Czechoslovak Mathematical Journal

Varaporn Saenpholphat; Ping Zhang
Connected resolvability of graphs

Czechoslovak Mathematical Journal, Vol. 53 (2003), No. 4, 827-840

Persistent URL: http://dml.cz/dmlcz/127843

Terms of use:

© Institute of Mathematics AS CR, 2003

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127843
http://dml.cz

Czechoslovak Mathematical Journal, 53 (128) (2003), 827—840

CONNECTED RESOLVABILITY OF GRAPHS

VARAPORN SAENPHOLPHAT and PING ZHANG, Kalamazoo

(Received November 23, 2000)

Abstract. For an ordered set W = {wi,ws,...,wi} of vertices and a vertex v in a
connected graph G, the representation of v with respect to W is the k-vector r(v|W) =
(d(v,w1), d(v,wa),...,d(v,wg)), where d(x,y) represents the distance between the ver-

tices z and y. The set W is a resolving set for G if distinct vertices of G have distinct
representations with respect to W. A resolving set for G containing a minimum number of
vertices is a basis for G. The dimension dim(G) is the number of vertices in a basis for G.
A resolving set W of G is connected if the subgraph (W) induced by W is a nontrivial con-
nected subgraph of G. The minimum cardinality of a connected resolving set in a graph G is
its connected resolving number cr(G). Thus 1 < dim(G) < cr(G) < n—1 for every connected
graph G of order n > 3. The connected resolving numbers of some well-known graphs are
determined. It is shown that if G is a connected graph of order n > 3, then cr(G) =n—1if
and only if G = Ky, or G = K1 5,_1. It is also shown that for positive integers a, b with a < b,
there exists a connected graph G with dim(G) = a and cr(G) = b if and only if (a,b) ¢
{(1,k): k=1 or k > 3}. Several other realization results are present. The connected
resolving numbers of the Cartesian products G x K9 for connected graphs G are studied.

Keywords: resolving set, basis, dimension, connected resolving set, connected resolving
number

MSC 2000: 05C12, 05C25, 05C35

1. INTRODUCTION

The distance d(u,v) between two vertices v and v in a connected graph G is the
length of a shortest u—v path in G. For an ordered set W = {wy,ws,...,wx} C V(G)
and a vertex v of G, we refer to the k-vector

r(|W) = (d(v,w1),d(v,ws),...,dv,wg))
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as the (metric) representation of v with respect to W. The set W is called a resolving
set for G if distinct vertices have distinct representations with respect to W. A
resolving set for G containing a minimum number of vertices is a minimum resolving
set or a basis for G. The (metric) dimension dim(G) is the number of vertices in a
basis for G.

The concepts of resolving set and minimum resolving set have previously appeared
in the literature. In [9] and later in [10], Slater introduced these ideas and used lo-
cating set for what we have called resolving set. He referred to the cardinality of
a minimum resolving set in a graph G as its location number. Slater described
the usefulness of these ideas when working with U.S. sonar and coast guard Loran
(Long range aids to navigation) stations. Harary and Melter [7] discovered these con-
cepts independently as well but used the term metric dimension rather than location
number, the terminology that we have adopted. These concepts were rediscovered
by Johnson [8] of the Pharmecia Company while attempting to develop a capability
of large datasets of chemical graphs. A basic problem in chemistry is to provide
mathematical representations for a set of chemical compounds in a way that gives
distinct representations to distinct compounds. The structure of a chemical com-
pound can be represented by a labeled graph whose vertex and edge labels specify
the atom and bond types, respectively. Thus, a graph-theoretic interpretation of this
problem is to provide representations for the vertices of a graph in such a way that
distinct vertices have distinct representations. This is the subject of the papers [1],
[2], [4]. It was noted in [6, p. 204] that determining the dimension of a graph is an
NP-complete problem. The dimension of directed graphs has been studied in [5].
We refer to the book [3] for graph theory notation and terminology not described
here.

In this paper, we study the resolving sets of a graph with some additional property.
For a nontrivial connected graph G, its vertex set V(G) is always a resolving set.
Moreover, (V(G)) = G is a nontrivial connected graph. A resolving set W of G is
connected if the subgraph (W) induced by W is a nontrivial connected subgraph of G.
The minimum cardinality of a connected resolving set W in a graph G is the connected
resolving number cr(G). A connected resolving set of cardinality cr(G) is called a
cr-set of G. Since every connected resolving set is a resolving set, dim(G) < cr(G)
for all connected graphs G. To illustrate this concept, consider the graph G of
Figure 1.

G:

w Y
Figure 1. A graph G with dim(G) = 2 and cr(G) = 3
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The set W = {u, v} is a basis for G and so dim(G) = 2. The representations for the
vertices of G with respect to W are

rW)=(0,2)  r@Ww)=(2,0  rwW)=(12)

Since ({u,v}) is disconnected, W is not a connected resolving set. On the other
hand, the set W’ = {u,v,z} is a connected resolving set. The representations for
the vertices of G with respect to W' are

Since G contains no 2-element connected resolving set, that is, a resolving set con-
sisting of two adjacent vertices, cr(G) = 3.

The example just presented also illustrates an important point. hen determining
whether a given set W of vertices of a graph G is a resolving set for GG, we need only
investigate the vertices of V(G) — W since w € W is the only vertex of G whose
distance from w is 0. We make a few other observations that will be of use on several

occasions.

Observation 1.1. Let W be a set of vertices of a graph G. If W contains a
resolving set of GG as its subset, then W is also a resolving set of G.

Observation 1.2. If a connected graph G contains a set S of vertices of G of
cardinality p > 2 such that d(u,z) = d(v,z) for all u,v € S and = € V(G) — {u, v},
then every resolving set must contain at least p — 1 vertices of S.

Two vertices u and v of a connected graph G is defined to be distance similar
if d(u,z) = d(v,z) for all z € V(G) — {u,v}. Certainly, distance similarity in a
graph G is an equivalence relation in V(G). Let Vi, Va,..., V) be the k (k > 1)
distinct distance-similar equivalence classes of V(G). By Observation 1.2, if W be a
resolving set of G, then W contains at least |V;| — 1 vertices from each equivalence
class V; for all i with 1 <4 < k. Thus we have the following

Observation 1.3. Let G be a nontrivial connected graph of order n. If G has
k distance-similar equivalence classes, then dim(G) > n — k and so cr(G) > n — k

Observation 1.4. Let G be a connected graph. Then dim(G) = cr(G) if and
only if G contains a connected basis.
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By Observation 1.2, every basis W of the graph G in Figure 1 contains exactly one
vertex from each of the sets {u, w} and {v,y} and so W is not a connected resolving
set. Thus G contains no connected basis and so cr(G) > dim(G) by Observation 1.4.
On the other hand, by adding the vertex = to a basis of G, we obtain a connected
resolving set by Observation 1.1. In fact, every cr-set S of G is obtained from a
basis of G by adding the vertex x so that (S) is a connected. Thus every cr-set of G
contains a basis of G. However, it is not true in general. For example, consider the
graph H of Figure 2. The set {ug,v1} is a basis of H and so dim(H) = 2. Next
we show that cr(H) = 3. Since {uy,us,v1} is a connected resolving set, cr(H) < 3.
Assume, to the contrary, that cr(H) = 2. Let S = {x,y} be a cr-set of H. By
Observation 1.2, S contains at least one of v; and vo, say * = v1. Since (S) is
connected, it follows that y = uy or y = uy. However, neither {us,v1} nor {uy,v1}
is a resolving set, which is a contradiction. Thus cr(H) = 3. Notice that the cr-set
{u1,u2,v1} of H contains a basis {us,v1} of H, while the cr-set {uq,v1,v2} of H
contains no basis of H.

V1 V2

u9 us
Figure 2. A graph H

In fact, for each integer k > 4, the structure of the graph H of Figure 2 can be
extended to produce a new graph G by adding the k — 3 new vertices v3, vy, ..., Vg—1
and joining each vertex v; (3 < ¢ < k — 1) with the vertices u; and u4 of H.
Then the resulting graph G has two cr-sets S1 = {u1,ug,v1,v2,...,05—2} and Sp =
{u1,v1,v2,...,v5—1} of cardinality k, where S; contains a basis B of G, namely
B = {ug,v1,v9,...,0x_2}, and S2 contains no basis of G. These observations yield
the following

Proposition 1.5. For each integer k > 3, there is a connected graph G with two
cr-sets S1 and Sy of cardinality k such that S contains a basis of G and S contains
no basis of G.
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2. CONNECTED RESOLVING NUMBERS OF SOME GRAPHS

The dimensions of some well-known classes of graphs have been determined in [2],
[7], [9], [10]. We state these results in the next two theorems.

Theorem A. Let G be a connected graph of order n > 2.
(a) Then dim(G) =1 if and only if G = P, the path of order n.
(b) Then dim(G) =n — 1 if and only if G = K, the complete graph of order n.
(c) For n > 3, dim(C),) = 2, where C,, is the cycle of order n.

A vertex of degree at least 3 in a tree T is called a major vertex. An end-vertex u
of T is said to be a terminal vertex of a major vertex v of T if d(u,v) < d(u,w) for
every other major vertex w of T. The terminal degree ter(v) of a major vertex v is the
number of terminal vertices of v. A major vertex v of T' is an exterior major vertex
of T if it has positive terminal degree. Let o(T) denote the sum of the terminal
degrees of the major vertices of T and let ex(7") denote the number of exterior major
vertices of T'. For example, the tree T" of Figure 3 has four major vertices, namely, vy,
v, V3, v4. The terminal vertices of vy are uy and wus, the terminal vertices of v3 are
ug, Ug, and us, and the terminal vertices of vy are ug and u7;. The major vertex v
has no terminal vertex and so vy is not an exterior major vertex of 1. Therefore,
o(T) =7 and ex(T') = 3. We can now state a known formula for the dimension of a
tree (see [2], [9])-

Figure 3. A tree with its major vertices
Theorem B. IfT is a tree that is not a path, then
dim(T) = o(T) — ex(T).
If G is a connected graph of order n, then every set of n — 1 vertices of G is a

resolving set of G. Moreover, every nontrivial connected graph G contains a vertex v
that is not a cut-vertex and so V(G) — {v} is a connected resolving set for G. Thus

(1) 2<cr(G) <n—1
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for all connected graphs G of order n > 3. The lower and upper bounds in (1) are
both sharp. For example, if G = P,, C,,, where n > 2, then any two adjacent vertices
of G form a cr-set of G and so we have the following.

Proposition 2.1. Letn > 2. If G = P,, or G = C,, for n > 3, then cr(G) = 2.

Next, we show that the complete graph K, and the star K;,_; are the only
connected graphs of order n > 3 having connected resolving number n — 1.

Theorem 2.2. Let G be a connected graph of order n > 3. Then cr(G) =n—1
if and only if G = K, or G = K1 1.

Proof. Since dim(K,) =n—1 and every induced subgraph of K, is connected,
cr(K,) = dim(K,) = n — 1 by Observation 1.4. For G = K;,_1, let V(G) =
{v,v1,v9,...,U_1}, where v is the central vertex of G. By Observation 1.2, every
cr-set of G contains at least n — 2 end-vertices and so cr(G) = n — 2. On the other
hand, the subgraph induced by any n —2 end-vertices of G is the graph K ,,_», which
is not connected, and so cr(G) > n — 1. Hence cr(G) =n — 1.

For the converse, if G is a connected graph of order 3, then G = K3 or G = K1
and the result holds for n = 3. Next we show that if G is a connected graph of order
n > 4 that is neither a complete graph nor a star, then cr(G) < n — 2. To do this,
it suflices to show the following stronger statement: if G is connected graph of order
n > 4 that is neither a complete graph nor a star, then G contains distinct vertices u,
v, w1, wy such that V(G) — {u,v} is a connected resolving set and (1) u is adjacent
to wy and (2) v is adjacent to wy but not to w;. We proceed by induction on the
order n of G. For n = 4, the graphs G; (1 <14 < 4) of Figure 4 are only connected
graphs order 4 that are different from K4 or Ky,3. For each ¢ (1 < i < 4), the
vertices u, v, wy, we are shown in Figure 4 and W = V(G;) — {u,v} = {w1, w2} is a
connected resolving set in GG;. Moreover, u is adjacent to w; and v is adjacent to we
but not to wy. Thus the statement is true for n = 4. Assume that the statement is
true for n — 1 > 4.

w1 wWo w1 w9 u wWa v w9
® ¢ ¢ o
J\ J\ u ]/1\ [ —
u v u v w1 v u w1
Gy G2 G3 Gy

Figure 4. Graphs G; (1 <i<4)

Let G be a connected graph of order n > 5 that is not K, or K; ,_; and let
x be vertex of G such that G’ = G — z is connected and G’ # K,_1, K1 n_2.
By the induction hypothesis, G’ contains distinct vertices u, v, w1, wo such that
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W' = V(G') — {u,v} is a connected resolving set and v is adjacent to w; and v is
is adjacent to ws but not to wi. Since G is connected, z is adjacent to some vertex
in G. We consider two cases.

Case 1. z is adjacent to at least one vertex in W’'. Let W = W/ U {z} =
V(G) — {u,v}. Then (W) is connected. Since d(u,w;) = 1 and d(v,w1) > 2, it
follows that r(v|W) # r(u|W) and so W is a connected resolving set of G. Moreover,
u is adjacent to w; and v is adjacent to ws but not to w;.

Case 2. x is adjacent to no vertex in W’. There are three subcases.

Subcase 2.1. x is adjacent to both v and v. Let W = W’ U {v} = V(G) — {u, z}.
Then (W) is connected. Since d(u,w;) = 1 and d(x, wy) = 2, it follows that r(u|W) #
r(z|W) and so W is connected resolving set of G. Moreover, u is adjacent to w; and
z is adjacent to v but not to wy.

Subcase 2.2. z is adjacent to u but not to v. Let W = W/ U {u} = V(G) — {v,x}.
Then (W) is connected. Since d(v,w2) = 1 and d(x,ws) > 3, it follows that r(v|W) #
r(z|W) and so W is connected resolving set of G. Moreover, v is adjacent to wy and
z is adjacent to u but not to ws.

Subcase 2.3. z is adjacent to v but not to u. Let W = W' U {v} = V(G) — {u, z}.
Then (W) is connected. Since d(u,w;) = 1 and d(x,wy) > 2, it follows that r(u|W) #
r(xz|W) and W is connected resolving set of G. Moreover, u is adjacent to w; and
z is is adjacent to v but not to wy.

Thus, in either case, G contains a connected resolving set of cardinality n — 2.
Therefore, cr(G) < n — 2. O

We now determine the connected resolving numbers of complete k-partite (k > 2)
graphs that are not stars.

Proposition 2.3. Fork > 2, let G = K, n,
that is not a star. Let n = nq +no + ... + n, and | be the number of one’s in
{n;: 1<i<k}. Then

n, be a complete k-partite graph

.....

@) n—=k ifl=0
cr =
n—k+1—-1 ifl>1.

Proof. Assume that 1 <n; < ng <... < ng. Foreach ¢ with 1 < ¢ <k, let

Vi = {vi1, via, . .., Vin,; } be a partite set of G. We consider two cases.
Casel. 1 =0. Then n; > 2 for all i with 1 < ¢ < k. Since GG has k distinct distance-
similar equivalence classes, namely V7, V5, ..., Vj, it follows from Observation 1.3 that
k

cr(G) = n — k. On the other hand, let W = |J (V; — {vi1}). Since W is a resolving
i=1

833



set of G and (W) = Ky, _1,ny-1,....n,—1 is connected, W is a connected resolving set
and so cr(G) < |W|=n—k. Thus cr(G) =n — k.

Case2.1>1. Thenn;,=1foralll <i<landn; >2foralll+1<i<k. Let
l
U, = U Vi = {U11,U21,...,’U11} and Uj = W—i—j—l for all jwith2 < j<k—-1+4+1.
i=1
Then Uy, Us,...,Ux_141 are k — 1 + 1 distinct distance-similar equivalence classes

and so cr(G) 2 n—(k—1+4+1) =n—k+1—1 by Observation 1.3. On the other

hand, let
k

W= {1)21,...,1)11}U( U vi- {vi,l}))
i=l+1
Then (W) is connected. Since d(vi,w) = 1 for all w € W, d(v;;,w) =1 if w €
W — (Vi = {vi1}) and d(vin,w) =2 if w e V; = {v;1} for all ¢ with I +1 < ¢ < k,
it follows that W is a resolving set. Thus W is a connected resolving set and so
cr(G) < [W|=n—k+1—1. Therefore, cr(G) = |[W|=n—k+1—1. O

To determine the connected resolving numbers of trees that are not paths, we first
state a lemma. We omit the proof of this lemma since it is straightforward.

Lemma 2.4. Let T be a nonpath tree of order n > 4 having p exterior major
vertices vi,va,...,vp. For 1 <1 < p, let us,Usa, ..., Uy, be the terminal vertices
of v;, and let P;; be the v; — u;; path (1 < j < k;). Suppose that W is a set of
vertices of T. Then W is a resolving set of T' if and only if W contains at least one
vertex from each of the paths P;; — v; (1<j<k; and 1 <i < p) with at most one
exception for each ¢ with 1 <7 < p.

Using Lemma 2.4, we are able to characterize the cr-sets in a tree T. Again, we
omit the proof of the following result since it is routine.

Theorem 2.5. Let T be a nonpath tree of order n > 4 having p exterior major
vertices v1,v2,...,v,. For 1 <1 < p, let ui,ui2, ..., ux, be the terminal vertices
of v;, and let P;; be the v; — u;; path (1 < j < k;). Suppose that W is a set of
vertices of T'. Then W is a cr-set of T' if and only if

(a) W contains exactly one vertex from each of the paths P;; —v;, 1 < j < k; and
1 < i < p, with exactly one exception for each i with 1 < i < p,

(b) for each pairi,j with1 < j < k; and 1 <i <p, ifx;; € W, then x;; is adjacent
to v; in the path P;;,

(c) W contains all vertices in the paths between any two vertices described in (b).

Corollary 2.6. Let T be a nonpath tree of order n > 4 having p exterior major
vertices v1,v2,...,v,. For 1 <1 < p, let uii, w2, ..., u, be the terminal vertices
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of v; and let P;; be the v; — u;; path of length l;; (1 < j <k;). Then

cr(T) = n +dim(T) = Y _ ;.

3. GRAPHS WITH PRESCRIBED CONNECTED RESOLVING NUMBERS
AND OTHER PARAMETERS

We have seen that if G is a connected graph of order n with cr(G) = k, then
2 < k <n—1. In fact, every pair k,n of integers with 2 < k < n — 1 is realizable as
the connected resolving number and order of some graph as we show next.

Theorem 3.1. For each pair k,n with 2 < k < n — 1, there is a connected
graph G of order n with connected resolving number k.

Proof. For k=2, let G = P,, which has the desired property. For k > 3 let
G be that graph obtained from the path P,_;41: u1,ue,...,uy—g+1 by adding the
k — 1 new vertices v; (1 < < k—1) and joining each v; to u;. Then the order of G
is n and cr(G) = k by Corollary 2.6. O

If G is connected graph with dim(G) = a and cr(G) = b, then a < b. Next we
show that every pair a,b of integers with 2 < a < b is realizable as the dimension
and connected resolving number of some connected graph.

Theorem 3.2. For every pairs a,b of integers with 2 < a < b, there exists a
connected graph G such that dim(G) = a and cr(G) = b.

Proof. Forb=a 2> 2 let G = K,q1; while for b = a+1, let G = Ky g41.
Then the graph G has the desired properties by Theorems A, B, and 2.2. So we may
assume that b > a4 2. Let G be obtained from the path P,_s49: w1, ug, ..., Up—qi2
of order b — a 4+ 2 by adding the a new vertices vy, vs,...,v, and the a edges v;us
(1 <i<a-—1)and vaup—qr1. The graph G is shown in Figure 5. It then follows
from Theorem B and Corollary 2.6 that dim(G) = a and cr(G) = b, as desired. O

U1 U2 us Up—a+1 U£7a+2

G: o . e e
L. Vag—1 Vq

U2
Figure 5. A graph G with dim(G) = a and cr(G) = b

835



By Theorem A, the path P, of order n > 2 is the only nontrivial connected graph
with dimension 1. Since cr(P,) = 2, there is no connected graph G with dim(G) =1
and cr(G) = k for some integer k # 2. Thus the following is a consequence of
Theorem 3.2.

Corollary 3.3. For positive integers a, b with a < b, there exists a connected
graph G with dim(G) = a and cr(G) = b if and only if (a,b) ¢ {(1,k): k =1 or
k > 3}.

By Theorem 2.2, if G is a connected graph of order n > 3, then cr(G) = n—1 if and
only if G = K, K1 p—1. Since dim(K,,) = n—1 and dim(K; ,,_1) = n—2, there is no
connected graph G of order n > 5 such that cr(G) =n —1 and 1 < dim(G) < n—3.
However, we have the following realization result.

Theorem 3.4. Let a, b, n be integers withn > 5. If n—2<a<b=n-1
or 2 < a < b< n-—2, then there exists a connected graph G of order n such that
dim(G) = a and cr(G) = b.

Proof. First, assume that b =n — 1. For a = n — 1, let G = K,,; while for
a=n-—2,let G=Kj,_1. Since dim(K,) = cr(K,) =n— 1, dim(K; ,—1) =n — 2,
and cr(Kq,—1) = n — 1, the result holds for b = n — 1. Now assume that 2 < a <
b < n — 2. We consider two cases.

Case 1. a = b. Let G be the graph obtained from the complete graph K1,
where V(K,41) = {u1,u2,...,uaqt+1}, and the path P,_,_1: v1,v2,...,0p—q—1 by
joining w441 with v1. Then the order of G is n. By Observation 1.2, every resolving
set contains at least a vertices from V(K,11) and so cr(G) > dim(G) > a. On the
other hand, let W = {uy,ua,...,uq}. Since r(uq.+1|W) = (1,1,...,1), r(v;|W) =
(G+1,i+1,...;i4+1) forall i with 1 <i<n—a—1, and (W) = K,, it follows
that W is a connected resolving set. Thus dim(G) < |W| = a and cr(G) < |[W| = a.
Therefore, dim(G) = cr(G) = a.

Case 2. a <b. If b = a+ 1, let G be the graph obtained from the path P:
Up, U, - - ., Upn—q Dy adding the a new vertices vy, vs, ..., v, and joining each v; (1 <
i < a) to the end-vertex u; in P. Then the order of G is n and by Theorem B
and Corollary 2.6, dim(G) = a and cr(G) = a+1 =0b. Ifb > a+ 2, let G be
the graph obtained from the path P: wuj,us,...,u,—, by adding the a new vertices
V1,02, ..., U, and joining each v; (1 < i < a—1) to us and joining v, to up—g4+1. Then
the order of G is n, dim(G) = a, and cr(G) = b by Theorem B and Corollary 2.6. O
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4. CARTESIAN PRODUCTS

In this section, we study the connected resolving numbers of the Cartesian prod-
ucts of a nontrivial connected graph GG and K5. In the construction of G x Ks, we
have two copies G1 and G4 of G, where if v1v9 is an edge of G X K3 and v; € V(G;),
1 = 1,2, then v, and vs are said to correspond to each other. It was shown in [2] that
dim(G) < dim(G x K3) < dim(G) + 1 for every graph G. We show that it is also
true for the connected resolving numbers. First, we state a lemma without proof.

Lemma 4.1. Let G be a nontrivial connected graph and let G1 and G2 be two
copies of G in G x Ks. For a set W of vertices in G x Ko, let W1 be the union
of those vertices of Gy belonging to W and those vertices of G1 corresponding to
vertices of Gy that belong to W. If (W) is connected in G x Ks, then (Wy) is
connected in G1.

Theorem 4.2. For a nontrivial connected graph G,

cr(G) < (G x K) < cer(G) + 1.

Proof. Let G x K3 be formed from two copies G; and G2 of G. We first show
that cr(G) < cr(G x K2). Let W be a cr-set of G x Ko and Wi be the union of those
vertices of (G; belonging to W and those vertices of GG; corresponding to vertices
of G2 that belong to W. Then W7 C V(Gp) and |W;] < |W|. By Lemma 4.1,
(W7) is connected in G. Thus it remains to show that W is a resolving set of G;.
Observe that if u € V(Gy), then dg, (u, w') = dgx k, (u,w’) for w' € WNV(G;) and
dey (u,w'") = dax i, (u,w) — 1 for w' ¢ W NV(Gy), where w € W NV (Gz) which
corresponds to w’. This implies that W7 is a resolving set of G.

Next, we show that cr(G x K3) < cr(G) + 1. Suppose that W = {wy,wa, ..., w}
is a cr-set of G. Let Wy = {x1,22,..., 2} and Wa = {y1,¥2,...,yx} be the corre-
sponding cr-sets in G; and Go, respectively. Let W/ = Wi U {y;}. We show that
W’ is a connected resolving set of G x K, which implies that cr(G x K2) < cr(G)+1.
Since (1) is a connected subgraph of Gy and (W') is obtained from (W;) by adding
the pendant edge z1y1, it follows that (W') is a connected subgraph of G x K3. Thus
it remains to verify that W’ is a resolving set of G x Ka. Observe that if u € V(Gy),
then dax i, (u,2;) = dg, (u,2;) (1 <i<k)and dexk,(u,y1) = dg, (v, 21) + 1; while
if u € V(Ga), then dox i, (u, ;) = dg, (v,2;) + 1, where v € V(G1) corresponds to u
and dgx i, (u,y1) = dg, (v,x1). Thus if u € V(G;), then

r(u|lW’) = (dg, (u, z1),dg, (u, 22), ..., dg, (u, xx),dg, (v, 1) + 1).
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If u € V(G2), then
T(“"W/) = (dG1 (’U,QEl) + 1) dG1 (U,l’z) + 1) cee )dGl (U,l’k) + 1) dG1 (U,l’l))

where v € V(G1) corresponds to u. Since W is a resolving set of Gy, it follows that
the representations r(u|W') are distinct and so W’ is a resolving set of G x Ka. O

Both upper and lower bounds in Theorem 4.2 are sharp as we see in the next
two results. We will prove only the second result since the proof of the first one is

routine.

Proposition 4.3. Let k,n > 2 be integers.
(a) If G = Ky, Py, or G = Ky n,.... n,, that is not a star, then cr(G x K3) = cr(G).
(b) If n >4, then cr(Cy,, X Kao) = cr(C,,) + 1.

Proposition 4.4. IfT is a nontrivial tree that is not a path, then

cr(T x Ka) =cr(T) + 1.

Proof. Let 71 and 7% be two copies of T in T X Ko, where V(T1) =
{ur, ug,...,up}, V(To) = {v1,v2,...,v,}, and u; corresponds to v; for all ¢ with
1 <4 < n. By Theorem 4.2, it suffices to show that cr(7 x K2) # cr(T'). Assume, to
the contrary, that cr(T x K3) = cr(T'). Let W be a cr-set of T x K3. We consider
two cases.

Case 1. W C V(Ty) or W C V(T»), say the former. Then W is also cr-set of 7.
Let u be an exterior major vertex of Ty and 21, 22,..., 2k (k > 2) be the terminal
vertices of u in T'. For each i with 1 < i < k, let P; be the u — z; path in T and
x; is the vertex in P; that is adjacent to v. By Theorem 2.5, u € W and exactly one
of x1,xa,..., 2 does not belong to W, say z, ¢ W. Let v be the vertex in T5 that
corresponds to u. Then r(xy|W) = r(v|W), which is a contradiction.

Case 2. WNV(Ty) # 0 and W NV (Ty) # (0. Let W; be the union of those
vertices of G1 belonging to W and those vertices of 7} corresponding to vertices
of T, that belong to W. We claim that |W;| < |W|. If |[W;| = |W|, then W contains
at most one of u; and v; for each pair u;,v; (1 < ¢ < n) of corresponding vertices in
T x K. This implies that (W) is disconnected, a contradiction. Thus |[W;| < |W/|,
as claimed. Since |W| = cr(T), it follows that W is not a cr-set of T}. However, by
Lemma 4.1 (W) is connected and so W is not a resolving set of Ty. Let x,y € V(T7)
such that r(z|W71) = r(y|W1). Assume that W7 = {wy,wa, ..., ws, Wsy1,..., Wk},
where w; € W for all 1 < i < s and w; ¢ W for all s+ 1 < ¢ < k. Then
W = {wi,ws,...,ws,w, 1,...,w,}, where wj corresponds to w; for all s+1 < i < k.
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Then drx k, (z,w;) = dp, (z,w;) for all 1 < i < s and drxg, (x, w)) = dpy (x,w;) + 1
for all s +1 < i < k. Similarly, since drx k., (y, w;) = dp, (y, w;) for all 1 < i < s and
drs i, (y,w)) = dp, (y,w;) + 1 for s + 1 < i < k, it follows that r(x|W) = r(y|W),

which is a contradiction. O

Let G be a nontrivial connected graph and H a connected induced subgraph of G.
We defined the connected resolving ratio of G and H by

cr(H)
cr(G)’

ra(H,G) =

By Theorem 2.2 that cr(K ,,,) = m for all m > 2. Hence for G = K1, and H = Ko,
we can make the ratio r..(H, G) as small as we wish by choosing m arbitrarily large.
Although this may not be surprising, it may be unexpected that, in fact, we can
make r¢,(H,G) as large as we wish. We now establish the truth of this statement.

For n > 3, we label the vertices of the star K on+1 with vg,v1,v2,...,v2n,
vy, v, ..., vy, where vy is the central vertex. Then we add two new vertices x
and 2’/ and 2""! edges zv; and z'v) for 1 < i < 2". Next, we add two sets
W = {wy,wa,...,w,} and W' = {wj,wh,...,w)} of vertices, together with
the edges w;x and wiz’ for 1 < i < n. Finally, we add edges between W and
{vo, v1,v2,...,v2n} so that each of the 2™ possible n-tuples of 1s and 2s appears
exactly once such that the representations (d(v;,ws),d(vi,wa),...,d(v;,wy,)) are
distinct for 1 <4 < 2". Similarly, edges are added between W’ and {v{, v}, ..., v4n}
so that (d(v}, w}),d(vl,wh),...,d(v;,w))) are distinct for 1 < 4 < 2™. Denote the
resulting graph by GG. The graph G for n = 3 is shown in Figure 6.

Figure 6. The graph G

839



Let W* = W UW’ U {wg,v1,v],x,2'}. We claim that W* is a connected resolving
set of G. By construction, (W*) is a connected subgraph of G. Moreover, r(v;|W*) =
7(v;|W*) implies that i = j and r(vi[W*) = r(v;|W*) implies that 7 = j. Observe
that

T(vi|W*) = (*,*,...,*,3,3,...,3,3,1,2,2,3),
r(WjW*) = (3,3,...,3,%,%,...,%1,2,2,2,1),

where * represents an irrelevant coordinate. Thus W* is a connected resolving set
of G and so cr(G) < |W*| = 2n+5. Note that G contains H = K 5n+1 as an induced
subgraph and

cr(H) S PAE

er(G) T 2n+5

Since
2n+1

li =
200 2m) +5 o
there exists a graph G and an induced subgraph H of G such that r..(H,G) =

cr(H)/ cr(QG) is arbitrary large.
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