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Abstract. In this paper we study Beurling type distributions in the Hankel setting. We
consider the space &(w)’ of Beurling type distributions on (0, cc) having upper bounded
support. The Hankel transform and the Hankel convolution are studied on the space &(w)’.
We also establish Paley Wiener type theorems for Hankel transformations of distributions
in &(w)'.
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1. INTRODUCTION

In [2] and [3] we started the study of the Hankel transformation and the Hankel
convolution on new spaces of Beurling type distributions. Our motivation were the
papers of A. Beurling [8], G. Bjorck [9] and R. W. Braun, R. Meise and B. A. Tay-
lor [12]. In [8] A. Beurling developed the foundations of a general theory of distri-
butions that includes the earlier Schwartz theory [22]. G. Bjorck [9] completed the
Beurling’s investigations by introducing the space of tempered Beurling distribu-
tions. More recently, R. W. Braun, R. Meise and B. A. Taylor [12] considered a more
general classes of weights and they gave a description via derivatives of the Beurling-
Bjorck spaces. In this paper we continue our investigations about Hankel transforms
and Hankel convolutions on the space &(w)’ of Beurling type distributions on (0, o)
having upper bounded support.

Partially supported by DGICYT Grant PB 97-1489 (Spain).
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The Hankel transformation h,, is defined by ([16])

() () = / " (@) T ey dy, x e (0,00),

where J,, as usual, represents the Bessel function of the first kind and order y ([25]).
Here we always assume that p > f%.

By L1, we denote the space of all those complex valued and Lebesgue measur-
able functions f on (0,00) such that [;*|f(z)[z**T! dz < co. Note that, since the
function z7#J,(z) is bounded on (0,00), h,(¢) is a continuous bounded function

n (0, 00), provided that ¢ € Ly ,,.

The distributional study of the Hankel transformation was started by A. H. Zema-
nian who, in a series of papers ([26], [27] and [28]), investigated the Hankel transforms
on distributions of slow and rapid growth.

A.H. Zemanian considered a variant of the Hankel transform defined through

H,(p)(x) = / (@) 2, (ey)ely) dy, @ € (0,00).

It is clear that h, and H,, are closely connected.

In 1982 G. Altenburg [1] adapted the Zemanian’s results for the h,, transformation.
He considered the space 57 constituted by all those complex valued and smooth
functions ¢ on (0, 00) such that, for every m,n € N,

Ymn(p) = sup (14 :EQ)’”‘ (lD)ngp(x)‘ < 0.
xz€(0,00) €z

The space . is endowed with the topology generated by the family {7V n}m nen
of seminorms. Thus S¢ is a Fréchet space and the Hankel transformation h, is an
automorphism of 7 ([1, Satz 5]). The Hankel transformation %, is defined on the
dual space 57’ of # by transposition.

For every a > 0, the space %% consists of all those functions ¢ € 5 such that
p(z) =0,z > a. B* is equipped with the topology induced in it by . Thus $° is
a Fréchet space and it is clear that Z® is continuously contained in 4°, provided that

0 < a < b. The union space B = |J #* is endowed with the inductive topology.
a>0
Other significant papers concerning to distributional h,, transformation are [20]

and [21].

I.1. Hirschman [17], D. T. Haimo [15] and F. M. Cholewinski [13] investigated the
convolution operation for the Hankel transformation h,. If f and g are in L, then
the Hankel convolution f #, g of f and g is defined by

2p+1

(f #u9)(x / T (w9 Y) s Y dy, a.e. z€(0,00),

2160 (p + 1)
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where a.e. refers to the Lebesgue measure on (0,00) and the Hankel translation
operator 7, is defined, for every x € (0, c0), by

Z2u+1

—d .e. 0
STIN ) z, a.e. y € (0,00),

(mmg)(y)=/ 9(2)Dy(x,y, 2)
0
and ;709 = g.

Here the function D,,, that is the Delsarte kernel, is given by

Dﬂ(w’yaz) = (2#1—‘(# + 1))2 Am(xt)#Ju(wt)(yt)#Ju(yt)(Zt)#JH(Zt)tZ'qul dt,

x,y,z € (0,00).

The Hankel transform is related to Hankel convolution and Hankel translation
through the following formulas ([4, (3.1) and (3.2)])

hu(f # 9) = hyu(F)p(g)

and
hu(Mng) = 2T (p + 1)($-)7#Ju($-)hu(g)a

that hold for every f,g € L, and = € (0, 00).

In the sequel, since there is not any confusion, we will write #, 7., € [0, 00), and
D instead of #,, .7z, x € [0,00), and D,,, respectively.

A straighforward manipulation allows to define, from the #-convolution, the con-
volution for the Hankel transformation H,,.

The study of the distributional Hankel convolution was started by J. de Sousa-
Pinto [23] who considered only the order ; = 0. More recently, in a series of pa-
pers ([4], [5] and [19]), J.J. Betancor and I. Marrero have investigated the Han-
kel convolution (of any order) in the Zemanian spaces. In [7] J.J. Betancor and
L. Rodriguez-Mesa defined the Hankel transformation and the Hankel convolution
of distributions with exponential growth.

In [2] we have introduced Beurling type function and distribution spaces that
have a nice behaviour for the Hankel transform and the Hankel convolution. We
now collect the main properties of those spaces that will be very useful in the sequel.

We consider, as in [12], the set .# of functions defined as follows. A continuous,
positive and non-decreasing function w defined in [0, c0) is in .# when w = 0 on [0, 1],
and it satisfies the following conditions
(o) there exists K > 1 such that w(2z) < K(1 + w(z)), = € [0, 00),

(B) [ w(z)/z? dz < oo,
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(7) log(1+ z) = o(w(x)), as x — oo, and
(6) the function Q(x) = w(e®), z € R, is convex.
If w € A we define w(—z) =: w(z), x € [0,0).
A useful property of the function w is the following ([12, Lemma 1.2])

(1.1) wz+y) < KA+w(x)+wly) z,y€R.

Assume in the sequel that w € Z.
Let a > 0. The space %j,(w) is constituted by all those complex valued and
smooth functions ¢ such that p(z) =0, z > a, ¢ and h,(p) are in L, , and,

o0
) = [ O @l do < o,
0
for every n € N. On %’Z(w) we consider the topology associated to the sys-
tem {0} }nen of norms. Thus %} (w) is a Fréchet space. It is obvious that %} (w)
is continuously contained in %’Z(w), provided that 0 < a < b. The union space
Bu(w) = U % (w) is equipped with the inductive topology.
>0

Actually, the spaces %, (w), a > 0, and %, (w) are indenpendent of y. Indeed,
in [2, Proposition 2.10] we establish that, given a > 0, a function ¢ € % is in %} (w)
if, and only if, for every [ € N,

. 1 d\k

_ —1Q* (/1) k’(_ ) ‘

gy sup e T — ) o(x)| < oo,
() 2€(0,00), kEN x dx (z)

where the Young conjugate function Q2* of € is defined, as usual, by

Q" (z) = sup(zy — Qy)), x € [0,00).
y=0

Moreover the topology generated by {e;}ien on %j,(w), a > 0, coincides with the
one defined by {04} en-

Hence, in the sequel we will write #(w), a > 0, and %(w) to refer to %} (w),
a > 0, and %, (w), respectively.

For every x € (0, 00), the Hankel translation 7, defines a continuous linear mapping
from %, (w) into itself ([2, Proposition 2.15, (i)]). The Hankel convolution T" # ¢ of
T € A, (w)’, the dual space of %, (w), and ¢ € A, (w) is defined by

(T'# ¢)(z) = (T, ), @ €[0,00).

By &(w) we denote the space of multipliers of Z(w). & (w) is characterized as the
set of all those functions ¢ defined on (0, c0) such that, for every a > 0, there exists
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» € B(w) such that ¢ = ¢ on (0,a) ([2, Proposition 3.1]). &(w) is a Fréchet space
when we define the topology associated with the family {Z% , }a>0,nen of seminorms,
where, for every a > 0 and n € N,

Z8) = dnf (), b eSw)
p=1 on (0,a)

This topology coincides with the one induced by the pointwise convergence topology
of £(%A(w)), the space of linear and continuous mapping from Z(w) into itself.
Moreover the space &(w) can be described by derivatives ([2, Proposition 3.2]).
The space &(w)’, the dual space of &(w), can be regarded as a subspace of Z(w)’
because %HB(w) is continuously contained in &(w). &(w)’ is characterized as the
space of Hankel convolution operators of #(w) ([2, Proposition 3.8]). Moreover,
in [2, Proposition 3.7] we proved that if T € &(w)’, then the support of T' is upper
bounded, that is, there exists a > 0 such that (T, p) = 0, provided that ¢ € Z(w)
and ¢(z) =0, z € (0,a).

If w is the function defined by w(x) = log(1+ ), x € [0, 00), then B(w) coincides
with & and the space & (w) is constituted by all those smooth functions f on (0, c0)
such that the limit 1k

Jim (2D) S(@)
exists, for every k € N. Note that in this case w does not satisfy the property (7).

In [3] the authors defined a tempered Beurling type distributions involving the
Hankel transformation %,. A complex and smooth function ¢ on (0, c0) is in 77}, (w)
if, and only if, h,(y) is smooth on (0, 00) and, for every m,n € N,

1 n
nanlp) = sup e @) (=D) ()| < o0,
z€(0,00) <I )
and
1 n
hoal@) = sup | (=D) hy(p)(@)] < oo.

z€(0,00)

J€,(w) is a Fréchet space when we define on it the topology associated with the
family of seminorms {cm n, B, n}mmen. It is clear that hj, is an automorphism
of ¢, (w). The Hankel transform is defined on the dual space ], (w)" of J,(w) by
transposition. That is, the Hankel transform %), (T') of T' € J,(w)" is the element
of J,(w)" defined by

(h (7)) = (T, hu(0)), ¢ € Hu(w).
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We proved in ([3, Proposition 3.1]) that if T € &(w)’, then the Hankel trans-
form h),(T') of T' coincides with the element of 7, (w)" generated by the function

F(x) = 2T (p + (T (y), (vy) " Ju(zy)), = € (0,00).

That is, for every ¢ € J,(w),
x?u-‘,—l

|, e g

Also, in [3] we studied the Hankel convolution on .7, (w) and 7, (w)’.
We consider in this paper a class of functions .# slightly different from the one

dz = (T, hu(p)), ¢ € Hu(w).

defined in [3]. However, the theory developed in [3] can be written now in a similar
way.

In this paper we complete the studies developed in [2] and [3].

As it is easy to see, if there exists C' > 0 such that C~'w < W < Cw, on [0, 00),
then B(w) = BW), &(w) = W) and H#(w) = H#(W). Usually, it is said
that w and W are equivalent when the above property is satisfied. Other functions
equivalent to those in .# are exhibited in [12, p. 221].

Note that, according to [11, p. 56], the condition w = 0 on [0, 1] imposed on the
functions in .# is not a real restriction because the spaces #(w) and &(w) do not
change if we replace w by W (z) = max{0, w(z) — w(1)}, z € [0, 00).

This paper is organized as follows. In Section 2 we study Hankel convolution and
Hankel translation on the spaces &(w) and its dual &(w)’ . We analyze the Hankel

transform of the functionals in &(w)’

in Section 3. We prove Paley-Wiener type
theorems for the Hankel transforms on &'(w)’.
We will always denote by C' a suitable positive constant not necessarily the same

on each ocurrence.

2. HANKEL TRANSLATION AND HANKEL CONVOLUTION
ON THE SPACES &(w) AND &(w)’

In this section we study the Hankel translation on the space &(w). Then we define
the Hankel convolution on the space &(w)’.
If ¢ € &(w) and x € (0,00) the Hankel translate 7,4 of ¥ by x is defined by

Tty ZZ,qul
e W= [ PE e g de v 0.0

Note that the integral in (2.2) is absolutely convergent for every x, y € (0, 00). Indeed,
if z,y € (0,00), there exists ¢ € B(w) such that ¢ =1 on (0,z + y).
We now prove that the Hankel translations define closed operations in & (w).
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Proposition 2.1. Let z € (0,00). Then the Hankel translation 7, defines a
continuous linear mapping from & (w) into itself.
Proof. Assume that ¢ € &(w). Let a > 0. There exists 1) € Z(w) such that
¢ =1 on (0, + a). Then we can write
Tty 22u+1

(T2p)(y) = ol ¢(z)D(z,y,z)m dz, ye€(0,a).

Moreover, according to [2, Proposition 2.15, (i)], the function 7,¢ € %(w). Thus we
have proved that 7, € &(w).

Suppose now {¢, },en is a sequence in & (w) such that ¢, — 0, as v — oo, in & (w).
Let €,a > 0 and m € N. There exists vy € N such that, for every v > vy, we can find
¥, € B(w) for which 1, = ¢, on (0,a + z), and

5 () = /0 MW (6,) (W)l dy < <.

Then, by [4, (3.1)] and [17, Theorem 2.a], it follows that

Fa(rethe) = 2T+ 1) [ e )17, () )l dy
<o (W) <&, v,
Moreover, 7,4, = T,p., on (0,a), for each v > vy. Hence
2 (o) KON (Tethy) <, v Zw.
Thus we see that 7,0, — 0, as v — 00, in &(w), and the proof is completed. O

Proposition 2.2. Let ¢ € &(w). The (nonlinear) mapping F, defined by

Fy(x) = T2, x € [0,00), is continuous from [0, c0) into &(w).

Proof. Let xq € [0,00). Assume that {x,},en\ {0} is a sequence in [0, c0) such
that x, — xg, as v — co. We choose b > 0 such that z, € [0,b), v € N.

Let a > 0 and m € N. There exists ¢p € #(w) such that ¢ = ¢, on (0,a+b). Then
(t20)(y) = (129)(y), x € (0,b) and y € (0,a). According to [2, Proposition 2.15, (ii)],
if € > 0 there exists vy € N such that

O (1o, 0 — Tuoh) <&, V= .

Then, since 7., 1 — T2, ¥ € B(w) and 7,V — Tuo ) = To,© — Tz, @, 00 (0, a), for every
velN,

(T, @ = Tug) <0y (Te, ¥ — Tuo¥) <&, V= 1p.
Hence, 7., — Tz, as ¥ — 00, in & (w).

Thus, we have proved the continuity of the function F,. O
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Proposition 2.1 allows us to give the following definition for the Hankel convolution
on &(w) x &(w). Let T € &(w)" and ¢ € &(w). The Hankel convolution T'# ¢ of T
and ¢ is defined through

(T'# ¢)(z) = (T, 72p), @ €[0,00).

Note that, according to Proposition 2.2, T # ¢ is a continuous function on [0, 00).
Next we will show that T # ¢ € &(w).

Proposition 2.3. Let T € &(w)’. Then the linear mapping Fr defined by

Fr(p)=T# ¢, ¢cé&(w),

is continuous from & (w) into itself.

Proof. Since T € &(w)’, according to [2, Proposition 3.2], there exists b > 0
such that (T, ¢) = 0, for every ¢ € &(w) for which p(z) = 0, z € (0,b). Indeed,
since T' € &(w)’ [2, Proposition 3.2] implies that there exist b,C' > 0 and [ € N such
that 1k

(Tl <C s T (CD) o). ¢ e sw),
z€(0,b), keN x
where Q* denotes the Young conjugate of the function Q defined by Q(z) = w(e®),
zeR

Hence, if ¢ € &(w) and ¢(z) =0, = € (0,b), then (T, p) = 0.

Let a > 0 and ¢ € &(w). There exists ¢ € %B(w) such that ¢ = 1, on (0,a + b).
Moreover, for every = € (0,a) and y € (0,b), one has

Tty 22p+1
oW = [ Dy ey

a+b ZQ;,H—I

=/, D(I»%ZW(Z)de:(Tz¢)(y)-

Hence, we can write

Fr(e)(@) = (T, 72p) = (T, 72) = (T # ¢)(x), 2 € (0,a).

Now according to [2, Proposition 3.8], T # ¢ € B(w).

Thus we have proved that Fr(p) € &(w).

Suppose now that {¢,}.en is a sequence in &(w) such that ¢, — ¢, as v — o0,
in &(w), and Fr(p,) — ¥, as v — 00, in &(w). By invoking Proposition 2.1, for
every & € [0,00), Topp — Top, a8 ¥ — 00, in &(w). Hence, since T € &(w)’, for
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every z € [0,00), (T#pu)(x) — (T#p)(x), as v — co. Moreover, since convergence
in & (w) implies pointwise convergence in [0, 00), (T # ¢, )(x) — ¥(z), as v — oo, for
every z € [0,00). Hence ¢ = T # ¢. Thus, by invoking the closed graph theorem,
we conclude that Fr is a continuous mapping from &(w) into itself. (|

Note that if ¢ € &(w) then ¢ defines an element 7, in the dual space Z(w)
of B(w) b

x?u-‘,—l

Tort) = [ o) g

Indeed, let ¢ € #*(w), with a > 0. Then, there exists ¢’ € B(w) such that ¢’ = ¢,
n (0,a). Hence according to Parseval equality for Hankel transforms, we have

I2u+1

Tov) = | aw(xwz)mdx

:1:,2#+1

/0 ¢/($)¢($)md$

N = / ﬂ
_ / )0 (00)(0) gty

Then, it follows that

2p+1
oy
T, < < CsH ().
(T, )] ygxP L/ 2“FOL+1) dy < €5 (v)

Thus the continuity of T, is shown.
Let ¢ € &(w) and S € &(w)’. According to [2, Section 3] we can define the Hankel
convolution T, # S of T, and S as the element of Z(w)’ given by

$2u+1

(To #5.0) = LS #0) = [ 9@ #0)@)
On the other hand, by Proposition 2.3 the Hankel convolution S # ¢ defined through
(S#o)(@) = (S, 7p), € (0,00),

is in &(w), and thus in B(w)’.
In the following we will prove that T'sx, = T, # S. Thus the distributional

convolution defined in this Section can be seen as a special case of the generalized
Hankel convolution introduced in [2, Section 3].
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Proposition 2.4. Let ¢ € &(w) and S € &(w)’. Then Tsu, =T, #S.

Proof. Let ¢ € #%(w), where a > 0. We are going to prove that

| S ttan = [ oS ma .
As was shown in the proof of Proposition 2.3, we can write
(S, 7o) = (S, 72¢’), @ €(0,a),
for some ¢’ € B(w), such that p = ¢’, on (0,b), for some b > 0 such that S # ¢ €

#°(w) ([2, Proposition 3.8]).
Hence, by [2, Proposition 2.22], it follows that

/OO<S’ Tep)(x)a? ! do = /a<5, o0 V()22 dz
0 0
= / <Sv Tx@/>'¢)($)$2u+1 dz
0
= /oo ¢/($)<S, 7';ﬂ/)>172#+1 dx
0

N / " @), maw)at da.
0

Thus the proof is completed. ]

We can define, according to Proposition 2.3, the Hankel convolution on &(w)’ x
&(w)'. Let T, S € &(w)’. The Hankel convolution T'#.5 of T and S is the functional
on &(w) defined through

(T#S,0) =(T,S#p), ¢ec&(w).

Note that from Proposition 2.3 it follows that T # S € &(w)’.

3. THE HANKEL TRANSFORM ON THE SPACE &(w)’.

As was mentioned in the introduction (Section 1) the authors introduced in [3]
the function space .#,(w) that can be seen as a Hankel version of the space .7,
considered by G. Bjorck [9]. The dual space 7, (w)’ of 4, (w) can be called a space
of tempered Beurling type distributions. The Hankel transformation is an auto-
morphism of .7, (w) and this transformation is defined on .7}, (w)" by transposition.
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That is, if 7' € J,(w)" the Hankel transform h), T of T is the element of 7, (w)’
defined by

(hu(T), ) = (T, hyu(9)),  # € Hu(w).

The space &(w)’ can be identified with a subspace of .7, (w)’. The Hankel trans-
form hj, takes a special form on &'(w)". If T' € &(w)’ then the Hankel transform h},(T)
coincides with the element of ] generated by the function ([3, Proposition 3.1])

F(x) =2"T(p+ (T (y), (vy) " Ju(zy)), = €[0,00).

That is, for every ¢ € 4, (w),

(Tnle) = [ X)) ulaolo)a d,
We will write
h,(T)(w) = 2T+ 1(T(y), (xy) " Ju(zy)), @ € [0,00),

provided that T' € & (w)’.
Note that, according to [2, Proposition 3.4], if 7" € & (w)" the function hj,(T') can
be extended to the whole complex plane by defining

R(T)(2) = 2T (u + 1)(T(y), (yz) " Ju(yz)), z€C,

because, for every z € C, the function f, defined by f.(y) = (yz) *J.(yz), y € C, is
in the space 2 (C) of even and entire functions. According to [2, Proposition 3.4,
h;,(T) is also in #(C). Indeed, we have that

e 2k
_ Z _1)* (yz)
fZ(y) kzo( ) 22k+“k'r(u + k + 1)7 ya KAS Ca

where the series converges in J#(C), for every z € C. Then, since convergence
in #(C) implies convergence in &(w), we conclude that

ZZk

22+ D+ k+ 1)

I (T)(z) = 2'T(p+ 1) Y (-1)F (T(y),y*"), =z€C.

k=0

Hence h),(T) is an even and entire function.

We now prove a Paley-Wiener type theorem for the Hankel transforms of the
distributions in & (w)’. We characterize those even and entire functions that can be
represented as Hankel transforms of functionals in & (w)’.
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Proposition 3.1. Let a > 0. Assume that F' is an even and entire function. The
following assertions are equivalent.
(i) There exists A > 0 such that, for every € > 0, we can find C. > 0 for which

/ |F(x + in)e ™ dy < Ceel®™M - peR.

(ii) There exists A > 0 such that, for every € > 0, we can find C; > 0 for which
|[F(x +in)| < CoerOF@rIl -y e R,

(iii) There exists T € &(w)’ such that F' = h;,(T') and that (T, ¢) = 0, provided that
v € B(w) and p(x) =0, x < a+ ¢, for some € > 0.
Proof. (i) = (ii). It is sufficient to take into account that w satisfies the

property in (1.1) and to use the Cauchy integral formula as in [9, p. 365].

(ii) = (iii). Suppose that (ii) holds. We define the functional 7' on ¢, (w) by
[e’e] x2,u+1
T, ) = F(x)h —d .
T.) = [ P @@ gt ¢ € HAilw)

Then T € 7, (w)’. Indeed, since w satisfies the property (vy), we have
(Al <C [ IP@)] )l da

<C [ o))l @a da
0

< CBo(9), ¢ € Hu(w).

Here A is given by (ii) and [ € N is chosen large enough.

We now choose a function ¢ € %' (w) such that [° ¢ (z)z* T dz = 2/T' (1 + 1)
[2, Proposition 2.18]). According to [3, Proposition 2.9], for every ¢ € ¢, (w),
O # Ym — p, as m — 00, in JH,(w), where ¥, (x) = m*FTl(mz), z € [0,00) and
m € N. Hence T # ¢, — T, as m — oo, in the weak™ topology of /¢, (w)’.

We define, for every m € N, T}, = T # 1,,,. From the distributional interchange
formula [3, Proposition 3.5] it follows that

(3.1) B (T) = B(T)hy(Wm),  m € N.
Moreover, for every ¢ € J,(w), one has
(i (T),0) = (T hyu(0)

- / " F(@)hu(hp) (@)

:1:,2#+1

—d
2T(u+1)
w2u+1

= /O F(z)p(x) ST 1) dz.
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Hence h;,(T') coincides with the functional generated by I on /], (w). Thus (3.1) can

be rewritten as
(3.2) h;(Tm) = Fhy({m), meN.

By taking now into account [2, Propositions 2.6 and 2.10], where we established a
Paley-Wiener type theorem for Hankel transform of the functions in %(w), and our
hypothesis (ii), we deduce from (3.2) that T}, € Z°TY/™(w), m € N.

Let ¢ € B(w) such that p(x) = 0, z < a + ¢, for some € > 0. Since Ty, (x) = 0,
provided that « > a 4+ € and m is large enough, we have

[e’e] x2,u+1

T, oy = lim (T,,,p) = lim Tom(x)p(r) ———— dx =
(T.9)= Jim (T = Jim [ To@ol) e

Thus (iii) is established.

(iii) = (i). Suppose that F' = h), T, for some T € &(w)’. By proceeding as in the
proof of Proposition 3.1 we can see that, for a certain a > 0, the following property
holds: (T, ¢) = 0, provided that ¢ € &(w) and ¢(z) = 0, when = > a + ¢, for some
e>0.

Let € > 0. According to [2, Proposition 2.18] we choose a function ¢ € Z*¢(w)
such that ((z) =1, z € (0,a + 3¢). Then, we can write

<T’w> = <Ta C’L/}> + <T7 (1 - C)W = <T7 C¢>a w € ‘g)(w)

Since T' € %8¢ (w)’, there exists C' > 0 and [ € N for which

F(z)|<C /OOO O (¢2) T (t2)C(0) (@) do, 2 € C.

We now argue, with minor modifications, as in the proof of [9, Theorem 1.4.1,
pp. 366-367] to obtain after some manipulations

/jo [y (O + im)t) ™ T ((x + i) (8) (@) [e =00 dy
= / ) |y () T, (2t)C(8) (x + im)|e™ X0 dy

< C/OO |hu(($t)_“JM(xt)C(t))(X)|e—)\w(X)/K dxe(‘“ﬁf)\’i\’

n,x €R, and A>0.

To see the last inequality we must take into account that all the functions are even
and [9, Lemma 1.3.11]. Here K represents the positive constant appearing in (1.1).
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We choose k € N such that fooo e v 4t < co. This is possible because w satisfies
the property (y). If A = K(KI1+ k) we can write

/ |F(x + in)le ™) dy

— 0o

<C / / (¢ + 1mt) T ((x + it)C(0) ()]
e~ Aw)Hw(@) 2041 4,0 dy
_o / e / Z oy (O + 1)), (O + i))C(0)) (@)
x e 200 qy a2ttt qg

C/Oo w00/ K /°° @) - (ho(O) (@)22+ da dy ela o)l
0 0

0o e’} T+X
gC’/ e(lK—)\/K)w(X)/ :1:2““/| ‘elw(z)|h#(<)(z)|
0 0 T—X

x D(x,x, Z)ZQ;H-l dzdz dy elata)ln|

<C / e kw00 qy / @, () (2)z2F dzeletI -y e R,
0 0

/N

We have used that w satisfies the property in (1.1) and that the Hankel translation
operator is a contractive operator in L, ([24, p. 17]).
Thus the proof is finished. O

Next we prove a useful consequence of Proposition 3.1.

Proposition 3.2. Let T € &(w)’. Then, for certain A\,a > 0 the following
property holds: for every k € N and € > 0 there exists C' > 0 for which

(So) mrye)

< Ce)\w(Re z)+(a+e)|Im z|7 2 e C.
z

Proof. We can write

& 21
! _ ou Z 21
HATE) = 2T+ 1) S e T, 2 <C

Hence, for every k € N,

(20) @)

z
21

— (—D)F2'T(u+1) Y (=1) - T(y), y2+P)
(—1)"2*T(u + )lz;( )221+“+kl!F(u+k+l+l)< (¥),y )

= 2T (p+ 1(T(y), (=1)"(z) ™ T (z)y™")
= 2T(p + 1) (-1 (> T(y), ( Y usn(zy)), 2 €C
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Thus we see that

\k
(%D)kh;(T)(z) - %hm(m(z), 2€C and keN,

where Ty, = y**T € &(w)’, for every k € N,
Now the proof can be finished by arguing as in the proof of Proposition 3.1. [

In [3, Section 3] we defined the Hankel convolution on 4%, (w)’ x 7, (w) as follows.
If T € 7, (w) and ¢ € 7, (w) the Hankel convolution T'# ¢ of T' and ¢ is given by

(T # ¢)(x) = (T, 7o), x€0,00).

In [3, Proposition 3.2] it was established that, for every T' € J#,(w)" and ¢ € J,(w),
T # ¢ is a continuous function on [0, 00) and there exist C' > 0 and r € N for which
(T # ¢)(z)] < Ce™ @), 2 € [0,00). Moreover, according to Proposition 2.3, if
T e &w) and ¢ € J,(w) then T # ¢ € &(w).

In the following we complete the above results.

Proposition 3.3. Let T' € &(w)’ and ¢ € ], (w). Then T # ¢ is in A .

Proof. Since ./, (w) is contained in & (w), according to Proposition 3.3, T#¢ €
&(w). Moreover, by [3, Proposition 3.5], h),(T' # ¢) = h},(T)h,(p). Hence, from
Proposition 3.2 and by using the Leibniz rule, we infer that, for every m,n € N,

(3.3) sup M)

LDy (b (1) @) h(9) (@) | < 0.
z€(0,00)

T

In particular, since w satisfies the property (v), the function hj,(T)h,(p) is in 2.
Hence

hu (R (T () = by, (hy, (T # 9)) =T 4 ¢

is also in J# ([1, Satz 5]). O

Next we establish a Paley-Wiener type theorem concerning, in some sense, the
singular support of the distributions in &(w)’.
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Proposition 3.4. Let T € &(w)’ and a > 0. We list three properties.

(i) There exists a function f € &(w) on (a,00), that is, fo € #(w) provided that
» € B(w) and p(x) =0, x < a + ¢, for some € > 0, such that T coincides with
the distribution generated by f on (a,00), that is, if ¢ € B(w) and ¢(x) = 0,

€ (0,a+¢€), for a certain € > 0, then

2;L+1
d
/ fle 2“F(u 0
(ii) There exists n € N such that, for every m € N, we can find C,, > 0 for which
/ . nw(x)+(a+1/m
1, (T) (x + )] < Crpe e OOH@EVIIL ) Cmw(x), - X € R.

(iii) There exists a smooth function f on (a,00) such that T coincides with the
distribution generated by f on (a,o0).
Then, (i) = (i) = (iii).
Proof. (i) = (ii). Let m € N\ {0}. According to [2, Proposition 2.18] we
choose a function ¢ € %%t/ (™) (w) such that ((z) = 1, = € (0,a + 1/(4m)). Then,

we can write

(T, ) = (T, Cp) + (I, (1 = Q)p), ¢ € B(w).

It is clear that the functional T3 = T'C is in Z(w)’" and (T1,¢) = 0, provided that
€ B(w) and Y(x) =0, x < a+1/(2m) + ¢, for a certain € > 0.
On the other hand, by defining 75> =T — T} one has

(Ta, ) = (T, (1 = Q) = (T, (1 = O)Byp), ¢ € B(w),

where [ is a suitable function in %(w). We have taken into account that T' € & (w)’.
Since, for every ¢ € Z(w), the function (1 — {)By € H(w) and (1 — {(x))8(x) x
o(x) =0,z € (0,a+ 1/(4m)), it follows that

x2,u+1

Ty, /f (1= (@) B)e@) gy o
—0OB¢), v € Bw),

or, in other words, T = f(1 — ¢)B. Moreover, since f € &(w) on (a,0), f(1 —{)F
is in B(w).
From Proposition 3.1 we infer that there exist n € N and C' > 0 such that

[P, (T1) (x + im)| < CervOIH@rt/mlnl =y oy e R
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Moreover, by [2, Proposition 2.6], for every [ € N there exists C' > 0 such that
[P (To) (x + )| < Ce™™0OFIL e R,

for a certain b > 0.
Hence, we can write, for every [ € N,
|, (T)(x +in)| < C(enwOotatt/minl 4 o(=lHbm)w(x))y,

for each x,n € R and |n| < mw(x).
Then, by choosing [ large enough we obtain

|1 (T) (x + in)| < CemrwOItatt/minl =y 'p e R and |y < mw(x).

(ii) = (iii). According to [10, Remark 1.2, (c)], we can assume that w is a smooth
function having bounded derivatives in [0, 00).
Our objective is to find a smooth function f on (a, o) such that

2u+1
dz,
/ H)e )
provided that ¢ € B(w) and p(x) =0, z < a + g, for some & > 0.

We choose ¢ € %' (w) such that [~ ¢(z)z? T dz = 2'T'(u + 1) and we define,
for every k € N, gp(x) = kT 2p(kz), x E [0,00). It is clear that ¢ € ZB(w), for
each k € N.

Let k € N. We can write by [4, (3.1)]

(T # or)(x) = (T, 7wor) = (b, (T), hyu(Teor))

= /0 Ooh;(T)(y)hu(wk)(y)(wy)‘“Ju(wy)y2““dy, z € (0, 00).

We now prove that, for each x € (0,00) and m € N,

(3.4) / (T ) (o) () ()T ()P dy

1

T2 /rm<w> W (T) () hy () () (wy) ™ HED (2y)y® " dy,

where T',,(w) represents a Hormander type path ([18]), that is, a representation
of T';, (w) is the following

z(t) =t+mw(t)i, |t|>1

and
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for every m € N. Here H, ;(Ll) denotes the Hankel function of the first kind and
order u ([25, p. 73]).

Let € (0,00) and m € N. To see (3.4) we proceed firstly as in [14, Lemma 6.1].
Thus we show that, for every m € N,

/O N o (T) (W) (or) () () ™ T (y)y® dy

B %/Oo hy(T)(y + imaw(1)) oy (r) (y + imaw(1))

— 00

x (2(y + imw (1)) HD ((y + imw(1)))(y + imw(1))2+L dy.

We now use the well known Cauchy theorem. According to [2, Proposition 2.6]
and Proposition 3.1 and by invoking [14, (5.3.c) and (5.3.d)], we can deduce that,
for a certain d > 0 and for every n € N, there exists C' > 0 such that

| (T) (x A+ i)y (o) (x4 i) (2 (x + i) " HD (@(x + in))| < Cemmrtdini=nw(),

for x,n € R and x? +n? > 1.
Hence, if xy,n € R, x>+ 7% > 1 and 0 < n < mw(x), one has, for each n € N,

|7, (T) (x + i) by (0r) (X + i) ((x + i) “HD (2(x +in)| < Ce™ ™00,

Thus, we can deduce that

1@0 (T (2)hy (i) (2) (w2) " HD (22)2* 1 dz — 0, as R — oo,

2, M

where €r,m represents the piece of the circle x? + n? = R? between n = mw(1) and
the path n = mw(x).

Hence we have shown that (3.4) holds.

We have proved that, for every z € (0,00) and m € N,

35 CHaw =g [ Bk E) D @ dy

Suppose now that ¢ > 0 and © > a + . By invoking again Proposition 3.1
and [14, (5.3.c)], we can write, for a certain n € N,

(z(x +in) " HO (z(x + in)h, (T)(x + in)| (m(ate/2=a)+n)w()

(—em/24+n)w(X)

for each n = mw(x), n°> + x?> > 1 and m € N.
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Moreover, from [14, (5.3.b)] one has

1
mwmm:mmmﬂw«me/wwWmezECmMeN
0

Then, by taking into account that w satisfies the property (v) and the additional
smoothness properties assumed at the beginning of the proof, we can choose a large
enough m € N so that the integral in (3.5) is absolutely convergent and there exists
a continuous function g defined on R such that g is absolutely integrable on R and

11 (T) () (1) (W) ()~ HO (2)y* |y ey < 9(8), tER,

and k € N is large enough. Here m and g do not depend on z > a + €.
Also it is not hard to see that

hu(er)(y) = hu(@)(y/k) = hu()(0) =1, as k — oo,

for every y € (0, 00).
Hence, the dominated convergence theorem allows us to conclude that if ¢ > 0
there exists m. € N such that, for every z > a + ¢,

1

(T # o) (x) — 5/ 1 (T) () (wy) *HM (2y)y™ ' dy,  as k — oo,
L (w)

Let ¢ € %°(w), with b > a, such that ¢(z) = 0, 2 < a + ¢, for some ¢ > 0. We

can write

(36) (T,v) = I (T # o1, v)
x2u+1

B
T(p+1)

jim (7@ # @)

1 /oo ql)( ) 2+l / B (T)( )( )_MH(l)( ) 2u+1 dud
2 Jo TVT(A L) Jr g oY w Y v
for a certain m, € N.

We now define a function f on (a, o) as follows. For every k € N, we choose m
such that my /. < my/41) — 1, and we define the function fi by

1

fe(z) = 5/1“ ( )h;(T)(y)(xy)ﬂLH,Sl)(:zzy)yQ“+1 dy, =€ (a+1/k,00).
m1/k w

Note that if x € (a + 1/k,00) and | € N, | > k, then fi(z) = fi(z). The function f
is defined by
f(x) = fr(z), z€(a+1/k,00) and k€N
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According to (3.6) we can write

2#+1
T = / fla 2“F(u +1) o

provided that ¢ € B(w) and ¢¥(z) =0, z < a + ¢, for some € > 0.
Moreover, f is smooth on (a,c0). Indeed, let € > 0. There exists ko € N such that

1
flz) = —/ . h;(T)(y)(xy)_“Hl(Ll)(:ry)y2“+1 dy, z€(a+e,00) and k > ko.
le/k w

According to [14, (5.1.b)], by proceeding as above, we can show that, for every [ € N

x

1 1\
<1D> f@) = (Tl)/r ( )hL(T)(y)(fcy)‘“—lHlﬂljl(xy)y2l+2ﬂ+1 dy,
my /(W
x € (a+e¢,00),

where k is large enough.
Thus the proof is finished. (]

As was mentioned in Section 1, if w(x) = log(1 + z), « € [0,00), then the space
P(w) coincides with the space Z. In that case, the space & (w) of multipliers of 2 is
the space & of complex valued and smooth functions on (0, c0) such that, for every
k €N, the limit

lim (lD)k f(z)

z—0\ 1
exists. In particular, if f is a smooth function on (a,b), where 0 < a < b < 00, then
fo € B, for every ¢ € P such that p(x) =0, x ¢ (¢,d), where a < ¢ < d < b. The
converse of the last assertion is also true.

Although the function w(z) = log(1 + ), « € [0,00), does not satisfy the prop-
erty (7), by proceeding as in the proof of Proposition 3.4 we can obtain the following
result that seems to be new in the theory of Hankel transformation on Zemanian
spaces.

Proposition 3.5. Let T € & and a > 0. The following two assertions are
equivalent.
(i) There exists a smooth function f on (a,00) such that

2u+1
dz,
/ H)e ) )
for every ¢ € % such that ¢(x) =0, x < a+ ¢, for some € > 0.
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(ii) There exists n € N such that, for every m € N, we can find C,,, > 0, for which

1, (T) (x+in)| < Co(1+[x])"e @™ ne R and |n| < mlog(1+]x]).

Remark 3. We do not know if the function f defined in the proof of (ii) = (iii)
in Proposition 4.4 has the following property: f¢ € B(w), for every ¢ € Z(w) such
that p(z) =0, x < a+e¢, for some € > 0. We conjecture that f satisfies this property
and then the statements (i) and (ii) in Proposition 3.4 are equivalent. Note that the
Proposition 3.5 states that this property holds when w(z) =log(1 + z), = € [0, c0).

An immediate consequence of Proposition 3.5 is the following.

Proposition 3.6. Let T € & and a > 0. Assume that P is a polynomial. Then
the following two assertions are equivalent.
(i) There exists a smooth function f on (a,c0) such that

2u+1
dz,
/ H) ) )
for every ¢ € % such that ¢(x) =0, x < a+ ¢, for some € > 0.
(ii) There exists a smooth function f on (a,c0) for which

2;,L+1
P(A dz,
P / T g G
for every ¢ € % such that ¢(x) =0, x < a+ ¢, for some € > 0.

Proof. It is sufficient to take into account [1, Lemma 8, (b), (6)] and Proposi-
tion 3.5. O

Note that from Proposition 3.6 it follows, in particular, that if " € &” and P(A,,)T
is smooth on (0, o), for some polynomial P, then T is also smooth on (0, c0).
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