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Abstract. In this paper we examine nonlinear periodic systems driven by the vectorial
p-Laplacian and with a nondifferentiable, locally Lipschitz nonlinearity. Our approach is
based on the nonsmooth critical point theory and uses the subdifferential theory for locally
Lipschitz functions. We prove existence and multiplicity results for the “sublinear” problem.
For the semilinear problem (i.e. p = 2) using a nonsmooth multidimensional version of
the Ambrosetti-Rabinowitz condition, we prove an existence theorem for the “superlinear”
problem. Our work generalizes some recent results of Tang (PAMS 126(1998)).
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1. INTRODUCTION

In two recent papers Tang [12], [13] obtained existence and multiplicity results
for semilinear nonautonomous periodic systems with a continuously differentiable

sublinear nonlinearity. More precisely, he studied the following problem:

2" (t) = Vo(t,z(t)) a.e. onT =[0,b],
) { (t) = Ve(t, z(t)) [0, 0]

z(0) = z(b), 2/(0) = 2/ (b).

Assuming that ¢(t, z) is measurable in ¢ € T, continuously differentiable in = €
RY, llot o), Vet 2)ll < alllzl)e(t) ae. on T with a € C(Ry), ¢ € LY(T)y,
Vot )| < gt) + f(t)|z]|® ae. on T, with f,g € LY(T);, 0 < 6 < 1, and

lim (1/Hx||29)f0b o(t, ) dt = £oo, Tang proved that problem (1) has a solution

llzll—o0

(see [12, Theorems 1 and 2]). Moreover, by imposing additional growth conditions
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on (¢, ), he also proved multiplicity results for problem (1) (see [12, Theorems 3
and 4]). Similar results can be found in [13] but under more restrictive hypotheses on
©(t,x). The results of Tang extend earlier ones obtained by Mawhin-Willem (see [9,
Section 4.3, pp. 85-87]).

The goal of this paper is to obtain extensions of the results of Tang to quasilinear
periodic systems driven by the vectorial p-Laplacian and having a nondifferentiable
potential. Such problems are also known as “hemivariational inequalities” and have
applications in mechanics and engineering (see [10]).

The problem under consideration is the following:

(2) { (" (O17~22"(t))" € dp(t, x(t)) ae. on T =10, ],

z(0) = z(b), 2'(0) = 2'(b), 2 < p < 0.

Here the differential operator of the left-hand side is the vectorial p-Laplacian
Apz(t) = (|2’ (t)||P~2-2/(t))’. The norm inside the parenthesis is the usual Euclidean
norm. This is the “ordinary” version of the partial differential operator A,z =
div(|[Dz|[P~2Dxz) when x defined on a bounded domain Z C RN with N > 2.
Also ¢(t,-) is locally Lipschitz on RY into R and Oy(t,x) denotes the generalized
subdifferential in the sense of Clarke [3] (see also Section 2). Our approach is based
on the nonsmooth critical point theory of Chang [2] (for extensions see [6]). For
the convenience of the reader in the next section we recall the main aspects of this
theory.

2. MATHEMATICAL BACKGROUND

The nonsmooth critical point theory of Chang [2] uses the subdifferential theory
of Clarke [3]. So let us start by briefly presenting the main aspects of this theory.
More details can be found in [3].

Let X be a Banach space and X* its topological dual. By || - || we denote the norm
of X, by || - ||« the norm of X* and by (-, -) the duality brackets for the pair (X, X*).
A function ¢: X — R is said to be locally Lipschitz if for every bounded open set
U C X, there exists ky > 0 such that [p(z) — ¢(y)| < ku||lz — y|| for all z,y € U.
Recall that if 1p: X — R = RU{+o0} is proper (i.e. not identically +o0), convex and
lower semicontinuous (i.e. ¥ € I'o(X), see [4, p. 341]), then v is locally Lipschitz in
the interior of its effective domain dom = {z € X : ¢(x) < +o00}. Hence a convex
R-valued function on X is locally Lipschitz.
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Now given a locally Lipschitz function ¢: X — R, in analogy to the directional
derivative of a convex function, we define

Az h) = limsup oy + Ah) — o(y)

A
Yin®

for all y,h € X.

This quantity is called the “generalized directional derivative” of ¢ at z € X
in the direction h € X. For every z € R, the function h — ¢°(x;h) is sublinear
continuous and so by the Hahn-Banach theorem it is the support function of a
nonempty, w*-compact and convex set given by

Op(x) = {z* € X*: (x*,h) <@ (z;h) forall h e X}.

So %(z;h) = sup{(z*,h) : z* € dp(x)} (i.e. ©°(x;-) is the support function of
the set dp(x)) and the multifunction dp: X — 2% \ {#} is known as the (Clarke or
generalized) subdifferential of ¢. This multifunction has a graph Grdp = {(z,z*) €
XxX*: x* € dp(z)} which is sequentially closed in X x X¥.. Here by X/ . we denote
the Banach space X* furnished with the w*-topology. So if z,, — z in X, z}, Wl g
in X* and z¥ € Op(x,) for all n > 1, then z* € dp(z). If p,¢: X — R are locally
Lipschitz functions, then d(p+1v)(x) C dp(x)+0y(x) and d(Ap)(z) = Adp(x) for all
xz € X and all A € R. If ¢ is in addition convex, then the subdifferential d¢ coincides
with the subdifferential in the sence of convex analysis (see for example [5, p. 267]).
Finally, if ¢ is continuously Gateaux differentiable at 2 € X, then dp(x) = {¢'(z)}.

Let ¢: X — R be a locally Lipschitz function. In analogy with the smooth case,
we say that x € X is a “critical point” of ¢ if 0 € dp(z). Then ¢ = ¢(z) is a “critical
value” of . It is easy to check that if z € X is a local extremum (i.e. a local
minimum or maximum), then z is a critical point, i.e. 0 € dp(z). It is well-known
that the smooth critical point theory uses a compactness condition, known as the
Palais-Smale condition (PS-condition for short). In the present nonsmooth setting,
this condition takes the following form:

“A locally Lipschitz function ¢: X — R satisfies the nonsmooth Palais-Smale

condition at level ¢ € R (nonsmooth PS.-condition for short) if any sequence

{Zn}n>1 C X such that ¢(z,) — c and m(z,) = inf{||z*||.: z* € dp(z,)} — 0

as n — 00, has a strongly convergent subsequence. If ¢ satisfies the nonsmooth

PS.-condition at every level ¢ € R, we simply say ¢ satisfies the nonsmooth

PS-condition.”

If p € C1(X), then because dp(x) = {¢'(x)} for all z € X, we see that the notion
of the nonsmooth PS-condition coincides with the classical one (see [4]). Using this
compactness-type property of ¢, we can state the following nonsmooth extension of
the classical “Saddle Point Theorem” (see [2]):
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Theorem 1. If X is a reflexive Banach space, X = Y & V with dimY <
+00, ¢: X — R is locally Lipschitz, there exists R > 0 such that max{y(y):
y €Y, |yl = R} < inf{p(v): v € V}, and ¢ satisfies the nonsmooth PS.,-condition
where ¢y = ig%r;éagw(v(y)) withD={yeY: |ly| <R} andT = {y € C(D, X):
v(y) = y whenever ||y|| = R}, then ¢y > ir‘}fgp and ¢ is a critical value of ¢ with
corresponding critical point © € X. Moreover, if ¢y = iI‘}f @, then there exists a

critical point x € V of ¢ with ¢y = p(x).
Remark. A more general version of this theorem can be found in [6].

Another theorem that we shall need in the sequel is the following (see [2]):

Theorem 2. If X is a reflexive Banach space and ¢: X — R is locally Lipschitz
function which is bounded below and satisfies the nonsmooth PS-condition, then
igl(f @ is attained at * € X and z is a critical point of .

3. EXISTENCE THEOREMS

In this section we prove three existence theorems for problem (1), thus generalizing
the work of Tang to the present quasilinear and nonsmooth setting.
For the first two theorems our hypotheses on the nonsmooth potential function
©(t, ) are the following;:
H(p)1 ¢: T x RY — R is a function such that ¢(-,0) € L}(T) and
(i) for every x € RN | t — ¢(t,z) is measurable;
(ii) for almost all t € T, x — ¢(t, ) is locally Lipschitz;
(iii) for almost all t € T, all z € RY and all u € d¢(t, ) we have

lull < a(t) + e(t)|2])°

with a,c € LY(T)4, 1/p+1/g=1and 0 <0 <p— 1,
(iv) one of the following two conditions holds:

()1 (1/[[2]°%) fy @(t,z) dt — —00, as [la]] — oo, or

(iv)2 (1/[|2]°7) [y ¢(t, z) dt — +00, as [z]] — oo.

Remark. Our hypotheses are similar to those employed by Tang [12] in the
context of semilinear (i.e. p = 2) systems with a C''-potential ¢(t,-). So Theorems 4
and 5 below extend Theorems 1 and 2 of [12]. In what follows by H(y)1,1 we shall
denote hypothesis H(y); with (iv); in effect and by H(p)12, with (iv)e in effect.
When we simply write H(¢); then we mean the above hypotheses with either one of
(iv)y or (iv)z in effect.
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Let WLP(T,RY) = {x € WIP(T,RN): 2(0) = x(b)} and let V: WLP(T,RY) —

per per

R be the energy function defined by
1 b
Vi) =l + [ ettt
0

We know that V' is locally Lipschitz (see [5, p. 313}). Also by &: LP(T,RN) - R
we denote the integral functional ®(z fo o(t,z(t))dt and & = i)|W;é§(T7[RN). Both
are locally Lipschitz.

Proposition 3. If hypotheses H(p); hold, then V satisfies the nonsmooth PS-
condition.

Proof. Let {z,} CW)2(T,R") be a sequence such that
[V(zp,)| < My forallm>1 and m(z,) — 0asn— cc.

Let 2* € 0V(x,) such that m(xz,) = ||lz¥|« n > 1. The existence of such
elements follows from the fact that OV (x,) C W 2(T,RV)* is weakly compact
and the norm || - ||, is weakly lower semicontinuous. Also let A: WLIE(T,RY) —

per
WLP(T, RN )* be the nonlinear operator defined by

per

per

/ 2 (t)||P~2 (2 (t), ' (t))g~ dt  for all z,y € WLP(T, RY).

Here by (,-) we denote the duality brackets for the pair (W22(T,RY), WP
(T, RN)*). Tt is easy to check (see for example [7]) that A is maximal monotone. We
have

x) = A(zy) + up,  with u,, € 00(x,), n > 1.

n

Since W, 2(T, RY) is embedded continuously (in fact compactly) and densely in
LP(T,RY), from Theorem 2.2 of [2], we have that ®(z,,) C LY(T,RY) and so
un, € LY(T,RY) for all n > 1. Moreover, we know that u,(t) € ¢(t, v, (t)) a.e. on T
(see [3, p. 76]).

We shall show that {2, }n>1 € WLE(T, RY) is bounded. To this end, consider the

per
direct sum decomposition W(T,RY) = RY @Y, where Y = {y € WL(T,R"):
fo t)dt = 0}. Given z € WR(T,RY), we write z = T + & with T € RN and

T € Y (of course the decomposition is unique). From the choice of the sequence
{Zp}n>1 C WLP(T, RY) we have

per
(3) [(A(zn), &n) + (tn, &n)pg| < enllZnll  with e, | 0.
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Here by (-, -)pq We denote the duality brackets for the pair (LP(T, RN ), L4(T, RY)),
ie. (Un, Tn)pg = f(f(un(t), &, (t))r~ dt. Using hypothesis H(p); (iii) we have that

(4) (un(t), 20 ()an < (a(t) + ct)l|Tn + &0 ()| 2a ()]
< a)llEn (O] + 2 e®)|a)’l12a (1))
+ 207 Le(t)]| 20 (1) |°T a.e. on T,

b
= / (un(t), & (t))rr dt’ < lallulnlloo +2°~HlellllZnld
0

0— €ia |
+ 27 el (e 2 + 117 l)
. T €A )
< Bullsly + Bl + B a2 + 8a(e) 7 |

for ¢ > 0 and for some (1,2, 0s3,04(¢) > 0. Here we have used the Poincare-
Wirtinger inequality which says that for all v € V, ||[v]|ee < bY9||0/|,, (see [9, p. 8]).
Also note that (A(x,),#,) = [|2,,][h. So returning to (3) and using these facts, we
obtain

N X X €4 _ X
1205 = Bulanlly — Ball 2415 = 55 1415 — Aa(e) Zall*® < Mol
for some M5 > 0 and all n > 1, hence
ENa A A _
() (1= JIanlE = (B M)l — Bl 24157 < Ba(e) )

for some M3 > 0 and all n > 1.

In obtaining the last inequality we have used once more the Poincare-Wirtinger
inequality. Choose £ > 0 small so that 33¢/p < 1. We claim that from (5) we can
infer that

(6) 2,12 < B5|[Tnl|” + Bs  for some B5,35 >0 and n > 1.

Indeed, if {2, }n>1 € WLP(T, RY) is bounded, this is clearly the case. Otherwise

= per
suppose that ||} ||, — oo (by the Poincare-Wirtinger inequality). So from (5) we
obtain

57”5%”5 — Bsl| 2, \g“ < 64(5)”5””0‘1 for some 37,33 >0 andalln > 1.

Recall that 8 + 1 < p. Using Young’s inequality with § > 0 small on the term
Bsl| 2|12, we obtain that

Boll& |12 < Bal|Znl|®? + Bro  for some By, 10 >0 and all n > 1,
from which (6) follows.
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Let S,(t) = {(u,\) € RN x (0,1): u € 0p(t,Tn + A\in(t)), p(t,Tpn + &n(t)) —
o(t,Tpn) = (u,2n(t))a~}. From Lebourg’s mean value theorem (see [3, p. 41] and
[8]), we know that for almost all t € T', S,,(¢t) # 0. By redefining S,, on a Lebesgue-
null subset of T', we may assume without any loss of generality that Sy, (¢) # 0 for all
t € T. We claim that for every h € RV, the function (t,\) — @O (¢, Ty, + Ady, (t); h)
is measurable on 7' x (0,1). To this end, from the definition of the generalized
directional derivative (see Section 2), we have

QO (t, T + A2n(t); h)
O(t, T + Ap(t) + 7+ 8h) — o(t,Tp + A2y (t) + 1)
. :

re @ N Bym(0), s€0N (0%)}

= inf Sup{

m>1

where @V = Q x Q x ... x Q (Ntimes), By, (0) = {y € RV : [ly|| < 1/m}. So it
follows that (t,\) — @°(¢, Ty + A%, (t); h) is measurable as claimed.

Set Gn(t,\) = 9p(t,Tp + Ay (t)) and let {hp}m>1 € RY be a dense sequence.
Exploiting the continuity of (¢, Z,,+AZ,,(¢); ), from the definition of the generalized
subdifferential (see Section 2), we have

GrGn = [ {t,Au) €T x (0,1) x RV ¢ (u, hum)pn < (8, T + Adin (£); o) }

m>1

= GrG, € L(T) x B(I) x B(RY)

where L£(T) is the Lebesgue o-field of T, I = (0,1), and B(I), B(RY) are the
Borel o-fields of I and RY. Then we obtain GrS, € L(T) x B(I) x B(RY). So
we can apply the Yankon-von Neumann-Aumann selection theorem (see [4, p. 158]

r [14]) to obtain Lebesgue measurable maps u,: T — RY and \,: T — I such
that (un(t), \n(t)) € Sp(t) for all t € T and all n > 1. So we have

1 b
V@m>:-wxu@+3/<ﬂuzmw>m
p 0
1 b b b
:—|\@;|\g+/ ot T + it /(ptxn dt+/ o(t,T) dt
p 0 0

1 b
=l + [ (0. RNM+/ (17
0
Un(t) € 0p(t, Ty + A\n(t)2, (1)) a.e. on T.

From the choice of the sequence {z,,}n>1 C WLP(T,RY), we have |V (x,)| < M

per

for all n > 1. First suppose that hypothesis H(y)1(iv); holds. We have
1 b b

My <l + [ O, an @y et [tz
0 0
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Using (4) with e = 1, we obtain

b
=My < Bull@nllp + Bl llp + Ballzn I + BallZall* +/ o(t,Tn) dt,
0

with 811 = 81 + 1/p, Ba = Pa(e). By virtue of (6) and since p — 1 = p/q, we have

b
— M < Br2l[Tnl|® + Busl|Tnl|®P + Bra||Tn| 0/ D 4 / o(t,Tp) dt + P15
0

for some (312, B13, 814, P15 > 0 and all n > 1.

Note that 0q/p,0(0 +1)/(p—1) < 6Oq (recall that 6 < p — 1). Suppose that
{Zp}n>1 € RY was unbounded. So by passing to a subsequence if necessary, we may
assume that ||Z,| — oo as n — oo and that |Z,,|| = 1 for all n > 1. Then we have

= 104 1 b B15
=My < |77 Bis + =5 o(t, Ty ) dt +
0

121 [

for some (316 > 0 and all n > 1.
Since we have assumed that H(p);(iv) holds, from the last inequality we reach a
contradiction. This proves the boundedness of {Z,,},,>1 and then by virtue of (6) we

have also the boundedness of {z,}n>1 C WLE(T,RY).

Next assume that the hypothesis H(¢)1(iv), is in effect. As before, we have
V(zn,) <M; foralln>1
1. . R . €A —_
= ];llzillli = Bullznllp — BallEnliptt — 53]—9”17%”5 — Ba(e)Tn]|*
b
+/ ot T)dt < My (see (4))
0
1 E\ A N . —
= (5= )l — Bullh Al Ba(o)] |

b
+/ ot T) dt < My,
0

Choose € > 0 so that € < 1/83. From the last inequality we have

1 b
N N 7 110 — 0 _
Buellanlly =l - Bl 5+ + 1=t [ e - i) <

for some 317 > 0 and all n > 1.
If {#) }n>1 C LP(T,RY) is unbounded, then we may assume that ||#/,|| — co and
so from (6) we also have ||Z,|| — oo. Since # < p — 1 and hypothesis H(y):(iv),
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is in effect, from the last inequality we have a contradiction. Therefore {2/, },>1 C
LP(T, RY) is bounded. Suppose that ||Z,|| — oo. Then again from the last inequality
and since hypothesis H(¢)1(iv), is in effect, we have a contradiction. Therefore we
conclude that {x, },>1 € W)E(T, RY) is bounded.

Thus we have proved that in both situations (H(y)q(iv); and H(p)(iv),), the
sequence {z,}n>1 € WLP(T,RY) is bounded. So by passing to a subsequence if

per
necessary, we may assume that z, — x in Wae(T,RY) and z, — = in C(T,RY)
(recall that WLE(T, RY) is embedded compactly in C(T, RY)). We have

<A(xn)7$n - 17> + (unaxn - x)pq g En”xn - IH g 5nﬁ18

for some (18 > 0 and with ¢, | 0.

Since u, € ®(x,) C dP(z,), n > 1, and {x,}n>1 C LP(T,RY) is relatively
compact, it follows that {u,}n,>1 C L(T, RY) is bounded and so0 (un, Tn — x)pg — 0
as n — oo.

Thus we have

lim sup(A(zy), 2, — ) < 0.

n—oo

But because A is maximal monotone, it is generalized pseudomonotone (see [4,
p. 365]) and so we have

(Alzn), 20) — (Al2), )

= llzzllo = 112l

Recall that 2/, % 2/ in LP(T,R") and the space LP(T,RY), being uniformly
convex, has the Kadec-Klee property (see [4, p. 28]). So z/, — 2/ in LP(T,RY) and
it follows that z, — = in WE(T,R"). Therefore we have proved that V satisfied
the nonsmooth PS-condition. O

Now we can have the first existence theorem for problem (2).

Theorem 4. If hypotheses H(p)11 hold, then problem (2) has a solution
r € CYT,RY).

Proof. Recall that WlE(T,RY) = RY @Y with Y = {y € WlE(T,R"):
b
fo y(t)dt = 0}.
Let y € Y. As in the proof of Proposition 3, we can find v € L(T,R") and
A: T — (0,1) Lebesgue measurable such that u(t) € dp(t, A(t)y(t)) and (¢, y(t)) —
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o(t,0) = (u(t),y(t))g~ a.e. on T. We have

b
vw>:%mmg+ﬂ<mumwﬁu

b b
gyw+ﬁwmmmﬂmmw+/wwmw

0
1 i b b
=?WM+AW@MWWM+A¢@®¢

1 b
>gww7wwmu+4¢mma

1
> El\y’l\ﬁ — Buolly'lIp*" — Bao

for some (19, G20 > 0.

In the last inequality we have used hypothesis H(y);(iii) and the Poincare-
Wirtinger inequality. Since 6 < p — 1, from the last inequality and since [|y'||, is an
equivalent norm on Y (by the Poincare-Wirtinger inequality), we can conclude that
V is coercive on Y.

Let ¢ € RY. Then from hypothesis H()1 (iv), we have that V(c) = f(f o(t,c)dt —
—o0 as ||c|| — oo. So V is anti-coercive on RY. These properties of V together with

Proposition 3 permit the use of Theorem 1, which gives us * € WL2(T,RY) such

per
that 0 € OV (z). We have A(u) = —u with v € LY(T,RY) and u(t) € do(t,x(t))
a.e.on T (i.e. u € d®(x) C dd(z) C LUT, RY)). For every h € C3°(T, RN ) we have

<A(‘T)’ h) = (_u7 h)Pq

b b
> [ IO 0.0 O at = [ (ute)bO)as at
0 0
From the definition of the distributional derivative we have
(|2’ @®)||P~22" (1)) = u(t) € dp(t,x(t)) ae. onT, with z(0) = z(b).

From this it follows that ||2/(-)||P~22/(-) € WH4(T,RY) C O(T,RYN). Since the

map pu: RV — RV defined by p(x) = ||z|P~2x is a homeomorphism, we have that
x' € C(T,RY). Then for every v € W) 2(T,RY) from Green’s identity (integration
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by parts), we have that

b
/0 (2 (8) P22 (£)), o(t) v
— )P (8), o (B))a — 2’ ()P 2( (0), v(0))a
/ o/ ()72 (1), o' ()

i/ [Rth

= [|2’(b )||p_2($'(b)7v(b))w — |2’ (0) [P~ (2" (0), v(0))r~ — (A(z), v)
= [l (0)|[P~2(2"(0), v(0))rx = [|2"(O)[IP~* (2" (b), v (b))
for all v € WE(T, RY).
Let 2 = (2m)Y_; € RN be such that z; = 1 for some i € {1,...,N} and
Z2m =0 for m # i. Let v € WLE(T,RN) be such that v(0) = v(b) = 2. We ob-

per

tain ||2/(0)||P~22%(0) = ||’ (b)||P~22%(b). Since i € {1,..., N} was arbitrary we have
that ||2/(0)||P~22/(0) = ||2’(b)||P~22'(b) and so finally 2/(0) = 2’(b). Therefore we
have that x € C1(T, RY) is a solution of (2). O

The second existence result is the following:

Theorem 5. If hypotheses H(p)12 hold, then problem (2) has a solution
x € CYT,RN).

Proof. In this case for every z € WLE(T,R") we have (see the proof of

Proposition 3)

V(z) = %nx’n% / o(t,x(t)) dt

b
- }an’n% / (6. + (1)) — (t,T)) dt + / o(t,T) dt

0

b b
]19||j:'||g+/0 (u(t), 3(£))an dt+/ ot 7) dt

0
(u(t) € Op(t, T+ A(t)2(t)) ae.onT)

1. . . . €. _
Ellw’lli — Bull@llp — Ball2[I5F — ﬁs;llw’llﬁ — Ba(e)|[z)

WV

b
+/0 o(t,T)dt  (see (4))

1 A A .
i Bse)llz'If — Bulld'lp — Ballz’ 5+

1 b
ol (e [ eea- ).
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Choose ¢ < 1/033 and recall that § < p — 1. It follows that V is coercive (hence
bounded below). So we can apply Theorem 2 and obtain = € W12 (T, RY) such that

0 € OV (z). As in the proof of Theorem 4 we can show that x € C'(T,RY) and that
it solves (2). O

Next we present a third existence theorem, in which we assume a stronger growth
condition on Op(t, z) which implies that ¢(t,-) is globally Lipschitz (hence it has a
sublinear growth), but we weaken the hypothesis H(y); (iv).

H(p)s ¢: T x RV — R is a function such that o(-,0) € L*(T) and

(i) for every x € RV, t — ¢(t, ) is measurable;
(i) for almost all t € T, x — ¢(t,x) is locally Lipschitz;
(iii) there exists o € L4(T), such that for almost all ¢t € T, all z € RY
and all u € Op(t, z) we have

[[ull < a(t);
o) St

Remark. By virtue of the Lebourg mean value theorem and hypothesis
H(p)2(iii) we have that for almost all t € T and all z,y € RN, |o(t,z) — p(t,y)| <
a(t)||z — yl|, i.e. for almost all t € T, (¢, ) is actually globally Lipschitz.

We consider the Lipschitz continuous energy functional V': ngr’ (T,RY) - R
defined by

b
V) = Sl + / ot x(t)) .

Proposition 6. If hypotheses H(p)2 hold, then V satisfies the nonsmooth PS-
condition.

Proof. Let {z,}n>1 C WLP(T,RY) be a sequence such that

per

|[V(zn)| < My foralln>1 and m(xz,) -0 asn — oc.

Let 27 € OV (x,,) be such that ||z ||« = m(z,), n > 1, and let A: WLE(T,RN) —

per

WLP(T,RN)* be as in the proof of Proposition 3. We have 2 = A(x,) + u, with

per
{un}ns1 C LT, RY) and u,(t) € Op(t, z,(t)) a.e. on T.

We consider the decomposition x,, = &y, + &, with Z,, € RV, 4, € Y for all n > 1.
We have

(A(xn), Zn) + (Un, Bn)p.q < enll@n] withe, [ 0

b
= 2l +/0 (un(8), &n(8))rn At < enl[Znll = 12,117 < enllZnll + lall1]lEn]loo-
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Using the Poicare-Wirtinger inequality, we obtain

X < 01| or some p; > U and alln =2
B2 < Bullalllp,  f B1 >0 and alln > 1

= {&n}n<1 C WhE(T,RY) is bounded.

As in the proof of Proposition 3 we can find u} € LIY(T,RY) and \,: T —
(0,1) Lebesgue measurable such that u}(t) € dp(t, Ty + A (t)Zn(t)) a.e. on T and
O, Tn +Tn(t)) — @, Tn) = (ul(t),&n(t))p~ a.e. on T for all n > 1. Then from the

choice of the sequence {z,}n>1 C WL (T, RY) we have

1 b
fM<V@U=ﬂ%%+/¢w%WNt
0
b

b
%mu5+4<wum@»wa@mwu+/“waa»m

0

1 b b
:%%%+/ﬁmm@ﬁmN&+/wmet
p 0 0
1
p

b
<|%%HMM%M+/¢w%Nt
0

Since {#, }n>1 € WLE(T, RY) is bounded and using the Poincare-Wirtinger inequal-

per

ity, we obtain
b
(7) —Ms < / ©(t,ZT,)dt  for some My >0 and alln > 1
0

Suppose that {z,},>1 € WXE(T,RY) is unbounded. Then because {Z,}n>1 C

per

WLP(T,RY) is bounded we conclude that {Z,} € RY is unbounded. So we may

per

assume that ||Z,| — oo. From this, (7) and hypothesis H(p)2(iv), we reach a
contradiction. This shows that {z,},>1 C WLP(T,RY) is bounded and so we may

per

say that x,, = x in WLP(T, RY). The argument in the proof of Theorem 4 applies

per
here too and gives that x,, — x in WXE(T,R"). Therefore we conclude that V/
satisfies the nonsmooth PS-condition. O

Next we show that V is coercive on Y = {y € WLP(T,RY): fo

per

Proposition 7. If hypotheses H(y)2 hold, then V (y) — +o0 as ||y|]| — oo,y € Y.

Proof. We proceed by contradiction. Suppose that the proposition was not
true. Then we can find {y,}n>1 C Y such that ||y,| — oo and V(y,) < M3 for
some M3 > 0 and all n > 1. Set z, = y»/||ynll, n = 1. By passing to a subsequence
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if necessary, we may assume that z, — z in WhE(T,RY) and 2, — z in C(T,RY).
We have

1 b
(8) sl + / St yn(®)) dt < My for all n > 1,

1 b ot yn (t M.
ﬁ—uzm%/ plbyn®) gy o M p s
» o Tl Tonl?

From hypothesis H()2 (iii) and Lebourg’s mean value theorem, for almost all t € T
and all z € RY we have

lo(t, 2)] < a1(t) + e (t)||z|| with aq € Ll(T), ¢ € LYT).

So we have

lp(tyn @) _ oat) _all)
lynlle = NynllP  llynlle=

“llzn(t)] = 0 ae. on T.

Using this in (8), in the limit as n — co we obtain
2]l =0, ie z=¢&e€ RY and &€=0 sincezeV.

Therefore we have that 2/, — 0 in LP(T,RY), hence z, — 0 in WL2(T,RY), a

per

contradiction because ||z,|| =1 for all n > 1. O

Proposition 8. If hypotheses H(y)a hold, then problem (2) has a solution x €
CH(T,RN).

Proof. By virtue of hypothesis H(p)(iv), we have that V(c) — —oco as
lc|| — oo, ¢ € RY. This combined with Propositions 6 and 7 permits the use
of Theorem 1 which gives us € W)(T,RY) such that 0 € 9V (z). Working as in
the proof of Theorem 4, we show that z € C!(T, RV) and that it solves problem (2).

o

Remark. A simple example of a nonsmooth potential function satisfying hy-
potheses H(y)2 is ¢(t,z) = sin||z|| — h(t)||z|| with h € L*(T). Then

it ) = (cos[|z]| — A(&))a/||z]| if & # 0,
0 (cos |zl - h(#)BY ifa =0,

with B; = {z € RV : ||z|| < 1}. Also note that fob e(t,c)dt < b—|c| ||kl = —oc0
as ||c|| — oo. Thus we satisfy hypotheses H(y)s.
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An example of a function ¢(t,z) satisfying hypotheses H(p); with p = 3 is the
function ¢ (¢, ) = $h(t)(||z||* — dZ(z)) + ||z|| In(||z| + 2), with dc being the distance
function from C' C RY | a nonempty compact and convex set, and h € L?(T). Then

x
]l +2
h(t)pc(0) + In2B; if x =0.

h(t)pe(x) + ﬁln(”x” +2)+ if 40,

dp(t,x) =

Here pc is the metric projection on C. Clearly o(t,z) satisfies H(yp)y1 if
S h(t) < 0 and H(p)15 if [} A(t) > 0.

4. MULTIPLICITY RESULTS

First we prove a multiplicity result for problems with a smooth potential (¢, x).
So the hypotheses on (¢, z) are the following:
H(p)s ¢: T x RY — R is a function such that
(i) for all z € RN t — (¢, x) is measurable;
(ii) for almost all t € T, x — p(t,z) is a C'-function;
(iii) for almost all ¢t € T, and all x € RV we have

IV, 2)]| < alt) + e(t)l|z])°

with a,c € LY(T)4,0<0<p—1;

(iv) (1/[2119) fy (¢ @) dt — +o0o as [|a]| — oo, z € RY;

(v) lin%) o(t,x)/||z]|P = 0 uniformly for almost all t € T;

(vi) there exists & > 0 such that for almost all ¢ € T and all 2 € RN with
||| < & we have o(t,z) < 0, and there exists ¢ € RV such that for
almost all t € T, p(t, ¢) < 0.

Proposition 9. If hypotheses H(y)s hold, then problem (2) has two distinct
nonzero solutions in C*(T, RY).

Proof. Let V: W 2(T,RY) — R be the smooth (i.e. C') energy functional
defined by

b
Vi) = ol + / ot (1)) .

We already know from Proposition 3 that V satisfies the PS-condition, while from
the proof of Theorem 5 we also know that V' is coercive, hence it is bounded below.
Moreover, by virtue of hypothesis H(¢)3(vi) we have that inf V' < 0. Also hypothesis
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H(p)3(v) implies that given ¢ > 0, we can find § = §(¢) > 0 such that for almost all
t €T and all x € RV with ||z|| < J we have

9
p(tx) = ——|lz|”.
p

Let y € Y with ||y/||l, < d/b/9. Recall that ||y| < bY9|y'||l, <J. Sofory €Y
with [lyl| = ([lyll5 + ||y/H§)1/p < /b9 =61, we have ||y||oo < 6 and so we can write
that

b
V(y) = %\\y’ll% / o(t,y(t)) dt

1
> /1= ol
> l(l - i) lly']|2 for some 31 > 0
P B b
by the Poincare-Wirtinger inequality.
So if we choose 0 < ¢ < 31, we have that V(y) > 0 for all y € Y with ||y| < d.
In addition by virtue of hypothesis H(¢)5(vi), we can find d2 > 0 such that if z €
RY C WLe(T,RN) and ||| < 2, then we have V(x) < 0. Choose 63 = min{dy, d2}.

per

We have
V(y) 20 forallyeY with ||y| < d3
and
V(y) <0 forally e RY with [jy|| < ds.

Hence we can apply Theorem 4 of [1] and obtain two distinct nonzero critical points
of V. We check that these are the two distinct nonzero solutions in C1(T, RY) of
problem (2). O

Remark. Tang [12] proves multiplicity results for the semilinear (i.e. p = 2),
smooth problem (see Theorems 3 and 4 in [12]). In Theorem 3 he proves the existence
of two distinct solutions, one via the “Saddle Point Theorem” and the second via
the “Linking Theorem” (see [11], Theorem 5.29). However, there is no guarantee
that the critical points are distinct. In Theorem 4 he proves the existence of three
distinct solutions. Two are obtained via the Brezis-Nirenberg Theorem and the third
through a minimizer of the energy functional. Again three is no guarantee that the
third solution is distinct from the other two. In fact we can also obtain a third
solution via the Saddle Point Theorem but there is no guarantee that it is distinct
from the other two.
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The next multiplicity result concerns problems with nonsmooth potential (hemi-
variational inequalities). The hypotheses on the potential function are the following;:
H(p)s ¢: T x RV — R is a function such that o(-,0) € L}(T) and
(i) for every x € RV, t — ¢(t, ) is measurable;
(ii) for almost all t € T, x — (¢, x) is locally Lipschitz;
(iii) for almost all ¢t € T, all x € RV and all u € dp(t, x) we have

lull < a(t) + e(@)l|=])°

with a,c € LY(T)y and 0 < 0 <p—1;

(iv) there exists 0 < v < 2P3P/2/(bPp) such that for almost all t € T and
all z € RV —7|\x||p o(t, x);

(v) (1/|z]|%7) fo (t,x)dt — +o0 as ||z]| — +oo, z € RY;

(vi) hmsupfO o(t,z)dt < 0.

llzl|—0

We have the following multiplicity result for problem (2).

Theorem 10. If hypotheses H(y)4 hold, then problem (2) has two distinct solu-
tions in C*(T, RY).

Proof. Let V: W2E(T,RY) — R be the locally Lipschitz energy functional
defined by

b
V(z) = %\\w’ll% / (1, 2(1)) dt.

From Proposition 3 we know that V' satisfies the nonsmooth PS-condition, while
from the proof of Theorem 5 we know that V" is bounded below. So by Theorem 2 we
can find 21 € WLE(T, RY) such that V(z1) = inf V. Then 0 € V(1) and from this
as before we obtain that z; € C(T, RY) and that it is a solution of (2). Moreover,
by virtue of hypothesis H(¢)4(vi) we have that V(z;) < 0.

Next, again from hypothesis H()4(vi), we can find § > 0 such that for all z € RY
with [|z|| = ¢ we have fob ©(t,x)dt < 0, hence V() < 0. On the other hand for every

y €Y, by virtue of hypothesis H(p)4(vi) we have

1 b 1
V(y) = Elly’lli +/O o(t,y(t))dt > Z;IIy’Hﬁ =5

Note that [|y||5 < b||yl|5,. Moreover, from the Sobolev inequality (see [9, p. 9]) we

have
p—1

b
p—2/2p /P
1Yl < \/—Hy l2 < \/gb ly'lle = Nlyllge < Szprm vl
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So we have

p—1

L, b
V(y) > ;Hy ”p - 72p3p/2

[y'5 >0 (see hypothesis H(¢)4(iv)).
Therefore we can apply Theorem 1 (the nonsmooth Saddle Point Theorem) and
obtain zy € W2E(T,RY) such that 0 € 9V (z2) and V(z2) > 0. From the first

relation we obtain that zo € C1(T,RY) and that it is a solution of (2), while from
the inequality V(z2) > 0 it follows that xzo # ;. O

5. THE NONSMOOTH SEMILINEAR PROBLEM

In this section we prove an existence theorem for the nonsmooth semilinear
(i.e. p = 2) problem under a nonsmooth, multidimensional version of the well-known
Ambrosetti-Rabinowitz condition (see [11, p. 9]). So in this section the problem
under consideration is the following:

) 2 (t) € Op(t,z(t)) a.e.on T,

z(0) = z(b), 2'(0) = 2'(b).

Our proof is based on the following generalization of the nonsmooth “Mountain
Pass Theorem” (see [2] and [6]). The smooth version of this abstract result is due
to [11, Theorem 5.3, p. 28].

Theorem 11. If X is a reflexive Banach space, X = Z &Y with dim Z < 400,
V: X — R is locally Lipschitz, satisfies the nonsmooth PS-condition and the follow-
ing conditions hold

(i) there exist v, > 0 such that for all y € Y with |ly|| = r we have V(y) > «,

(ii) there exist e € 0B1NY (B1 = {x € X: ||z|| < 1}) and R > r such that if
Q={z€Z: ||z|| < R}®{Xe: 0 <X < R}, then Vl]sg < 0 with dQ being the
boundary of Q in Z & Re,

then ¢ = 361? max V(y(u)) where I' = {y € C(Q, X): v|aq = identity} is a critical

value of V' with critical point x € X and ¢ > «. Moreover, if c = «, then x € V.

Proof. Using[11, Proposition 5.9] (which is still valid in the present nonsmooth
setting), for every v € I' we have

v Q)NIB,NY #0 (By={zeX: |z]|<r})=c>a.
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Next we show that c is a critical value of V. Suppose that this was not true. Using
the nonsmooth deformation theorem [2, Theorem 3.1], we can find ¢ € (0,«/2) and
&: X — X a homeomorphism such that

(10) (@) =x forall ¢ {u eX: [V(u)—c < %} and
(11) V() <c—e forallz € X with V(z) <c+e.

From the minimax definition of ¢, we can find « € I" such that
(12) max{V(y(u)): v € Q} <c+e.

Let g = £ oy € C(Q, X). From hypothesis (ii) and (10), we obtain that g € T
Then from (11) and (12) we have that ¢ < ¢ — ¢, a contradiction. Finally if ¢ = a,
then clearly z € Y. O

Using this minimax principle, we can obtain an existence theorem for problem (9)
under a generalized Ambrosetti-Rabinowitz condition of ¢(t, 2). More precisely our
hypotheses on ¢(t,x) are the following:

H(p)s ¢: T x RY — R is a function such that ¢(-,0) € L?(T) and
(i) for every z € RN, t — ¢(t,z) is measurable;
(i) for almost all t € T, x — ¢(t, ) is locally Lipschitz;
ii) for every o > 0 there exists o € L?*(T) such that for almost all ¢t € T, all
z € RY with ||z]| < o and all u € dp(t, z) we have |Jul| < 8,(t);
(iv) there exist n > 2 and M > 0 such that for almost all t € T and all x € RY with
|z|| = M we have

(iii

@O (t, w5 2) < np(t,z) < 0;

v) for almost all ¢ € 7" and all z € with ||z]| < 1, we have — < p(t,r) an
for al 1l T and all RN with 1 h 6/b% < @ d
for all z € RN, [ (t,x) dt < 0,

Remark. Hypothesis H(y)5(iv) is the nonsmooth multidimensional version of the
Ambrosetti-Rabinowitz condition.

Theorem 12. If hypotheses H(p)s hold, then problem (9) has a nonconstant
solution x € C* (T, RY).

Proof. First we show that for almost all t € T and all x € RY we have
(13) o(t,z) < ai(t) —ax@®)||z||" with 1,00 € L*(T),.

Let Ny be the Lebesgue-null set outside which hypotheses H(¢)5(ii), (iii), (iv) hold
and let t € T\ No, x € RY | ||z|| > M. We set 9(t,\) = ¢(t, \x), X > 1. Evidently
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¥(t,-) is locally Lipschitz. Moreover, from [3, Theorem 2.3.10, p. 45] (chain rule II),
we have that 0y (t, \) C (0,¢(t, A\x), x)p~, hence

= M\ (t, \) < m(t, /\) for almost all A > 1 (hypothesis H(y)s(iv))
n_ YA
T« for al mA>1.
= \ DN or almost all A

Integrating from 1 to Ay we obtain

1/)(t» )‘0)
¥(t,1)

InAJ <ln = Y(t, Ao) < AJY(t, 1).

So we have proved that for t € T'\ Ny, ||z|| > M and A > 1 we have
o(t, A\x) < No(t, x).

We have (t, ) = o(t, | MMz ") < (Jell/M)"o(t, Ma/ 2]} Let €(t) =
max{p(t,y): ||yl = M}. Clearly £ € L?(T) and we have that for all t € T'\ Ny and
all ] > M

[

ﬁ)nf(t)-

For t € T'\ Ny, ©(t,-) is bounded on By(0) = {x € RV : ||z|| < M}. Therefore
because £ < 0 from (14) we infer that (13) holds.
Let V: WL2(T,RY) — R be the locally Lipschitz energy functional defined by

per

(14) p(t,r) < (

b
V() = glo'l+ [ et ar

Claim 1. V satisfies the nonsmooth PS-condition.

To this end let {z,,},>1 € WLZ(T, RY) be a sequence such that

per

[V(zn)| < My foralln>1 and m(z,) — 0 asn — oc.

Let x € OV (z,) such that m(z,) = ||2%|+, n = 1. Let A: WIA(T,RN) —

per

W32(T,RY)* be the monotone continuous (hence maximal monotone) linear op-
erator defined by (A fo ))r~ dt, where (-,-) denotes the duality
brackets for the pair (Wplef(T RY), Wl}ef (T RN)*). We have a7 = A(z,) + up, with
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up € L2(T,RN), u,(t) € 0p(t,z,(t)) a.e. on T, n > 1. From the choice of the
sequence {x, }n>1 € WL2(T, RY) we have that

per

b
(15) Dt B+ [ mettea ) de < i
0
and
b
(16) —Hx;Hg—/ (tn (), 2 (E)) gt < enllznll,  where 2, | 0.
0

Adding (15) and (16), we obtain

b
A1) (F=1) b3+ [ (e 2a(0) = (an(®) 0y d < My -+ 2,
0
b
(5= 1)ati3 + | (relt.aa(0) = 205 (0) At < Min+ &,
Note that
b
(1) / (10 (t, 2n (1)) — @0t 2 (£); 20 ()
-/ (10 (t, 2n(1)) — (12 (£); 20 ()l
{llzn (®)[I<M}
+ (1 (8, 20 () — GO (t, 2 (1); 20 () .
{llzn(®)IZM}
By virtue of hypothesis H(y)s5(iii), we see that there exists 31 > 0 such that
(19) -5 < / (no(t, xn (1)) — @O (t, 20 (t); 2, (2))) At for all n > 1.
{llzn (®)[I<M}
Also from hypothesis H(p)5(iv) we have

(20) 0< / (Pt 2 (1)) — O (1, 2 (£); 20 (£))) .
{H$n(t)‘|2M}

Using (19) and (20) in (18), we obtain

b
(21) B < [ et () = Lt O:an0)) .
Using (21) in (17) we obtain
(22) (g f 1) 12 < Ba2(1 + ||zn]]) for some Bz > 0 and all n > 1.
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From (22), we shall establish that {z,},>1 € W2(T, RY) is bounded. Suppose
that this is not the case. We may assume that ||z,| — oo. Let y, = z,/||axl,
> 1. By passing to a subsequence if necessary, we may assume that 3, — y in

Wgef(T RY) and y,, — y in C(T,RY) as n — oo. Divide (22) by ||2,]|>. We have

n ) 12 1 1
Tl <8 (—m + o)
(5 2SO\l Tl

= (g — 1) llv/]13 <0 (recall that since y, — y in L*(T, RY),
/113 < tim inf [y, 13),
=y =0, ie y=ceRY (recall n > 2) and y, — c in WI2(T,RY).

per

We have z,, = T,, + &, and y, = Yn + yn with 7, = T, /||z,| and v, = &, /]|zn]|,
n > 1. Hence 4, = 2n/||zn|| — 0 in WL2(T,RY) and 3, = T, /||zn| — ¢ in RY

per

as n — oo. Suppose that ¢ = 0. Then y,, — 0 in W}2(T,RY), a contradiction

since |lyn|| = 1 for all n > 1. So ¢ # 0. This means that for all ¢ € T we have
|zn(t)|| — oo as n — oco. In fact we claim that the convergence is uniform on 7T,

ie. ItIllIlH:En(t)H — oo as n — oo. To this end, since y, — c in C(T,RY), given
€T

0 <& < ||c|]| we can find ng > 1 such that for all n > ng and ¢t € T, we have

1yn(t) = cll <=0 <|le] —& < [lyn(®)]-

Because ||z, || — o0, given 3 > 0, we can find ny > 1 such that for all n > ny we
have

[zn]l = 3 > 0.

So for n = ny = max{ng,n1} and for t € T, we have

lza @1 llza (@]
Bs [[n]]
= ||z, ()] > 003 foralln>1andallteT.

> lyn (@) > [l —e=6>0

Since 3 > 0 was arbitrary and 6 > 0, we conclude that rtnl%l |z (t)]| — oo as
€
n — oo. So without any loss of generality we may assume that ||z, (t)|] > 0 for all

> 1 and all t € T. Then from the choice of the sequence {z,},>1 C WL2(T,RY)

per
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we have

2M, b 20(t, 2, (1))
2 ||y;\\2+/ 2eltalt)) o)
EAE 2t L T a2

2M, P 20(t, (t)) 2
_ 2 ||y;H2+/ 20l onll)) )12 at
EAE Rl A PRI

oM, 90 (£) — 205(t) |2 (1) "
<m*£ ENGIE

2
yn (1) dt,

for some (B4 > 0 and all n > 1 (see (13)).
Passing to the limit as n — oo and since n > 2 and 1;111%1 |z (t)|| — oo, we obtain
€

a contradiction (0 < —oo). Therefore {2,}n>1 € Wi (T, RY) is bounded and so

we may assume that z,, — 2 in Wpléf(T, RY). Arguing as before, we can show that

&y — & in W)2(T, RY), which proves Claim 1.

Now in order to eventually apply Proposition 11, we consider the following cylinder

set:

b 2
Cr= {:17 € W;éf(T, RY): z(t) = c+ /\%el cos %t,

cERY, e <R, 0<A< R}

with e; = (1,0,...,0) € RY. The number R > 0 will be determined in the sequel.
For x € Cr we have

V(z) = %)\2+/0 ot 2(1)) dt.

Claim 2. For R > 0 large, we have V|s¢c, < 0.

For = on the lower base (i.e. A = 0) of the cylinder Cg, we have x = ¢ € RY and
b
V(z) = / @(t,§)dt <0 (since ¢ < 0 by hypothesis H(¢)s).
0
Note that if x € Cg, we have
b
[ (0l dt = el + 32
0
Also because of (13) for every x € C'r we have

b
/ o(t,z(t)) dt < s — Bsllzl) < B7 — Bsllz||5  for some S5, B6, B7, Bs > 0.
0
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Thus for z € Cr we can write that
)\2

b 32
V(x) = > Jr/o o(t, z(t)) dt < 5 - Bs(bllc]|? + A2)"/2 — .

So for x € Cg on the lateral boundary ||c|| = R and the upper base A = R of the

cylinder we have
2

R
Vi(z) < 5 BsbR" + [r.
Since 1 > 2, choose R > 0 large enough we shall have
Vlacy <0,

which proves Claim 2.
Next let E = {y € Y: ||y/||2 = 2v/3/Vb} (recall that on Y ||y is an equivalent

norm).

Claim 3. 0 < i%f V.
Recall that from Sobolev’s inequality, for any y € E we have

b b 12
2 <= ———=1 < 1.
] 1275 = [yl

Using hypothesis H(p)5(v) we have ¢(¢,y(t)) > —6/b* a.e. on T and so for all
y € E we have

Iy'll5 =

6
b2

b=0,

Sal e

b
Vo) = 5+ [ oltyiedr >

(=

which proves Claim 3.

Because of Claims 1, 2, 3 we can apply Proposition 11 and obtain x € WI}(;E (T,RN)
such that 0 € 9V (x) and V(z) > 0. Evidently z is nonconstant because for £ € RY,
V(€) < 0 (hypothesis H(¢)5(v)). As before we can show that z € C*(T,RY) and

that it solves (9). O
Remark. This theorem is a partial extension of [12, Theorem 3].

Let h € LY(T), h > 0 with ||h]|1 = b and c(t) = h(t) — 1 — 6/b*> + In2/b%. Then it
is easy to check that the function
6
elta) =4 B
—h(@®)||z||" + ||z|| + c(t) ifx>1,

1
+ = ||zl In(||z]| + 1) if z <1,
g Izl (]l +1) 2 <1 < oo,

satisfies hypotheses H(y)s.
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