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Abstract. By a torsion of a general connection I" on a fibered manifold ¥ — M we
understand the Frolicher-Nijenhuis bracket of I' and some canonical tangent valued one-
form (affinor) on Y. Using all natural affinors on higher order cotangent bundles, we
determine all torsions of general connections on such bundles. We present the geometrical
interpretation and study some properties of the torsions.
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1. INTRODUCTION

Given a linear connection I' on a manifold M, there are two classical approaches
to the concept of the torsion of I'. First, if we interpret I" as a linear connection
on the tangent bundle T'M, we can define the torsion of I' as the covariant exterior
differential in the sense of Koszul of the identity tensor on M. This approach leads
to the well known formula

1
(1) T(X,Y): i(vXY_va_[XaY])
for every two vector fields X, Y on M. On the other hand, I" can be also interpreted as

a principal connection on the frame bundle PM of M. In this case we can introduce
the torsion of I" as the standard covariant differential of the canonical R -valued

The first author was supported by the Grant No 201/99/0296 of the Grant Agency of
the Czech Republic, the second author by the Maria Curie-Sklodowska University.
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form ©: TPM — R™ of PM, m = dim M. Clearly, both above definitions of the
torsion of I' give the same result. Further, if I'* is the dual linear connection on the
cotangent bundle T M, the torsion of I'* can be introduced as the composition

(2) ool

of the formal exterior differential o: J'T*M — A?T*M with the connection I'*
itself, [8]. But the composition (2) can be defined for arbitrary (not only linear)
connections on the cotangent bundle.

If Y — M is a fibered manifold, the (general) connection on Y is a smooth section
I': Y — J'Y of the first jet prolongation of Y. Obviously, I' can be identified with
its horizontal projection 7Y — TY, which is a tangent valued one-form on Y. If
Q: TY — TY is an arbitrary canonical tangent valued one-form on Y (in other words
an affinor), the Frolicher-Nijenhuis bracket [[', Q] of T and @ is called a (general)
torsion of I'. Let F' be a natural bundle on the category .# f,, of all m-dimensional
manifolds and their local diffeomorphisms and I': FM — J!FM be a connection
on F'M. If we determine all natural affinors on F M, then we can completely describe
all general torsions of I". Such an approach has been used e.g. in [2], [6] and [9] for
many particular cases of F'.

In this paper we determine all general torsions of connections on r-th order cotan-
gent bundles T"*M. We also study the geometrical interpretation and properties
of the torsions. In the geometrical construction of the torsions we essentially use
the vertical prolongation of connections on vector bundles. We characterize linear
connections and projectable connections on T"*M by means of certain properties of
their torsions. We also show the interpretation of (2) for arbitrary (not only linear)
connections. We remark that higher order cotangent bundles and their dual bun-
dles (which are called higher order tangent bundles) are used e.g. in higher order
mechanics. For example, in the study, within a continuum mechanical context, of
higher order gross bodies, it is useful to study fields with values in tensor products
of tangent and cotangent spaces of “higher order contact”, cf. [10]. All manifolds
and maps are assumed to be infinitely differentiable.

2. AFFINORS AND GENERAL TORSIONS

Denoting by C°(TM ® APT*M) the space of all tangent valued p-forms on M,
the Frolicher-Nijenhuis bracket is a map

[,]: C®°(TM @ APT*M) x C®(TM @ N1T*M) — C®(TM @ N*TIT*M),
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(cf. [3]). In particular, for p = 0 = ¢ the Frolicher-Nijenhuis bracket coincides with
the Lie bracket of vector fields on M. By the Frolicher-Nijenhuis theory, tangent
valued 1-forms on M are exactly affinors on M, which are defined as linear mor-
phisms T'M — T'M over the identity of M. Then the Frolicher-Nijenhuis bracket of
two such affinors K, L is a tangent valued 2-form [K, L] given by

(3) [K,L)(X,Y) = [KX,LY] + [LX,KY] + KL[X,Y] + LK[X,Y]
— K[X,LY] - K[LX,Y] - LIX,KY] - L[KX, Y],

X, Y being arbitrary vector fields on M.

Let p: Y — M be a fibered manifold and denote by VY the vertical tangent
bundle. An affinor ¢ € C*(TYRT*Y) onY is called wvertical if p € C*(VY QT*Y).
Consider now the inclusion T*M C T*Y of cotangent bundles.

Definition. A vertical affinor ¢ € C°(VY ® T*M) is called a soldering form.

Clearly, J'Y — Y is an affine bundle, the associated vector bundle of which is
VY @ T*M. In this way soldering forms on Y can be considered as “deformations”
of connections on Y in the following sense: If I': Y — J'Y is a connection and
©: Y = VY ® T*M a soldering form on Y, then their sum (I' + ¢) is a connection
on Y. On the other hand, the difference of two connections on Y is a soldering form.

If we identify a connection I': Y — J'Y with its horizontal projection TY — TY
(denoted by the same symbol I'), we obtain an affinor on Y. In this situation the
Frolicher-Nijenhuis bracket turns out to be a very powerful tool in the theory of
connections. For example, by [3], the curvature of ' is given by

1

(4) cr =3

[, 1]

and the Bianchi identity can be simply expressed in the form [I', CT] = 0. Consider
now a soldering form ¢: Y — VY @ T*M (i.e. a deformation of I') and modify the
curvature formula (4) by

(5) T, = [, ¢].

By Mangiarotti and Modugno, 8], 7,: ¥ = VY ® N2T*M is called a torsion of T’
with respect to the soldering form . By [8], T, generalizes the classical concept of
the torsion of a connection. Finally, the most general definition of a torsion was
given by Kolaf and Modugno, [2]. The main idea is to replace the soldering form ¢
in (5) by an arbitrary affinor on Y, which is canonical in the following sense:
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Definition. A natural affinor on a natural bundle F' over manifolds is a system
of affinors Qp: TFM — TFM for every m-manifold M satisfying TFf o Qp =
QN o TF f for every local diffeomorphism f: M — N.

Let F be a natural bundle on the category .# f,, and I': FM — J'(FM — M)
be a connection on F'M.

Definition. Let Q) be a non identical natural affinor on F. The Frolicher-
Nijenhuis bracket [I', Q] is called the (general) torsion of a connection T'.

Clearly, [I',¢] € C®(TY ® A2°T*Y) and if Id: FM — FM is a trivial identical
affinor, then we have [I', Id] = 0. For many particular cases of a natural bundle F' we
are able to determine all natural affinors on F' and in this way all general torsions
of a given connection I" on F'M. For example, any product preserving functor F' on
the category . f of all smooth manifolds and all smooth maps is a Weil functor of
the form F' = T4, where A = F'R is the corresponding Weil algebra, [3]. By Kolai
and Modugno, [2], all natural affinors on F' are parametrized by FR. An important
example of a product preserving functor is the functor 77 of k-dimensional velocities
of order r, which is defined by

TrM = J§(R* M), Tpf(i5g) =is(fog)

for an arbitrary smooth manifold M and a smooth map f: M — N. On the basis
of the complete list of all natural affinors on product preserving bundles, Kolar
and Modugno have described all general torsions of connections on the bundles 7'M,
TEM, TEM and on the frame bundle PM, [2]. The same authors have also computed
general torsions on the cotangent bundle.

From (3) it follows that the Frolicher-Nijenhuis bracket of a connection I': ¥ —
J'Y and a soldering form ¢: Y — VY ® T*M is of the form

(6) [Fa (,D](U, V) = ([FU’ V] - [FV, (PU] - (P[U’ V])

N~

for every two vector fields U, V on M. Denoting by (%, y?) the local fibered coor-
dinates on Y, the equations of a connection I': Y — J'Y are

dy? = FP(x,y) dz’

so that the corresponding horizontal projection I': TY — TY is of the form
(dz?,dy?) — (dz?, FPda'), i.e.

) o )
®@da! + Ff — ® da’.

)
)
oyP

J Ot
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Further, if

P .
@f(fﬂay)a—yp ® dz’

is the coordinate expression of a soldering form ¢ € C*(VY ® T*M), then (6) is of

the form

¢y oo OFP\ 8 . .
L pastl 090 ) g (4 A dad),
(7) <a$1+ P By %ayq)aypéé(xA z’)

3. NATURAL AFFINORS ON HIGHER ORDER COTANGENT BUNDLES
Let M be a smooth manifold. The space
TM = J" (M, R)o

is called the r-th order cotangent bundle. Every local diffeomorphism f: M — N
extends to a vector bundle morphism T7*f: T™M — T™ N, jlp — j}(z)(‘P o f71),
where f~! is constructed locally. Then 77* is a vector bundle functor defined on
the category .# f,,. Clearly, the functor T"* does not preserve products and for
r = 1 we obtain the classical cotangent functor 7*. Denoting by (z°) some local
coordinates on M, the induced coordinates (w;, wij, . - ., Uiy, 4,.) on T"* M (symmetric
in all indices) are given by
2 s

ugUnf) = 5ot =l | s () = 5

T 9xiOxd . T 9z ... Qxir .

_ 9f
T oxt|)

x

u;i(jz f)

Denote by mpr: T7*M — M and pps: TM — M the bundle projections and gy :
T™M — T*M the projection given by qur(jof) = jLlf. Let Apr: TT™*M — R be
the generalized Liouville form on T7*M defined by

Am(X) = (qu (prrem (X)), Trar (X))

and AL: T™*M — T"*M be the s-th power natural transformation of 7"*M into
itself defined by A% (52 f) = jo(f)*, where (f)® denote the s-th power of f. Since mj;:
T M — M is a vector bundle, the vertical tangent bundle VT M can be identified
with the Whitney sum 7T7*M & T"*M. Taking into account this identification, we
can define natural affinors Q3,: TT"™*M — VI"™ M by

(®) Qi (X) = (prrar(X), Anr (X) A (prr- 2 (X))
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In coordinates,

s 9 -
9) Qu= Uil...isujaw% ® da?

colg

(s+1)! .
mﬂ(il .. .uisfluisisﬂ)uj anl.“i » ®dx]
+o+ " ® da’
(s—Dir—s+1) = e G

where (i1 ...4,) denote the symmetrization. The second author has proved, [4]:

Lemma 1. All natural affinors on the r-th order cotangent bundle T™* M are of

the form
(10) ko ld+k1Qpy + ... + ke Qly
with any real parameters ko, k1, ... k.

Obviously, all nontrivial natural affinors on T7*M are vertical and we have Q%, €
C®(VT™M @ T*M), i.e. all Q% are even soldering forms, i = 1,...,r. The second
author has also described all natural transformations of 77* into itself, [5].

Lemma 2. All natural transformations T™ — T"* are of the form
(11) kiAT + ...+ kAL

with any real parameters kq, ..., k.

4. VERTICAL PROLONGATION OF CONNECTIONS ON VECTOR BUNDLES

We first recall the concept of the vertical prolongation of a connection, see [3].
Let I': Y — J'Y be a connection on a fibered manifold p: Y — M. Applying the
vertical tangent functor V, we obtain a map VI': VY — VJ'Y. Let

iv: VJYY - JvVY

be the canonical exchange isomorphism, [3]. Then the composition ¥ T := iy o VT':
VY — JWY is a connection on VY — M. Denote by (z%,y?,n? = dyP) the
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canonical coordinates on VY. If dy? = FP(z,y)da" is the coordinate form of T, then
the vertical prolongation #T" has equations

dy? = FF(z,y)da’,
OF (z,y)

dnp? =

nida’.
Now let p: E — M be a vector bundle. Then J'E — M is a vector bundle too and

we have the canonical identifications VE = E @ E and VJ'E = J'E @) J'E.
Using the exchange isomorphism ig: VJ!E — J'V E we obtain an identification

ag: JWWE=J'E@) J'E.
Consider the classical Liouville vector field
Lg: F—-VECTE

which is generated by the one-parameter group of homotheties of the vector bundle F,

in coordinates Ly = yp%. IfI': E — J'E is a connection on E (not necessarily

linear), then the composition

(12) [:=pryoago¥Toly: E— J'E

is a section of J'E. Clearly, T is a connection on E — M with the coordinate
expression
_ OF{(z,y)

d p
Yy ayq

yldat

We have

Proposition 1. I' =T if and only if the connection I is linear.

Proof. Linearity of I' means F/(x,y) = FF.(z)y". On the other hand, I' =T

wr

iff Ff(z,y) = %yq. O

One verifies directly
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Proposition 2. Let I" be a connection on the vector bundle E — M. Then the
vertical prolongation ¥T: VE — J'VE is of the form

YT=TxT): Eey EZVE - J'WVE=ZJ'Eoy J'E.

Suppose now that £ = FM, where F is a natural vector bundle functor. To
construct the connection I', we have used the Liouville vector field Lyy: FM —
V FM. This vector field is canonical (more precisely natural) in the following sense:

Definition. A natural vector field £ on F is a system of vector fields £y : FM —
TFM for every m-manifold M satisfying TFf o {yp = En o F'f for all local diffeo-
morphisms f: M — N.

Roughly speaking, natural vector fields on F' can be interpreted as absolute (or con-
stant) natural operators transforming vector fields on M into vector fields on F'M, [3].
By [3], every natural vector field on FM is vertical.

Example. Let ®(t) be a smooth one-parameter family of natural transformations
F — F, where smoothness means that the map (®(t))a: Rx FM — FM is smooth
for every manifold M. Then the formula {3, = % |0(<1>(t)) u defines a natural vector
field {pp: FM — VFM.

If we replace the Liouville vector field Lgjs in (12) by an arbitrary natural vector
field L: FM — VFM, we obtain

Proposition 3. Let I': FM — J'FM be a connection on a natural vector
bundle F. Then every natural vector field L: FM — V FM induces a connection
Iy: FM — J'FM by

(13) FL:pI‘2OOéFM04//FOL.

If L is the Liouville vector field Lgps, then Iy, =T.

Let I': E — J'E be a connection on the vector bundle E — M and f: E — E
be a vector bundle morphism over the identity of M. In the rest of this section
we describe the construction of a connection on F by means of the vector bundle
morphism f. Denoting by Idg: F — E the identity morphism, the difference (Idg —
f): E — Eis also a vector bundle morphism over id;. Using the inclusion E C J'E

we obtain a vector bundle morphism
f=0Udg—f): E— J'E
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over the identity of M. On the other hand, the composition
g:=Jfol': E—~ J'FE

is another vector bundle morphism over the identity of M. Then the sum of f and
g on the vector bundle structure J'E is a section of J' E,

(14) Iy:=(f+9): E— J'E.

Clearly, I'y is a connection on E and for f = Idg we have I1q, =T

5. THE TORSION ON THE COTANGENT BUNDLE

By Lemma 1, we have one nontrivial affinor Q},: TT*M — VT*M on the cotan-
gent bundle, Q},(dz?, du;) = (0, ujupda®). If

du; =T} (=, u)dxl

are equations of a connection I' on T*M, then by (7) the torsion 7 := [[,Q},]:
T*M — VT*M @ N*°T*M is of the form

IV 0 . _
T= (Fk,iuj + Ty qup — ﬁumu]) 3y ® (dz* A da?).
Write
L =r J(dz' Ada?) ® uki
J 8uk ’
. oLy ; 0 i -

Then we have
Proposition 4. The torsion on the cotangent bundle T* M is of the form
=7t 47"
Further, 7* = 0 if and only if the connection I' is linear.
Proof. IfI'is a linear connection, then I ;(z,u) = I} ;(z)u, which yields

7% = 0. On the other hand, if 7% = 0, then we obtain the differential equation

Ik = % um. Clearly, the differential equation y = y’ - x has the general solution

y =cx, ie [ i(z,u) = I{ ;(2)u,. O
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In other words, a connection I on T*M is linear if and only if 7 = 7. In the rest
of this section we describe the geometrical construction of 7% and 7*. We remark
that the construction of the “linear” term 7

in [2].

was given also by Kolaf and Modugno

I. The construction of 77. By the theory of sesquiholonomic 2-jets, there is a
natural map
o JI'T*M — N*T*M
which is called the formal exterior differential, [7]. Denoting by (2%, u;,u; ;) the

local coordinates on J'T*M, the coordinate form of o is u; j(dz* A dz’). Then the

composition o o I': T*M — A2T*M has the coordinate form
i j(da® A da?)
and 7: T*M — VT*M @ A*T*M is of the form
7 (u) = (0 o) (u) ® L(u)

where L: T*M — VT*M is the classical Liouville vector field on T* M.

Remark. By Proposition 4, the torsion of every connection on the cotangent
bundle can be written in the form 7 = 7% + 7*. Using such a point of view, the
“linear” part 77 can be considered as the interpretation of the classical formula (2)

for arbitrary connections.

I1. The construction of 7*. Let L be the classical Liouville vector field on T* M
and denote by I';, the induced connection (13) from Proposition 3, where we put
F = T*. Then the equations of I',: T*M — J'T*M are

k

or;
= —’kumdx .

Ouyy,

dui

Since JIT*M — T*M is an affine bundle with the associated vector bundle VT* M &
T*M, the difference of two connections I' and I';, on T*M is a section of VI™*M ®

T*M, in coordinates
IV 0 ;
(Fkiiu )—®dxz.
’ ouy,

m
Ouy,

Multiplying by the Liouville one-form (u;dz’) and then using the antisymmetrization
T*M @ T*M — N?T*M, we obtain 7*.
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6. THE FIRST TORSION ON THE r-TH ORDER COTANGENT BUNDLE
A connection I' on T7* M has equations
(15) du; =T (=, u)d:z:l, du;; =Ty, (z, u)d:cl, ey Ay =T a(zy u)d:z:l
and the first natural affinor Q},: TT"™*M — VT"*M is of the form
Q1 (dz?, dus, duij, ..., dus, .4, ) = (0, wupda?, ujupda?, . ug, g, upda?),
see (8) and (9). In this section we show that the first torsion
1 =[0,Q%]: T™"M — VT™M ® N*T*M

has quite similar properties and interpretation as the torsion 7 on the cotangent
bundle. Write

. . 0 0 0
(16) TlL = Fj,i(dxl A dCL']) X (uk— F U T+ .. Uk ok, ),

3uk 8ukl 6Uk1...kr
o r 8Fk,i 6Fk,i
= i — Uy — s — ——— Uy U
! B Bu, Oy, )
X 0 ® (dz® A da?)
— x x
8uk
Ok, Ol 0 - .
Thtys — oy, — e gy Uy @ (dat A da?
+ ( kl, D u 3Um1...mru o | U Do ® (dx a’)
Ok, ki Ok, ki
T i_#m_._._#m m .
—i_(klm}’%7 aum " auml...fnru e JU
X 0 ® (dz’ A da?)
S x 7).
3uk1mkr

We prove
Proposition 5. The first torsion 71 on T"*M is of the form
(17) ™ =1+

Further, 7f = 0 if and only if the connection I is linear.

Proof. Formula (17) follows from (7) by a direct computation. If T is linear,
then

Fk,i = F]leum + F]lenumn + ...+ F&l---mruml.“mr
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so that the first term of 7 vanishes. Quite analogously we show that all the remaining
terms of 7{ are zero. On the other hand, if 7{ = 0, then all the terms of 7{ vanish.
In this case we obtain a partial differential equation f(z,u1,...,u,) = aa—flul +... 4+

g—iur, whose solution is of the form f = fl(ac)ul +...+ ﬁ(m)ur O

I. The geometrical construction of 7. Denote by L: T"*M — VT"*M the
Liouville vector field. Using the formal exterior differential o: J'T*M — A2T*M
and the projection qps: T"*M — T*M we obtain amap 7 :=ocoJlqy: JIT™*M —
A2T*M with the coordinate form wu; j(dz® A dz?). Then 7{ is of the form

(18) E(u) = (G o) (u) ® L(u).

II. The construction of 7{. Let L be the Liouville vector field on T7*M,
F = T7 and I';, be the connection (13) from Proposition 3. Taking into account
that J'T™ M — T7* M is an affine bundle with the corresponding associated vector
bundle VI M ®T*M, the difference of connections I and I'z, on T7* M is the section
of the associated vector bundle. Using multiplication by the Liouville form (u;dz?)
and then the antisymmetrization ®2T*M — A2T*M, we obtain ;.

7. TORSIONS ON THE r-TH ORDER COTANGENT BUNDLE

Let T be a connection (15) on 77*M. By Lemma 1, all natural affinors on 77*M
are linearly generated by the identity affinor and by nontrivial affinors Q};, ..., Q%,.
In this way we have the list of  torsions on T"* M,

s = [[,Q%] € C¥(VI™M @ N°T*M), s=1,...,r.

We show that analogously to Proposition 5, each such torsion can be expressed in
the form 7, = 7L¢ + 77,
We first construct the terms 7L¢. Let A7: T"™*M — T"*M be the s-th power

natural transformation from Lemma 2. Multiplying by a real number ¢, we obtain a
smooth one-parameter family of natural transformations. Denote by

Ly: T"M —-VT™M

the natural vector field generated by this smooth one-parameter family, see Example.
Then L is the classical Liouville vector field. The vector field L, can be also defined
as a map T7"M — TT"M @ T™*M = VIT™M of the form u — (u, AL(u)). In
coordinates,

0 +...+ r U Ui, Ui 0
T (s=DI(r—s+1)! (B - o M ZS"'“)(?UZ-I___“'

Ly =uy, uzai
Ujy...ig
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Now it suffices to modify (18) by
(19) tEe(u) = (G o) (u) ® Le(u), s=1,...,r.

In coordinates, 72¢ =T ;(dz’ A da?) ® L.

It remains to construct 7. Write f, := AL: T"*M — T"* M for the s-th power
natural transformation. Let I'y, be the connection on T7*M defined by (14) by means
of the vector bundle morphism f = f;. Since f; = id7r«s, we have I'y, = I'. Further,
let 'z, be the connection (13) from Proposition 3 corresponding to the natural vector
field Ly on T™ M. Then the difference of connections I'y, and I'L, is a section
t: T"*"M — VI™ M ® T*M of the associated vector bundle. Multiplication by the
Liouville one-form (u; dz7) yields an element of (VT"™* M @ T*M) @ T*M. Finally,
using antisymmetrization ®2T*M — A2T*M we obtain 7,: T™*M — VI™M ®
A2T*M. In what follows we shall need only the coordinate form of 7,

Ol 0 . .
(20) T: = (—Wk’mrumlumr>u]a—w€®(dx1/\dx])+

arklk —1,8 ) 0 ; i

+ —#uml...umr u; ——— ® (da* A da?

( auml...mr ! aukl...krfl ( )

Ok, . ki

+ (Fl7i§ék1uk2 e ukr) — m Umyq + - - umr)uj
X 0 ® (da® A da?)

o T x’).

O, ..k,

Using (7), (9) and (15) we prove by a direct evaluation
Proposition 6. All torsions of a connection on T"™ M are of the form

Te =T 478 s=1,...,7

By Proposition 5, 7 = 0 if and only if the connection I is linear. We show that
the vanishing of 7, expresses the projectability of I' in the following sense:

Definition. We say that a connection I" on T"*M is projectable if there is a
connection A on T"~D* M such that

1_ror—1 _ r,r—1
Jmy Tol=Aomy o,

where ﬂ;};_li T™*M — T =1*M is the bundle projection.
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Proposition 7. If 77 = 0, then the connection I' is projectable.

Proof. By (20), if 77 = 0, then the first (r — 1) components of I' in the

coordinate expression (15) are independent of ;.. m,.. t
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