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Abstract. In this paper we use the notion of statistical convergence of infinite series
naturally introduced as the statistical convergence of the sequence of the partial sums of
the series. We will discuss some questions related to the convergence of subseries of a given
series.
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1. INTRODUCTION

The notion of statistical convergence of a sequence (of real or complex numbers)
was defined in [5] (see also [6], [13], [14]).

We say that a sequence (xy,),>1 (of real or complex numbers) statistically con-
verges to a point £ if for each € > 0 the set A(e) := {n: |z, — &| > €} has zero
asymptotic density, i.e.

d(A(e)) = tim SAAE 0L n)

n—o00 n

=0.

It is obvious (see [8], pp. 70-71) that if a statistical limit of a sequence (z,)n>1
exists it is unique and we will use the notation: lim-statz, = £. Statistical limit
of a sequence can be characterized as a partial limit along a thick subset of indices.
Namely the following proposition is true ([13], Lemma 1.1).

1.1 Proposition. lim-statz, = £ if and only if there exists a set K = {k1 <
ko < ...} C N with d(K) =1 such that lim xj, =¢.
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Statistical convergence shares some good properties of the usual one. Specifically
it can be proved [13], [7] that if lim-stat z,, = a and lim-staty,, = b then

lim-stat(z, + yn) = a + b,

lim-stat z,,y, = ab.

Let us recall some facts about dyadic expansions of real numbers from the half-closed

unit interval (0, 1]. For every positive integer n we decompose the unit interval into 2"
disjoint intervals IJ := (j/2",7 4+ 1/2"], j = 0,1,...,2" — 1; that is (0,1] = ’ 711,{.

00 =0
The dyadic expansion of any number z € I7, ie. x = 3 e(2)27% (with ex(z) = 1
for infinitely many indices k) has on the first n placeskt:ﬁe same digits e (x) =: ¢,

(k=1,...,n) determined uniquely by the indices n and j. Hence, we can say that
the interval I} is associated with the finite sequence c1, ..., c,.

[&.°]
We are going to study subseries of a given infinite series > a, by using non-
n=1
terminating dyadic expansions. Specifically, for each number = € (0, 1], we consider
o0

the unique infinite dyadic expansion z = ) €,(x)2”" and we associate with the
n=1
number x the infinite series

(z) := Z en(T)ay,

which after omitting the zero terms can be identified with an (infinite) subseries of the

series Y ay (see [10], [12]). This is a special case of series of the form > X, (z)an,

n=1 n=1
where (X, (z))n>1 is a sequence of independent random variables and which are

studied in probability theory.
We shall denote by C( > an> and D( > an) the set of all numbers = € (0,1]

n=1 n=1
such that the series (z) converges or diverges, respectively.

For the reader’s convenience we recall the notion of homogeneous set. A measur-
able set M C (0, 1] is called a homogeneous set if there exists d € [0, 1] such that for
each interval J C (0, 1] we have

AMNJ)

T d,

with A the Lebesgue measure. It is known ([15]) that every homogeneous set is of
Lebesgue measure 0 or 1.

The notion of statistical convergence of an infinite series is introduced through the
associated infinite sequence of partial sums of that series.
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o0
1.2 Definition. An infinite series Y a, (with real or complex terms) is called
n=1

n
statistically convergent to asum s (s € Ror s € C) if lim-stat s,, = s with s,, = > ax
k=1

(n=1,2,...). If lim-stat s,, does not exist or is an infinite number, we say that the
series statistically diverges. By analogy with the usual convergence we introduce the
following notation

Cstat (Z an) = {z € (0,1]: (x) is statistically convergent series},

n=1

oo

Dgtat (Z an) :={z € (0,1]: (x) is statistically divergent series}.

n=1

The notion of statistically convergent series seems to be known in the theory of

statistical convergence. It was probably B. C. Tripathy who introduced it explicitly
for infinite series in his papers [16, 17].

In this paper we will determine the metric properties, the Lebesgue measure and

the Hausdorff dimension of the set Cgiag ( > an).

n=1

2. SOME MEASURE PROPERTIES OF Cggat

In the paper [1] (see also [2], pp. 404-405) metric properties of the set of all
convergent subsequences of a given divergent sequence are studied. In [12] similar
problems are studied for the set of all convergent subseries of given divergent series.

o0 o0
It is proved in the paper [12] that for any series Y. a, the set C ( > an> is F,s in

n=1 n=1

o0
(0,1] and therefore it is a measurable set. If > a, diverges, then it was shown in

n=1
o0
Theorem 1.10 of the quoted paper that the Lebesgue measure of C( > an> is zero.
n=1

These results have been generalized to series in normed linear spaces in [3].
The next theorem further generalizes those results and states the fundamental
o0
properties of the set Cyias ( > an>.
n=1
o0 o0
2.1 Theorem. For any (complex) series . a, the set Csiat ( > an> is a homo-
n=1 n=1

o0
geneous Borel set of type F,505. If Y ay statistically diverges then

n=1

(0 (S0)) =0

n=1
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Proof. Clearly it suffices to prove the assertion for real series only, so let
o0

us suppose that a, € R. To prove that Cgat ( > an> € 506 we use the Cauchy
n=1
criterion for statistical convergence shown in [6]: A sequence (z,),>1 statistically

converges iff it is statistically Cauchy sequence, i.e.,
(2) Yn>03N eN: d{neN: |z, —zny|=n}) =0.

If we denote X = (0,1]\ @, with Q being the set of all rational numbers, then using
(2) we get

(3) XN Ostat <Z an) = n U B(N J)
n=1 j=1N=1
where 1
i) = : : — > - = ,
B(N,j) {xeX d({kEN |sk(z) — sn ()] ]}> 0}
and s, (x) := > €;(x)a,. Using the definition of asymptotic density we get
i=1
3"
1 1 1
0: — sn: - Z-r)< -
x € B(N,j) <= VYv>13ngVYn > ncard({k n: |sk(x)—sn(z)] j}) »

From (3) and (3') we have

o0

0 X0 G (300 = N U Fj O ) AW.n.o).

n=1 j=1N=1wv

where
1 n
] = . <n: — > - ) < =5,
A(N,n,j,v) {x exX card({k <nesk(x) — sy (z)| = j> < v}

It is easy to see that for any k < n we have

n

sk(z) = sn(z)| = Z ei(z)a;).

i=k+1
Denote 1
D(k,N,j) = {:17 € X: |si(z) — sn(z)| = 3}.
If K > N and the interval I,i is associated with the sequence €1, ..., ¢, then
1
(5) IinX c D(k,N,j) < Z Emlm| = ~.
m=N+1 J
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Similarly, if k¥ < N and the N-th order interval I, is associated with the sequence
gl,..., ey, then
N
(5) IiNX C D(k,N,j) < ‘ > eham| >
m=k+1

(S

Let us denote the inequalities on the right hand side of (5) and (5") by P and
P’ respectively. So the way we can build the sets A(N,n,j,v) is to include in them
the intersection of X with an interval of k-th order or N-th order if and only if the
inequalities P or P’ are satisfied. This will be the case only if the total number of k
which do not exceed n and satisfy P or P’ is at most 2. Hence, A(N,n, j,v) is an

intersection of X with a finite union of intervals of k-th or N-th order, and therefore
o0

it is a closed set in X. Consequently, X N Cggat ( > an> is of type Z 405 in X. Since

n=1

o0
Q is countable set, we conclude that Cygat ( > an) is of type Fys06 in (0, 1].
n=1
oo

The fact that the set C’Stat(z an> is homogeneous follows from the observa-

n=1

tion that if x = Y e,(z)27" € Cstat(z an>, then y = > e,(y)27™ € (0,1] is
n=1 n=1 n=1

in Cstat(Z an> provided e, (z) # e,(y) holds for finitely many n only (see [11],
n=1
Lemma 1).
Therefore Cytat ( > an> is a homogeneous set in (0, 1] and its Lebesgue measure
n=1

is either 0 or 1, cf. [15]. We finish the proof by showing that )\(Cstat ( > an)) =1

n=1
yields a contradiction. Indeed, if this was true then A (Cstat ( > an> N (0, %]) = % =
n=1

A(Cstat ( > an> N(3, 1]) Consider the function g(z) :=1—z, z € (0, 1]. Obviously,

n=1

)\(g (Cstat ( > an> N (0, l))) = % Hence, there exists an irrational number g €

2
n=1
Cistat ( > an> N(0, %] with 1—xzg € Cyat ( > an> ﬁ(%, 1]. For such z( both series ()
n=1 n=1

o0

and (1 — zo) are statistically convergent and also their sum, > a,, is statistically
n=1

convergent. This is a contradiction. ([l

In connection with Theorem 2.1 a natural question arises. What can be said about

the Lebesgue measure of the sets C’( > an> , Cstat ( > an> if the series Y ay, is con-

n=1 n=1 n=1
o0
vergent or statistically convergent? These sets can be of full measure when Y |a,| =

n=1
+00. That this is indeed the case follows from some theorems on Rademacher series.
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o0
2.2 Theorem. Let ) a, be a convergent series. The following two assertions

hold: "
() If f |an|? < 400 then A(C(E}l an)) = 1= A(Cupa (Z}l an))-
(ii) If Z |an|2 = 400 then A(c(é an)) =o0.

Proof. Let us define for each k = 1,2,... the function r(t) := 1 — 2e;(¢),
€ (0,1]. Then (7x)r>1 is the Rademacher orthonormal system and we can make a

simple transformation which gives:

(6) Zek axlt (zakz o)

k=1

Let M := {t € (0,1]: > anra(t) converges}. If the assumption (i) holds, then by
n=1

the Khinchin-Kolmogorov theorem, cf. Theorem (8.2) of [18], we have \(M) = 1,

hence by (6) we get A(C( > an)> = 1 and the same thing for its superset. If the

n=1

assumption (ii) holds, then using the result from [18] we get A(M) = 0 and thus

A(C(Z an>) = 0. O
n=1

2.3 Remark. The series 1 —27“+37%—. .. is relatively convergent for oo > 0 and

satisfies the assumption (i) provided § < a < 1, and that of (ii) provided 0 < a < 3.

Since C( > an) C Cytat ( > an), clearly always

n=1 n=1
(e(Em)) (o (E)
n=1 n=1
In the following example we exhibit a series ) a, for which this inequality is strict,
n=1
ie.
(7) )\(C(Z an>> =0 and )\(Cstat (Z an>) =1.

n=1 n=1

2.4 Example. Consider ) a, whose terms are defined for k > 0 as follows.

n=1
27k, for j =0,1,...,2F — 1,
(8) ageyj =13 —27F, for j=2kF 2k 41, .. . 2k 1,
0, for j = 2kFL b+l L1 . 4k+l 4k 1,
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Then (7) holds. Indeed, the first claim in (7), namely A(C(Z an>> = 0 fol-

n=1

o0
lows from the fact that the series Y a, is divergent. We want to show that
n=1

A(Cstat ( io: an>) =1 is also true.

n=1
In what follows, we use the probability notation from [4]. Namely, instead of A we

use P to denote the Lebesgue measure on (0, 1]. The reason for this change is that we
do not want to move away from the usual notation used in probability. The presented
proof is substantially simplified thanks to the comments from the anonymous referee
of this paper.

Recall the Chebysheff inequality

P(&—p’25)< 1

n = 4ne?’
where n is the number of independent draws, p is the probability of a random event

and S, is the random variable that counts the occurrences of the event. Taking
e =1/k? and n = 2* yields

121 1 1 iz
©)) P gk En(x)an) —5 < e >1- o
gk ok+l_q 4
1 1 k
n=4k 42k
It follows that
4k gkt g 9 B4\ 2
(10) P gk en(x)an| < e > (1 - 2—k) )

It follows that the probability that for all £k > K we have

akyoktl_1q 9
(1) > el <
is at least
e’} k’4 2
(12) (H<12—k>) :
k=K

995



We want to argue that (12) is not zero, i.e., that this product is convergent. This
o0

follows from the convergence of the sum Y. k*/2*. Hence with positive probability
k=K
for all £ > K (11) holds. That is what we needed. Apparently, any = € (0,1] for

which we have (11) (for all k¥ > K) belongs to the set & defined as follows:

&= {:17 € (0,1]: Y [sgeqarri_1(2) — sge_y(7)] < oo} :
k=0

Here (s,(z))n>1 is as before the sequence of partial sums of the series (z) =
[e.°]

> en(x)a,. The set & is also Borel and homogeneous. It follows that its measure
n=1

is one, since P(&) > 0. Clearly for any k:

(13) S4k+2k+1,1($) = S4k+2k+1(fl]) =...= S4k+1,1(.’£).

This and the definition of & imply that the sequence (s4x_1(2))k>1 is Cauchy. We
conclude that the sequence (s, (x))>1 converges over indices

neA={neN: 4* M1 _1<n<4bl kg =01,2,..1.

The asymptotic density d(A) of this set is one. Hence, we can conclude that

o0 o0
& C Cstat ( > an> and therefore A(Cstat<z an>) =1. O
n=1 n=1
o0
Once we know that for every statistically divergent series Y a, we have
n=1
o0
)\(Cstat<z an)) = 0, an interesting problem arises, namely that of determin-

n=1
o0

ing the Hausdorff dimension of the set Cytat ( > an>. We show that the Hausdorff
n=1

dimension depends on some properties of the underlying divergent series.

o0
2.5 Theorem. Foreacht € |0, 1] there exists a statistically divergent series 3 ap
n=1

o
with positive terms such that dim Cggat ( > an> =t.
n=1
o0
Proof. Itisprovedin Theorem 5 of [10] that if ay > az > ... and > a, = 400,
n=1

o0
then dim C ( > an> = 0. Since the statistical convergence of a series with positive

n=1
terms is equivalent to the usual convergence, we obtain the proof in the case ¢t = 0.
Let us consider the case 0 < t < 1 and define the set A = {[1/¢t],[2/¢],...,[n/t],...}.
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It can be proved easily that d(A) = t. Now let us define a series whose terms are

oo

as follows: a, = 1/n?if n € Aand a, = 1ifn € N\ A. Then > a, = +o00
n=1

and the series is also statistically divergent. We give lower and upper bounds for

dim Cliat ( i an> .

n=1
To get a lower bound we use the fact that the set Cytat ( > an> contains the set
n=1
Zofallz = > e,(2)27" € (0,1] with ,(x) =0if n € N\ A and ¢,(x) € {0,1} if
n=1
n € A. Applying Theorem 2.7 of [11] we get

dim Z — limint A0

n— 00 n

= d(A) = .

Since Z C Citat ( > an) we have

n=1
(14) t < dim Cigat (Z an) .
n=1

oo o0
To obtain an upper bound we realize that if z := ) e,(x)27" € Cstat(Z an>
n=1 n=1

then e,(x) = 1 only for a finite number of n € N\ A, with €, (z) = 0 for the other
n € N\ A, and e,(z) = {0,1} if n € A. Let us consider the sequence Hy, Ho, ... of
all finite subsets of N\ A. Then due to what was said above we have the equality

(15) Ctat (Z an) -G
n—1 j=1
where
- Oorl forme A,
Cj=Kz= Zan(:ﬂﬂ*" €(0,1]: ep(z) =41 for n € Hj,
=t 0 forn e (N\ A)\ H;

Applying Theorem 2.7 of [11] we have

n— 00 n

—d(A) =t

Using in (16) a result proved in Lemma 4 in [9], which says that M C |J M, implies
n=1
dim M < supdim M,,, and we conclude that
n>1

n=1

997



This proves the claim of our theorem for 0 < ¢ < 1. The case t = 1 is solved in

[10], as an Example to Corollary of Theorem 6. O

o0
As we have mentioned for series with positive terms > an, a, >0, n=1,2,...
n=1
we have

s (S ) oS0

n=1

and hence the following theorem is true:

2.6 Theorem. For each t € [0,1] there exists a divergent series with positive

terms ) a, such that dimC( > an> =t.
n=1

n=1

Theorem 2.6 completes the results of the paper [10].

3. TOPOLOGICAL PROPERTIES OF Cgiat

oo oo
If 3 a, is a divergent series with complex terms, then 3 |a,| = 400 and by
n=1 n=1

o0
the result from [12] mentioned above we get that the set C ( > an) is of the first
n=1

Baire category in (0, 1]. This claim does not allow to make any conclusion about the
o0

Baire category of the superset Cgtat ( > an>. ‘We show that the latter set has similar

n=1

o0
structure as its subset C’( > an>.

n=1

3.1 Theorem. If the series Y a, statistically diverges then Csat ( > an> is of

n=1 n=1

the first Baire category in (0, 1].

Proof. We are going to use the notation from the proof of Theorem 2.1. First

we consider real series, i.e. a, € R, n=1,2,.... For X = (0,1] \ Q we have
(19) X mcstat <Z an) = n U ﬂ U ﬂ A(anajvv)v
n=1 j=1 N=1lv=1ng=1n=ng

where A(N,n,j,v) = {z € X: card({k < n: |sx(x) — sny(x)| = 1/5}) < n/v}. We
prove that X N Cggat ( > an) is of first category in X. It follows from (19) that it
n=1

suffices to prove that (| |J () A(N,n,j,v) is of first category in X. Actually,

v=1ng=1n=ng
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proving that |J () A(N,n,j,2) is of first category in X would suffice. To check

no=1n=no

this, we establish that for any ng > 1 the set E(N,j) = (| A(N,n,J,2) is nowhere-

n=no
dense. Fix ng > 1 and let J C X be an arbitrary interval in X, i.e., an intersection

of X with an interval J* C (0, 1]. If we find a nonempty interval J’ C J disjoint from
the set E(N,j), then E(N,j) is indeed nowhere dense.
We find m, t € N such that Ifn C J,0<t<2™—1. We can suppose that m > ng

and m > N. Let I! be associated with the m-tuple c1,ca,..., ¢y, of digits 0, 1.
o0

Since the series > a, is not statistical ly convergent, it is not convergent in the
n=1

usual sense and therefore at least one of the series > an, Y, a, has an infinite

an20 an<0
sum. Let us suppose that

(20) Z an, = +00.

an 20

If appyi > 0 we put ¢pqs = 1, €lse ¢qs = 0. Due to (20) we have

m+p m~+p
(21) Z CnQy, — chan = Z Cnn > -
n=N+1

for some sufficiently large p. We choose a natural number

(22) q>m-—+p.
and the numbers ¢4 pt1,. .. Cmsptq sSuch that ¢; =0 for a; <0, ¢; =1 for a; > 0,
where i € {m+p+1,...,m+p+q}. Finally, we find the interval I, , . , of (m-~+p+q)-
th order associated with the sequence c1,¢a, ..., Cmtp; Cmtptis-- - Cmipiq- BY (21),
we have

m-+p+i
(23) > >

n=N+1

oo

for every i = 1,2,...,q. Consider any = := Z a(x)27" e X NIg tptq- Clearly,

en(@) =cp,n=12,....m+p+gq. It follows frorn (23) that |s,(z) — sn| = 1/4,
n=m+p+1,...,m+p+q, and consequently card({n < m + p+ q: |sn(z) —
sn(z)| =2 1/4}) = q. The way we picked ¢, we must have ¢ > %(m + p+¢q) and so

Xﬁ[gm+p+q ﬁE(N’j) = 0.
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This proves that the set F(N,j) is nowhere dense in X. Therefore the set X N

o0

Clitat ( > an> is of the first Baire category in X. Since (0,1] \ X is countable, we

n=1

o
can conclude that Cgiat ( > an) is of the first Baire category in (0, 1].

n=1

o0
Finally, if the series > a, is complex, then we write a, = zy, + iyn, n = 1,2

NV
n=1

o0 o0
At least one of the series > x,, . v, is statistically divergent, and we have

n=1 n=1
o0 o0 o0
(24) Cstat (Z an) = Cstat (Z lCn) N Cstat (Z yn) .
n=1 n=1 n=1
Since at least one of the sets on the right hand side is of the first Baire category, the
same must be true for the set on the left hand side. O
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