresponding to n = 12.
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Theorem 1.2 (Szalay). The iteration digraph G(n) is symmetric if n ≡ 2
(mod 4) or n ≡ 4 (mod 8).

Theorem 1.2 gives only a sufficient conditions for the symmetry of G(n) which is
not necessary (compare with G(16) in Fig. 4 below).

2. Structure of iteration digraphs

The indegree of a vertex a ∈ H of G(n), denoted by indegn(a), is the number of
directed edges coming into a, and the outdegree of a is the number of directed edges
leaving the vertex a. For simplicity, the subscript n will be omitted from now on.

By the definition of f , the outdegree of each vertex of G(n) is equal to 1. For an
isolated fixed point, the indegree and outdegree are both equal to 1.

Theorem 2.1. The number 0 is an isolated fixed point of G(n) if and only if
n is square-free.

���! " $#
. If p2 | n for some prime p, then

(n

p

)2

= n · n

p2
≡ 0 (mod n),

and 0 is not an isolated fixed point, since n/p is mapped into 0.

Conversely, if n is square-free, then it is evident that x ≡ 0 (mod n) is the only
solution to the congruence x2 ≡ 0 (mod n), and hence 0 is an isolated fixed point
of G(n). �

The isolated and nonisolated fixed points 0 of G(11) and G(12) are illustrated in
Figs. 2 and 3, respectively.

Let Nn(a) denote the number of incongruent solutions of the congruence

x2 ≡ a (mod n).

Then obviously

(2.1) Nn(a) = indeg(a).
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Theorem 2.2. There are no isolated cycles of G(n) of length greater than 1.
The digraph G(n) has an isolated fixed point a 6= 0 if and only if 2 | n and n is

square-free. In this case, a = n/2.
���! " $#

. Assume that a 6= 0 is part of an isolated cycle of G(n). We first show
that n is an even square-free integer and next demonstrate that a = n/2 and that
a is a fixed point.
Let b2 ≡ a (mod n). Since (−b)2 ≡ b2 (mod n) and indeg(a) = Nn(a) = 1, we get

that −b ≡ b (mod n). This implies that 2b ≡ 0 (mod n). Since a 6≡ 0 (mod n), we
see that 2 | n and b ≡ n/2 (mod n).
Now suppose that p2 | n for some prime p. If p = 2, then a ≡ (n/2)2 ≡ 0 (mod n),

which is a contradiction. Next assume that p is odd and 2 ‖ n. Note that if m is an
odd integer, then

(2.2)
n

2
m ≡ n

2
(mod n).

Since n/2 is odd, it now follows that

a ≡ n

2
n

2
≡ n

2
≡ n

2
n

2p2
≡ n2

(2p)2
(mod n),

which contradicts the assumption that Nn(a) = 1. Hence, n is square-free. We now
observe by (2.2) that

(2.3) a ≡ b2 ≡ n

2
n

2
≡ n

2
(mod n).

Consequently, a ≡ n/2 (mod n) and a is a fixed point of G(n).
We assume conversely that 2 | n and that n is square-free. Then n/2 is odd and

n/2 6≡ 0 (mod n). By (2.2) and (2.3), we find that

(2.4)
n

2
n

2
≡ n

2
(mod n),

and n/2 is a fixed point of G(n). Suppose that b2 ≡ n/2 (mod n). Since n/2 is
odd and n is even, we obtain b ≡ 1 (mod 2). Since n/2 is square-free and (n/2) | n,
it is easily seen that b ≡ 0 (mod n/2). Noting that gcd(2, n/2) = 1, we get from
the Chinese remainder theorem (see, e.g., [8, p. 15]) that b is uniquely determined

modulo n, and hence by (2.4), b ≡ n/2 (mod n). Therefore, n/2 is an isolated fixed
point of G(n), and the result follows. �

The following corollary follows immediately from Theorems 2.1 and 2.2.
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Corollary 2.3. Each digraph G(n) has at most two isolated fixed points, and
G(n) has exactly two isolated fixed points if and only if 2 | n and n is square-free.

Then the only isolated fixed points are 0 and n/2.

Recall that a graph is regular if all its vertices have the same degree. The di-
graph G(n) is said to be semiregular if there exists a positive integer d such that

each vertex of G(n) either has indegree d or 0 (see Fig. 4 for d = 4 and n = 16).

8 2 6 10 14 12 7 3 5 11 13 15

4

0

9

1

Figure 4. The iteration digraph corresponding to n = 16.

For a natural integer n we set

(2.5) ε(n) =





−1 if 2 ‖ n,

0 if 2 % n or 4 ‖ n,

1 if 8 | n.

Further, we specify two particular subdigraphs of G(n). Let G1(n) be the induced
subdigraph of G(n) on the set of vertices which are coprime to n and G2(n) be the
induced subdigraph on the remaining, not coprime with n, vertices. We observe that

G1(n) and G2(n) are disjoint and that G(n) = G1(n) ∪G2(n), that is, no edge goes
between G1(n) and G2(n). For example, the second component of Fig. 3 is G1(12)
whereas the remaining three components make up G2(12). It is clear that 0 is always
a vertex of G2(n). If n > 1 then 1 and n− 1 are always vertices of G1(n).

Theorem 2.4. The digraph G1(n) is semiregular for all positive integers n.

Moreover, if a is a vertex of G1(n) then

indeg(a) = 0 or indeg(a) = 2ω(n)+ε(n).

If n > 2, then G2(n) is semiregular if and only if n = pk, where p is an odd prime

for k ∈ {1, 2}, or n = 2k for k ∈ {1, 2, 3, 4, 6}.
The digraph G(n) is semiregular if and only if n = 2k for k = 0, 1, 2, 4.

Before proving Theorem 2.4, we introduce the following lemma.
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Lemma 2.5. If gcd(a, n) = 1 and Nn(a) > 0, then Nn(a) = 2ω(n)+ε(n).

���! " $#
. The result clearly holds when n = 1, so assume that n > 1. Since the

residues coprime to n form a group under multiplication modulo n, it is easily seen
that Nn(a) = Nn(1) if Nn(a) > 0 and gcd(a, n) = 1. Thus it suffices to determine
only Nn(1).
We first find Npk (1), where p is a prime and k > 1. Notice that

(2.6) a2 ≡ 1 (mod pk)

if and only if

(2.7) a2 − 1 = (a + 1)(a− 1) ≡ 0 (mod pk).

Suppose that p is an odd prime. Since gcd(a+1, a−1) | 2, it follows that (2.6) holds
if and only if a ≡ ±1 (mod pk). Thus Npk(1) = 2.
Now assume that p = 2. Note that if (2.7) is satisfied, then 4 divides precisely

one of the terms a + 1 and a − 1, and 2 exactly divides the other term. Hence,
(2.6) holds if and only if a ≡ 1 (mod 2) when 1 6 k 6 3 and a ≡ ±1 (mod 2k−1)
when k > 4. Thus, N2k(1) = 21+ε(2k). The result now follows from (2.5) and the

Chinese remainder theorem. �
���! " $#

of Theorem 2.4. It follows from Lemma 2.5 that if a is a vertex in G1(n)
and Nn(a) > 0, then

(2.8) indeg(a) = Nn(a) = 2ω(n)+ε(n).

Hence, G1(n) is semiregular for all n.
We now show the sufficiency of conditions for the semiregularity of G2(n). First

let n = pk, where p is an odd prime and k ∈ {1, 2}. Then indeg(a) > 0 for the
vertex a of G2(n) if and only if a = 0. Therefore, G2(n) is semiregular in this case.
In particular,

(2.9) indeg(0) = Nn(0) = pbk/2c.

The sufficiency for the semiregularity of G2(n) for n = 2k, where k ∈ {1, 2, 3, 4, 6}
can be easily established by inspection. Moreover, if a is a vertex of G2(2k) for
k ∈ {1, 2, 3, 4, 6} and indeg(a) > 0, then

(2.10) indeg(a) = 2bk/2c.
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We now show the necessity for the semiregularity of G2(n). Assume that n > 2
and that G2(n) is semiregular. We first consider the case in which ω(n) > 2 and
p2 | n for some odd prime p. Suppose that pk ‖ n, where k > 2. Let q 6= p be a prime
such that ql ‖ n, where l > 1. Let n = pkn1 = qln2. By the Chinese remainder

theorem, we can find vertices a1 and a2 of G2(n) such that a1 ≡ 0 (mod pk), a1 ≡ 1
(mod n1), and a2 ≡ 0 (mod ql), a2 ≡ 1 (mod n2). According to (2.9), the Chinese
remainder theorem again, and Lemma 2.5, we see that

indeg(a1) = Nn(a1) = Npk(a1)Nn1(a1) = Npk(0)Nn1(1)(2.11)

=
pk

pdk/2e 2ω(n1)+ε(n1) = pbk/2c2ω(n1)+ε(n1)

and

indeg(a2) = Nn(a2) = Nql(a2)Nn2(a2) = Nql(0)Nn2(1)(2.12)

= qbl/2c2ω(n2)+ε(n2).

From (2.11) and (2.12), it follows that p | indeg(a1), whereas p % indeg(a2). Hence,
G2(n) is not semiregular in this case.
We next suppose that ω(n) > 2 and 2i ‖ n, where i > 1 and n/2i is square-free.

Let n = 2in3. By the Chinese remainder theorem, there exist vertices a3 and a4

of G2(n) such that a3 ≡ 0 (mod 2i), a3 ≡ 0 (mod n3), and a4 ≡ 0 (mod 2i), a4 ≡ 1
(mod n3). Then by the proof of Theorem 2.1 and Lemma 2.5,

indeg(a3) = Nn(a3) = N2i(a3)Nn3(a3) = N2i(0)Nn3(0) = 2bi/2c · 1(2.13)

and

indeg(a4) = Nn(a4) = N2i(0)Nn3(1) = 2bi/2c2ω(n3)+ε(n3).(2.14)

Since n3 > 1 and 2 % n3, we see that 2ω(n3)+ε(n3) > 2. It now follows from (2.13) and
(2.14) that G2(n) is not semiregular.
Now suppose that ω(n) > 2, n is odd, and n is square-free. Then indeg(0) = 1.

Let p be the smallest prime dividing n. Then p2 < n and p2 ≡ (n − p)2 (mod n).
Consequently, indeg(p2) > 1 and G2(n) is not semiregular.
From the above discussion it follows that if G2(n) is semiregular then ω(n) = 1.

Now we examine the case in which n = pk, where p is an odd prime and k > 3. Then

(2.15) indeg(0) = Npk(0) = pbk/2c.

Now consider the solutions of the congruence

(2.16) x2 ≡ p2 (mod pk).
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Clearly, p is a solution of (2.16). Since 0 is not a solution of (2.16), we see that

whenever c is a solution of (2.16), then n − c is also a solution of (2.16) and
n− c 6≡ c (mod pk). Hence, Npk(p2) is even. Consequently, it follows from (2.15)
that indeg(0) 6= indeg(p2), and G2(pk) is not semiregular.
The only remaining cases to consider are those for which n = 2k, where k = 5

or k > 7. For these cases, we will show that G2(2k) is not semiregular by finding
a vertex 22t of G2(2k) for which 2 6 2t < k, indeg(22t) > 0, and indeg(22t) 6=
indeg(0) = 2bk/2c. Let 2 6 2t < k. Then it is easily seen that b2 ≡ 22t (mod 2k) if
and only if

(2.17) b ≡ 2tc (mod 2k)

for some integer c such that

(2.18) c2 ≡ 1 (mod 2k−2t).

By the proof of Lemma 2.5, (2.18) holds if and only if

c ≡ 1 (mod 2) for 1 6 k − 2t 6 3, or

c ≡± 1 (mod 2k−2t−1) for k − 2t > 4.

Moreover, 2tc1 ≡ 2tc2 (mod 2k) if and only if

(2.19) c1 ≡ c2 (mod 2k−t).

From (2.17), (2.18), and (2.19), we see that if 2 6 2t < k, then

(2.20) N2k (22t) =

{
2k−t−1 if 1 6 k − 2t 6 3,

2t+2 if k − 2t > 4.

If k 6= 7, then it follows from (2.20) that indeg(0) = 2bk/2c 6= 8, whereas
indeg(22) = 8, and hence G2(2k) is not semiregular.
If k = 7, we see by (2.20) that indeg(0) = 2b7/2c = 8, whereas indeg(24) =

27−2−1 = 16, and G2(27) is also not semiregular.
We finally determine when G(n) is semiregular. Let a be a vertex in G1(n) for

which indeg(a) > 0 and let b be a vertex in G2(n) for which indeg(b) > 0. Let
n > 1. Then G(n) is semiregular if and only if G1(n) and G2(n) are both semiregular
and indeg(a) = indeg(b). By (2.8), (2.9), and (2.10), it now follows that G(n) is
semiregular if and only if n = 2k for k ∈ {0, 1, 2, 4}. �
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Theorem 2.6. Let d be any positive integer. Then there exist positive integers n
and a such that a is a vertex of G2(n) and indeg(a) = d.

���! " $#
. If d = 1, we let n = 2m, where m is odd and square-free, and a = n/2.

Now suppose that d > 1. Let k1 be such that d = 2k1d1, where d1 is odd. We choose

a positive integer d2 such that ω(d2) = k1 and gcd(2d1, d2) = 1 (if k1 = 0 then we
set d2 = 1). We now let

n = d2
1d2 and a = d2

1.

It now follows from Lemma 2.5 and the Chinese remainder theorem that

indeg(a) = Nn(a) = Nd2
1
(d2

1)Nd2(d
2
1) = d12k1 = d.

�

A vertex a of G(n) is said to be at level i, i > 1, if there exists a directed path of
maximum length i which terminates at a and contains no directed edge belonging to
a cycle. If such a path does not exist, the vertex is said to be at level 0. We say that

a component of G(n) has l levels if the highest level of a vertex in the component is
l − 1. For instance, if n = 16 (see Fig. 4) then 2 and 8 are at level 0, the vertex 4 is
at level 1, the vertex 0 is at level 2, and both the components have 3 levels.

Let C be a component of G(n) which contains exactly l levels. It is clear that each
vertex at level l − 1 is part of a cycle, since each vertex has outdegree 1. Moreover,
if a and b are two distinct vertices at level i of C, where 0 6 i < l, then there does
not exist a directed path from a to b. We thus have the following proposition.

Proposition 2.7. Each component has exactly one cycle, i.e., the number of
components of G(n) is equal to the number of its cycles.

Remark 2.8. We note that Proposition 2.7 is a general property of the iteration
digraph of any mapping f : H → H .

3. Application of the Carmichael lambda-function

Before proceeding further, we need to review some properties of the Carmichael

lambda-function λ(n), which was first defined in 1912 (see [2]) and which modifies
the Euler totient function ϕ(n).
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Definition 3.1. Let n be a positive integer. Then the Carmichael lambda-

function λ(n) is defined as follows:

λ(1) = 1 = ϕ(1),

λ(2) = 1 = ϕ(2),

λ(4) = 2 = ϕ(4),

λ(2k) = 2k−2 = 1
2ϕ(2k) for k > 3,

λ(pk) = (p− 1)pk−1 = ϕ(pk) for any odd prime p and k > 1,

λ(pk1
1 pk2

2 . . . pkr
r ) = lcm[λ(pk1

1 ), λ(pk2
2 ), . . . , λ(pkr

r )],

where p1, p2, . . . , pr are distinct primes and ki > 1 for all i ∈ {1, . . . , r}.

It immediately follows from Definition 3.1 that

λ(n) | ϕ(n)

for all n and that λ(n) = ϕ(n) if and only if n ∈ {1, 2, 4, qk, 2qk}, where q is an odd

prime and k > 1.
The following theorem generalizes the well-known Euler’s theorem which says

(see [8, p. 20]) that aϕ(n) ≡ 1 (mod n) if and only if gcd(a, n) = 1. It shows that
λ(n) is a universal order modulo n.

Theorem 3.2 (Carmichael). Let a, n ∈ & . Then
aλ(n) ≡ 1 (mod n)

if and only if gcd(a, n) = 1. Moreover, there exists an integer g such that

ordn g = λ(n),

where ordn g denotes the multiplicative order of g modulo n.
���! " $#

. For the proof see [2] or [8, p. 21]. �

Assume now that λ(n) has the following prime power factorization:

(3.1) λ(n) =
r∏

j=1

q
lj
j ,

where q1 < q2 < . . . < qr are primes and lj > 0. It is evident from the definition of λ
that q1 = 2 if n > 2.
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Theorem 3.3. There exists a cycle of length t in G(n) if and only if t = ordd 2
for some odd positive divisor d of λ(n).
���! " $#

. Suppose that a is a vertex of a t-cycle in G(n). Then t is the least

positive integer such that

(3.2) a2t ≡ a (mod n),

which implies that t is the least positive integer for which

(3.3) a2t − a ≡ a
(
a2t−1 − 1

)
≡ 0 (mod n).

Since gcd
(
a, a2t−1−1

)
= 1, it follows from (3.3) that if n1 = gcd(a, n) and n2 = n/n1,

then t is the least positive integer such that

a ≡ 0 (mod n1),(3.4)

a2t−1 ≡ 1 (mod n2),

and therefore gcd(n1, n2) = 1. Hence, by the Chinese remainder theorem, there
exists an integer b such that

b ≡ 1 (mod n1),(3.5)

b ≡ a (mod n2).

It follows from (3.4) and (3.5) that t is the least positive integer such that

(3.6) b2t−1 ≡ 1 (mod n).

Let d = ordn b. Then d | 2t − 1. Since, by (3.6), t is the least positive integer for

which d | 2t − 1, we see that t = ordd 2. Clearly, d is odd as d | 2t − 1. Moreover,
d | λ(n) by Carmichael’s Theorem 3.2.
Conversely, suppose that d is an odd positive divisor of λ(n) and let t = ordd 2. By

Carmichael’s Theorem 3.2, there exists a residue g modulo n such that ordn g = λ(n).
Let h = gλ(n)/d. Then ordn h = d. Since d | 2t−1 but d % 2k −1 whenever 1 6 k < t,
we see that t is the least positive integer for which

(3.7) h2t−1 ≡ 1 (mod n).

Since, by (3.7),

h · h2t−1 = h2t ≡ h (mod n),

if follows that h is a vertex in a t-cycle of G(n). �
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Let At(G(n)) denote the number of cycles of G(n) of length t. In [12], Szalay

gave a recursive formula for At(G(n)), which is in closed form when t = 1 or when
2t − 1 is a Mersenne prime, without using subdigraphs G1(n) or G2(n). In [11],
Rogers completely determines At(G(n)) when t > 1 and n is a prime. He proves

that the subgraphs attached to each of the vertices of all the cycles, except for the
fixed point 0, are binary trees of the same structure. See also [4] for related results

when n is prime.

When n is any positive integer, the number of square roots of any quadratic residue

in G1(n) is equal to the number of square roots of 1 modulo n. It thus follows that
for all n > 2, the subgraphs attached to each vertex of any cycle of G1(n) are all the
same (see Figs. 2 and 5). The proof of this property is an immediate consequence of
Theorem 2.4 and Theorem 4.4, which will be proved in the next section.

8 13 22 27 3 17 18 32 2 12 23 33

29
6 34

1

9
19 26

11

4
24 31

16

Figure 5. The subgraph G1(35).

We have the following theorem concerning At(G1(n)) and At(G2(n)).

Theorem 3.4. If n is a positive integer, then A1(G1(n)) = 1 and A1(G2(n)) =
2ω(n) − 1. Moreover, if t > 1, then At(G1(n)) > 1 whenever At(G2(n)) > 1.
���! " $#

. First assume that t = 1. By Szalay’s Theorem 1.1, A1(G(n)) = 2ω(n).
Suppose that a is a fixed point in G1(n). Then

(3.8) a2 − a = a(a− 1) ≡ 0 (mod n).

Since gcd(a, n) = 1, we see from (3.8) that a ≡ 1 (mod n). Hence, A1(G(n)) = 1
and A1(G2(n)) = 2ω(n) − 1.
Now suppose that t > 1 and that the vertex a ∈ G2(n) is part of a t-cycle. By (3.4),

there exist integers n1, n2 such that n1 > 1, n2 > 1, gcd(n1, n2) = 1, and n1n2 = n

for which t is the least positive integer such that

a ≡ 0 (mod n1),(3.9)

a2t−1 ≡ 1 (mod n2).
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By the Chinese remainder theorem and the proof of Theorem 3.3, there exists a

vertex b ∈ G1(n) such that b is part of a t-cycle and

b ≡ 1 (mod n1),(3.10)

b ≡ a (mod n2).

�

Remark 3.5. We note that the number At(G1(n)) can be substantially larger
than At(G2(n)) and vice versa. For example, if n = 29 ·43 = 1247, then A3(G1(n)) =
16, whereas A3(G2(n)) = 4. On the other hand, if n = 3 · 5 · 7 · 29 = 3045, then
A3(G2(n)) = 14, while A3(G1(n)) = 2.

Remark 3.6. It can be further determined when At(G1(n)) > At(G2(n)) = 0.
By the proof of Theorems 3.3 and 3.4, At(G1(n)) > 0 if and only if there exists an
odd divisor d > 1 of λ(n) such that t = ordd 2. Let At(G(n)) > 0 for some t > 1.
Then, by (3.4), Definition 3.1, and the proofs of Theorems 3.2 and 3.3, At(G2(n)) = 0
if and only if there do not exist an integer n1 > 1 and an odd integer d1 > 1 such
that n1 | n, n/n1 > 1, gcd(n1, n/n1) = 1, t = ordd1 2, and d1 | λ(n1).
For example, let n = 13 ·29 = 377 and let us examine the 6-cycles of G(n). Notice

that λ(n) = 84 and that the only odd divisor d of λ(n) for which ordd 2 = 6 is d = 21.
Observe that 21 % λ(13) = 12 and 21 % λ(29) = 28. Hence, A6(G2(377)) = 0. We find
by inspection that A6(G1(377)) = 2.

Remark 3.7. By [9, p. 544], the number of quadratic nonresidues of G1(n) for
n > 3 is greater than or equal to the number of quadratic residues. It thus follows
that the number of vertices in G1(n) which have indegree 0 is greater than or equal
to the number of vertices in G1(n) having a positive indegree. In particular, the
number of vertices in G1(n) not lying on a cycle is greater than or equal to the
number of vertices in G1(n) which lie on a cycle (cf. Figs. 1–5).

4. Application of the Euler totient function

Set

S = {n > 1 | ϕ(n) is a power of 2},
where ϕ(n) is the Euler totient function.
It is well known that a positive integer n belongs to S if and only if n =

2αFm1 . . . Fmj for some α > 0 and j > 0, where Fmi = 22mi + 1 are distinct Fermat
primes. By a celebrated theorem due to Gauss, n ∈ S for n > 3 if and only if the
regular polygon with n sides has a Euclidean construction with ruler and compass.
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Theorem 4.1. There are no cycles in G1(n) of length greater than 1 if and only
if n ∈ S. Moreover, there are no cycles in G2(n) of length greater than 1 if and only
if n ∈ S or n is a kth prime power for k > 0.
���! " $#

. According to the definition of the Carmichael lambda-function,

λ(n) = 2i for some integer i > 0 if and only if ϕ(n) = 2j for some integer j > i.
Let d is a positive odd integer. Then we also observe that ordd2 = 1 if and only if
d = 1. By Theorem 3.4, At(G(n)) = 0 for all t > 2 if and only if At(G1(n)) = 0 for
all t > 2.
First suppose that n ∈ S. Then 1 is the only positive odd divisor of λ(n) and it

follows from Theorem 3.3 that

At(G(n)) = At(G1(n)) = At(G2(n)) = 0

for all t > 2.
If n 6∈ S, then λ(n) has an odd divisor d > 1. We see by Theorems 3.3 and 3.4

that At(G1(n)) > 1 for t = ordd2 > 1.
Observe that if n is a prime power, then the only cycle in G2(n) is the fixed point 0.

Assume now that n is not a prime power and n 6∈ S. We show that At(G2(n)) > 0
for some t > 2. Notice that there exists a prime power pk 6∈ S such that pk ‖ n for
some k > 1. Furthermore, λ(pk) has an odd divisor d > 1. Moreover, d | λ(n) since
λ(pk) | λ(n). Let t = ordd2. By (3.7), there exists a residue a such that t is the least
positive integer for which

(4.1) a2t−1 ≡ 1 (mod pk).

Write n = pkn1, where n1 > 1. Using the Chinese remainder theorem, we can now
find a vertex b ∈ G2(n) such that

b ≡ a (mod pk),(4.2)

b ≡ 0 (mod n1).

Note that gcd(b, pk) = gcd(a, pk) = 1 by (4.1) and (4.2). It follows again from (4.1)
and (4.2) that t is the least positive integer such that

b2t − b = b
(
b2t−1 − 1

)
≡ 0 (mod n).

Hence, t is the least positive integer such that

b2t ≡ b (mod n),

and b is part of a t-cycle in G2(n). �
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Corollary 4.2. There are no cycles in G(n) of length greater than 1 if and only
if n ∈ S.

Corollary 4.3. The Fermat number Fm is composite if and only if there exists

a cycle in G(Fm) of length greater than 1.

The next theorem generalizes a result of Rogers [11] from primes to natural num-

bers.

Theorem 4.4. Each component of G1(n) has exactly ν2(λ(n)) + 1 levels, where
ν2(c) denotes the exponent in the highest power of 2 dividing c.
���! " $#

. The result clearly holds for n ∈ {1, 2}. So assume that n > 2. Let
a be a vertex in a component C of G1(n) for which d = ordn a. Then d | λ(n) by
Theorem 3.2. By the proof of Theorem 3.3, a is part of a t-cycle in C, and thus at
the highest level of C, if and only if d is odd.

Suppose that b2 ≡ a (mod n). Since

(4.3) d = ordn a =
ordn b

gcd(2, ordn b)
,

if follows that

ordn a | ordn b | 2 ordn a,

and ordn b = 2 ordn a if 2 | ordn a. We also see from (4.3) that all vertices in the
same cycle of G1(n) have the same order modulo n, i.e., there exists an odd integer

d > 1 such that

(4.4) ordn a = d

for all vertices a in the t-cycle of G1(n).
Let l = ν2(λ(n)) and assume that 2l ‖ ordn a. Noting that 2 | λ(n) for n > 2,

we see that if there exists a vertex b ∈ G1(n) such that b2 ≡ a (mod n), then
2l+1 ‖ ordn b, which contradicts the fact that ordn b | λ(n). Hence, a is at level 0 in
this instance. Consequently, any component C of G1(n) has at most l + 1 levels.
Let a be a vertex of G1(n) for which d = ordn a is odd. We will find a vertex b

of G1(n) such that

(4.5) b2l ≡ a (mod n), ordn b2l−1
= 2 ordn a.

Then by the above discussion, ordn b will be equal to 2ld and b2i

will be at level i
for i ∈ {0, 1, . . . , l}. Hence, C will have exactly l + 1 levels.

480



Let n have the prime factorization given in (1.2). By the definition of λ(n), there
exists a prime power factor pkj

j of n such that ν2(λ(pkj

j )) = l for some j ∈ {1, 2, . . . , s}.
Let di be the order of a modulo pki

i for i = 1, 2, . . . , s. Then di | d, di is odd,
and a is part of a cycle in G1(pki

i ) of length ti = orddi(p
ki

i ). First suppose that
ν2(λ(pki

i )) < l. Choose the vertex bi ∈ G1(pki

i ) in the same ti-cycle as the vertex a

modulo pki

i which is l vertices from a in the clockwise direction (possibly going around

the cycle more than once). Then b2l

i ≡ a (mod pki

i ).
Now suppose that 2l ‖ λ(pki

i ) and either pki

i = 2 or 4 or pi is an odd prime.
Then the vertices in G1(pki

i ) form a cyclic group modulo pki

i with λ(pki

i ) elements.
Consequently, there exists a primitive root gi (mod pki

i ) for which

g
λ(p

ki
i )/di

i ≡ a (mod pki

i ).

Let ci = λ(pki

i )/(2ldi) and let bi ≡ gci

i (mod pki

i ). Then b2l

i ≡ a (mod pki

i ) and the
order of b2l−1

i modulo pki

i is equal to 2di.

Finally, assume that p1 = 2, l > 3, and k1 = l, where 2k1 ‖ λ(n). Then a ≡ 1
(mod 2k1), since the order of a modulo 2ki is odd. Moreover,

52l ≡ 1 ≡ a (mod 2k1)

and the order of 52l−1 modulo 2k1 is equal to 2. Let b1 ≡ 5 (mod 2k1).
Applying the Chinese remainder theorem, we obtain a vertex b ∈ G1(n) such that

b ≡ bi (mod pki

i ) for i = 1, . . . , s. We note that if ci is the order of bi modulo pki

i ,
then

ordn b = lcm[c1, c2, . . . , cs].

It now follows that b indeed satisfies the required properties given in (4.5). �

Theorem 4.5. Let a, b, c, d, e be any positive integers such that b > a > 2 and
d = 2f for some f > 2. Then there exists a positive integer n such that

(i) each component of G1(n) has exactly a levels,

(ii) some component of G2(n) has at least b levels,

(iii) G1(n) has at least c components,

(iv) G2(n) has at least c components,

(v) each vertex of G1(n) not at level 0 has indegree equal to d, and

(vi) some vertex of G2(n) has indegree greater than or equal to e.
���! " $#

. By the Chinese remainder theorem and Dirichlet’s theorem on the

infinitude of primes in arithmetic progressions, we can find a prime p such that p ≡
1+2a−1 (mod 2a) and p−1 is divisible by ach of the c numbers 21−1, 22−1, . . . , 2c−1.
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We choose the integer k such that k > 2b−1 and pbk/2c > e. Next we choose n so

that pk ‖ n, ω(n) = f , and each prime divisor q 6= p of n is congruent to 3 modulo 4.
Then

ν2(λ(n)) = ν2(λ(pk)) = ν2(λ(p)) = a− 1,

and G1(n) has exactly a levels by Theorem 4.4. Hence, (i) holds.

Moreover, if i is a vertex of G1(n) and indeg(i) > 0, then

indeg(i) = 2ω(n)+ε(n) = 2f = d,

and (v) is thus valid.
Noting that p− 1 | λ(n) and the order of 2 modulo 2t − 1 equals t, it follows from

Proposition 2.7, Theorem 3.3, (3.9), (3.10), and (4.4) that both G1(n) and G2(n)
have at least c components. Therefore, (iii) and (iv) are satisfied.
It is evident that the number of levels in the component of G2(n) containing the

vertex p is at least blog2 kc+ 1 > b, i.e., (ii) is true.
Finally, we note that 0 ∈ G2(n) and

indeg(0) > pk

pdk/2e = pbk/2c > e,

which implies (vi). �

Remark 4.6. We see from Theorems 2.4, 2.6, 4.1, 4.4, and 4.5 that G1(n) exhibits
a more regular behavior than G2(n).

The next theorem enables us to separate the Fermat primes from the other odd
primes. It generalizes an interesting result presented independently by Szalay and

Rogers on Fermat primes (see [11], [12], and also [8]).

Theorem 4.7. The digraph G(n) has exactly 2 components if and only if n is

a Fermat prime or n is a power of 2.
���! " $#

. The assertion follows immediately from Proposition 2.7, Theorem 1.1,

and Corollary 4.2. �

In Fig. 1, we see the structure of G(23). The following Fig. 6 shows the iteration
digraph for the Fermat prime F2 = 17. In [9], we show that only for a Fermat prime
or twice a Fermat prime or 4, is the set of primitive roots equal to the set of quadratic

nonresidues.
It was showen in [8, p. 94] that a Fermat number cannot be a perfect kth power

for k > 2. As a consequence of this Theorems 1.1 and 4.7 we get:
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Figure 6. Iteration digraph corresponding to the Fermat prime n = 17.

Corollary 4.8. The Fermat number Fm is composite if and only if there exists

x ∈ {2, 3, . . . , Fm − 1} such that x2 ≡ x (mod Fm).

Remark 4.9. According to Theorem 2.1, the Fermat number Fm is square-free
if and only if x2 6≡ 0 (mod Fm) for all x ∈ {1, . . . , Fm − 1}.

For Theorems 4.10 and 4.12 given below we assume that λ(n) has the prime power
factorization as given in (3.1). Theorem 4.10 generalizes a result by Rogers [11] from
a prime n to a natural number n.

Theorem 4.10. The digraph G(n) has exactly 3 components if and only if n = 9
or n = 25 or n is a prime and q = (n−1)/2l1 is also a prime such that 2 is a primitive
root modulo q.
���! " $#

. Suppose G(n) has exactly 3 components. By Proposition 2.7 and
Theorems 3.4, 4.1, and 4.7, this occurs if and only if n = pk, where p is an odd prime
and k > 1, and G1(n) has a unique cycle of length greater than 1. Let t be the

length of this unique cycle in G1(n). By (4.4), there exists an odd integer d > 1 for
which ordn a = d if a is a vertex in the t-cycle of G1(n). Moreover, by Theorem 3.3,
t = ordd 2 and d | λ(n).
Since the vertices in G1(n) form a cyclic group under multiplication modulo n,

the number of vertices a in G1(n) for which ordn a = d is equal to ϕ(d). Thus, there
exists a unique t-cycle in G1(n) if and only if for d odd,

∑

d|λ(n)
ordd 2=t

ϕ(d)
t

=
ϕ(d)
ordd 2

= 1.

Therefore, we require that λ(n) has a unique odd divisor d > 1 and that 2 is a
primitive root modulo d.
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Now suppose that k > 2. Then λ(n) = pk−1(p−1). Hence, λ(n) has a unique odd
divisor d > 1 if and only if k = 2 and p − 1 is a power of 2. Then d = p and d is a
Fermat prime. However, 2 is a primitive root modulo the Fermat prime Fm = 22m

+1
if and only if m ∈ {0, 1}. Thus n = 32 = 9 or n = 52 = 25.
Further, assume that k = 1. Then λ(n) = p−1, and p−1 has a unique odd prime

divisor q > 1 if and only if

n− 1 = λ(n) = 2l1q,

where q is an odd prime. The t-cycle in G1(n) is then unique if and only if 2 is a
primitive root modulo q. The result now follows. �

Remark 4.11. For example, G(n) has exactly three components if (compare with
Fig. 2)

n = 7, 9, 11, 13, 23, 25, 41, 53.

The following theorem given without proof can be proved in a manner similar to
Theorems 4.7 and 4.10.

Theorem 4.12. The digraph G(n) has exactly 4 components if and only if one
of the following four conditions hold:

(i) n = 27 or n = 125.
(ii) n is a prime and p = (n− 1)/2l1 is also a prime for which ordp 2 = (p− 1)/2.
(iii) n is a prime such that (n − 1)/2l1 is the square of a prime q for which 2 is a

primitive root modulo q2.

(iv) n is a product of two coprime integers q1 > 1 and q2 > 1, each of which is equal
to a Fermat prime or to a power of 2.

Remark 4.13. For example, the digraph G(n) has exactly four components if
(compare with Fig. 3)

n = 6, 10, 12, 15, 19, 20, 24, 27, 29, 34, 37, 40, 47, 48, 51.
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