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Abstract. We define various ring sequential convergences on Z and Q. We describe their
properties and properties of their convergence completions. In particular, we define a con-
vergence L1 on Z by means of a nonprincipal ultrafilter on the positive prime numbers such
that the underlying set of the completion is the ultraproduct of the prime finite fields Z /(p).
Further, we show that (Z,L7]) is sequentially precompact but fails to be strongly sequentially
precompact; this solves a problem posed by D. Dikranjan.
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1. INTRODUCTION

We introduce some ring sequential convergences on Z and (). Our main result is a
ring convergence L1 on Z such that the completion of (Z, ;) is a field which consists
of an ultraproduct of prime finite fields Z /(p). We extend this convergence to some
ring convergences on {J. These convergences are not given by any ring topology.

We recall Ostrowski’s theorem: Every nontrivial absolute value on Q) is equivalent
to a p-adic absolute value or to the usual absolute value. As a counterpoint, one
can desire a ring topology on Z or QQ for which there exists an infinite set of primes
D={q1,492,--,4n,-..} such that

(1) Jim (g1g2. - gn) = 0.
We get this by means of the filter of ideals

(1) D (1g2) D ... D (1g2---qn) D ...
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as a basis of zero neighborhoods for a ring topology on Z. However, the completion
of Z with this ring topology has zero divisors. The idea is to use an ultrafilter in the
set of prime numbers to define a ring convergence that also satisfies (1), but now the
completion of 7 is a field. In the last section we present a completion of 7 which is
an ultraproduct of the rings of p-adic integers.

In some situations the topologies are not suitable, and then one can employ sequen-
tial convergences fruitfully. For instance, in spaces of functions with the pointwise

convergence it was done in [2].

1.1. Basic definitions and properties.

Information about sequential convergences, Zy-groups and .%j-rings can be found
in the papers [7], [9], [10], [11], [15] and in the book [14, §20]. All rings and fields
considered are commutative. The set of all strictly increasing mappings from N
into N is denoted by MON. Let X be a set. For each sequence S = (S(n)) € XN
and each s € MON, the composite S o s = (S(s(n))) denotes the subsequence that
corresponds to s. If X is equipped with an algebraic structure, then the operations
in XN are defined pointwise. For each x € X, the corresponding constant sequence
is denoted by (x).

A sequential convergence, or simply a convergence, L in X is a collection L. C
XN x X of sequences and their limits. The expression (S,z) € L, or S € L~ (x),
means that the sequence S converges to x. We always assume the following axioms:
(F) if S € L (x), then Sos € L~ (z) for each subsequence S o s,

(S) (x) € L= () for each constant sequence (x),
(H) the uniqueness of limits, i.e., if S € L= (z) and S € L (y), then z = y.

A convergence fulfilling these axioms is called an %p-convergence. The pair (X, L)
is called an Zy-space. We do not usually assume the Urysohn axiom:

(U) given S € XN and = € X, if for each s € MON there exists ¢ € MON such that
(Sosot,z) €L, then (S,z) € L.

If this axiom is satisfied we call the convergence an .Z;-convergence.

If X is a ring, the algebraic operations are sequentially continuous if the following
axiom is fulfilled:

(Lr) if (S,z), (T,y) € L, then (S — T,z —y) € L and (ST, zy) € L.

That is, the convergence and the ring operations are compatible. In this case,
(X,L) is called an Z-ring. If X is a field we consider the following axiom:

(Lf) if (S,z),(T,y) € L, then (S—T,z—y) € L and (ST,zy) € L, and if x # 0 and
S(n) #0 for all n € N, then (S, 271) € L.

In case it is satisfied, we call (X, L) an Zp-field.

If (X,L) is an %-space, then the Urysohn modification L* of L is defined as
follows: (S,z) € L* whenever each subsequence of S contains another subsequence
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L-converging to z. In this situation (X, L*) is an . -space. If (X, L) is an .%j-ring
(field), then the Urysohn modification preserves the continuity of algebraic oper-
ations. In an %-ring (field) the convergence is homogeneous and the set of zero
sequences L (0) determines the convergence.

Let (X,L) be an .%-space. For each subset A C X we define its closure cl A to
be the set of all limits of convergent sequences ranging in A. This closure operator
is not necessarily idempotent, and consequently need not produce a topology. For
every ordinal number « and for every subset A we define a-cl A as follows:

o l-clA=clA,

e a-clA=cl(f-clA) if a =+ 1,

o a-clA = Ugco(0-clA) if a is a limit ordinal.

Then each a-cl A is a closure operator for X (see [8]). Let wy be the first uncountable
ordinal number. For each subset A C X we have cl(wi-cl A) = w;-cl 4; therefore
wi-cl A is idempotent and hence topological. The sequential order of (X, L) is the
least ordinal number o > 1 such that cl(o-cl A) = o-cl A for each subset A C X.
Clearly 1 < 0 < wi. If X =cl A, then A is said to be closure dense, and if X = w;-
cl A, then A is said to be topologically dense.

Let (X, L) be an %-ring; a sequence S in X is said to be L-Cauchy if Sot—Sos €
L= (0) for all s, € MON. This is equivalent to saying that S —Sos € L= (0) for
all s € MON. As usual, if all L-Cauchy sequences in X converge, then (X, L) is said
to be complete.

Let (X',L') be an %p-ring, let X be a subring of X’ and let L = L'|x. Then
(X', L) is said to be an extension of (X, L).

Let (X,L) be an %-ring. Then its completion is an extension (X',L") which is
complete and such that X is topologically dense in (X’,1’). If X is closure dense
in (X',I"), we call it a dense completion. The completion, in case it exists, is far
from being unique. The following condition is necessary for an .Zp-ring to have a
completion:

(Cy) S, T € XN, if Sis L-Cauchy and T' € L= (0), then ST € L—(0).

We consider a stronger condition: An %-ring (X, L) is bounded if ST € L= (0)
whenever S € XN and T € L= (0). A field cannot be bounded.

We say that a completion (X , [E) of an Z-ring (X, L) is its categorical ring comple-
tion (in the category of £-rings) if the following universal property holds: for each
continuous homomorphism f from (X, L) into a complete Zp-ring (Y, M) there exists
a unique continuous homomorphism f from (X , [I:) into (Y, M) such that f(z) = f (z)
for all z € X. We have the same concept in the category of £ -rings. In [2] it was
shown that, if an .Z{}-ring has a completion, then it has the categorical one.

Let X be a set with two Zy-convergences L; C 5. We say that L; is finer than
l5, and 5 is coarser than ;.
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Let X be a ring; an %y-ring convergence L in X is coarse if there is no %y-ring
convergence strictly larger than . In this case L satisfies the Urysohn axiom, that
is, L = L*. The concept of the coarse ring convergence is the counterpart of the
concept of the minimal ring topology in the theory of topological rings.

The following results are easy to prove (cf. [6], [11]).

Lemma 1. Let X be a ring and let L be an %y-ring convergence on X. Then
o/ = L (0) has the following properties:
(i) & is a subring (without unit) of the ring X™.
(ii) If S € o7 then Sos € o for each s € MON.
(iii) (z)of C & for each z € X.
(iv) (x) &€ of whenever x # 0.
(v) L™ (2) = & + (x) for each x € X.

Lemma 2. Let X be a ring and let o/ be a subset of XN satisfying condi-
tions (i)—(iv). Then there is an .%y-ring convergence L. on X such that L= (0) = .

Lemma 3. Let X be a field and let L be an Zy-ring convergence on X. Then
L is an %y-field convergence if and only if the following condition is satisfied:
(vi) Ifeach S € L= (0) with S(n) # —1 for alln € N, then S(n)/(1+5S(n)) € L= (0).

In some articles a different terminology is used: An .Zj-convergence is called an
FSH-convergence, an %}y -convergence is called an FUSH-convergence, an £} -ring is
called an FLUSH-ring, ...

2. THE RING CONVERGENCE ON 7

The expression “almost all n € N’ means all natural numbers, except possibly a
finite number of them.

Let P be the set of positive prime numbers. Let % be a nonprincipal ultrafilter
in P. We define an %-ring convergence L; on Z: a sequence (a,)nen converges to
zero if the set of primes p € P such that p divides a,, for almost all n € N belongs
to % . It is easy to check that Li (0) satisfies conditions (i)—(iv) in Lemma 2. It
is obvious that 1 is a bounded ring convergence on Z, and consequently, fulfils the
condition (Cy).

We will use the following elementary result:

Lemma 4. Let S € ZVN be any sequence of integers. Then it has a subsequence 3
that satisfies the following condition: each prime p which divides infinitely many
terms B(n) divides almost all of them.
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Proof. We shall construct successive subsequences of S, from which we get the
required subsequence 3. Let ¢1,...,¢; be the prime numbers that divide S(1). We
define a subsequence Sy 1 as follows: S11(1) = S(1). If ¢1 divides only finitely many
terms S(n), then Sy 1(n) = S(n) for all n. If ¢; divides infinitely many terms S(n),
then we define S 1 to be the subsequence consisting just of these terms. Now we
define another subsequence S 3 as follows: Sy 2(1) = S(1). If g2 divides only finitely
many terms S 1(n), then Si2(n) = S11(n) for all n. If go divides infinitely many
terms S1,1(n), then we define Sj 2 to be the subsequence consisting just of these
terms. We proceed analogously with g¢s, ..., ¢;. After i steps we have defined S ;.

Now let p1,...,p; be the primes that divide S; ;(2). We define a subsequence Sa 1
as follows: S21(1) = S(1), S2,1(2) = S1,:(2). If py divides only finitely many terms
S1,i(n), then Sg 1(n) = Sy ;(n) for all n. If p; divides infinitely many terms Sy ;(n),
then we define S5 ; to be the subsequence consisting just of these terms. We continue

in the same way and, after j steps, we get Sy ;. Now let ¢,...,¢; be the primes
which divide S ;(3). In the same manner we get the subsequences S5 1,. .., S3, and
SO on.

Finally, we define 3, a subsequence of S, as follows: 3(n) = Sy, 1(n) for all n. It
satisfies the required condition. O

It is easy to check that a sequence (an)nen € ZV is L;-Cauchy if and only if the
following condition is satisfied: the set of primes p for which there exists k, such
that p | an — an, for all n,m > k, belongs to % .

According to [4], a convergence group (G, %) is sequentially precompact if each
sequence has a Cauchy subsequence. A convergence group (G, %) is strongly sequen-
tially precompact if there exists a sequentially compact group containing (G, %) as
a convergence subgroup. (In [17] the expression “sequentially precompact” means
the latter of the two concepts).

Lemma 5. The %-ring (Z,1;) is sequentially precompact.

Proof. Let S = (S(n))n,en be any sequence of integers. We take a set of
primes B = {q1,q2, ...} € %. We are taking successive subsequences S, Sa, ... of S,
with S, being a subsequence of S,,_1, in the following manner:

Let S1(1) = S(1). There exists i € {0,1,...,¢1 — 1} and an infinite subset T} C
N\ {1} such that

S(n) =i mod(qy) for all n e Ty.

Let t € MON be defined by t(1) = 1 and {t(n): n > 2} = Ty. Put S; =Sot.
If we have constructed S,,_1, we define Sy, as follows: S,,(n) = Sp,—1(n) for n =
1,2,...,m. There exist i € {0,1,...,¢m» — 1} and an infinite subset T,,, C N\
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{1,...,m} such that
Sm—1(n) =i mod(q,) forall n € T,,.

Let v € MON be defined by v(n) =nforn=1,...,mand {v(n): n >m+1} =T,,.
Put S,, = S;m—10v. Finally, let Y be the subsequence of .S defined by Y (n) = S,,(n)
for n < m. It is also a subsequence of each S,,. Each ¢, € B satisfies that ¢, |
Y (5) — Y(k) for all 5,k > n. Consequently, Y is an L;-Cauchy sequence. O

Lemma 6. Let o, 3 € ZV. There exists v € MON such that both acov and 3ov
are Cauchy sequences in (Z,1).

Proof. There exists s € MON such that « o s is L;-Cauchy. For (o s there
exists ¢ € MON such that fosot is L;-Cauchy. Thus both ao(sot) and Bo(sot)
are [L;-Cauchy. O

Lemma 7. FEach nonzero ideal (a) C Z is closure dense in 7 .

Proof. Letbe Z\ (a). Let A= {q1,q2,...} € % be the set of primes which
do not divide a. We choose a sequence (b, )nen that satisfies

b, =0 mod(a), b, =bmod(q1...q,) forall neN.
The sequence (by,)nen C (a) converges to b. Therefore cl(a) = Z. O

Lemma 8. Let (ay)nen be an Ly -Cauchy sequence not converging to zero. Then
there exists another I; -Cauchy sequence (by, )nen Such that (a,b,)nen converges to 1.

Proof. We consider the sets

B={peP: pl|a, foralmostall neN} &%,
E={peP:pla,—an, forall nm=>k,}e%.

Let F = EN(P\ B) € %; we write F = {q1,¢2,...}. For each ¢; € F there exists
n; € N such that ¢; { a,, and ¢; | an, — an, for all n,m > n,;. We choose a sequence
(bn)nen which satisfies the following conditions:

b, =1 for n <nq,

anby, =1 mod(q1) for ny < n < na,

apby, =1 mod(qiga...q;) for n; <n < miqq.

It is clear that (b)nen is an L;-Cauchy sequence and that (anbn)nen converges
to 1. 0
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We extend the Z-ring convergence L; from Z to an %p-ring convergence L on Q
in the following easy way:

A sequence (a)nen € @Y Ly-converges to zero if there exists (a,)nen € L5 (0) C
ZN and ¢ € N such that a,, = a, /c for all n € N. The following result is an obvious
consequence of Lemmas 2 and 3.

Lemma 9. [, is an %-ring convergence on Q). It is not a field convergence.
Further, lo|z = L. Any other %y-ring convergence |, on Q that satisfies L |7 = 1
is coarser than Lo, i.e., Ly C L.

We will construct a dense completion of (Z, ;). We denote the ring of L;-Cauchy
sequences by C7. Two Cauchy sequences S, T € C are equivalent if S —T € L{ (0).
Algebraically, the completion 7 is the ring of classes of equivalent Cauchy sequences.
That is, Z is the quotient ring of the ring C; by the ideal of null sequences L (0).
This quotient exists since (Z, L) satisfies the condition (Cy).

Lemma 10. The completion ring 7 is a field of zero characteristic.
Proof. It is enough to consider Lemma 8 and the fact that Z C Z. (|

We will use an ultraproduct of prime finite fields. The reader may consult [3], [13],
[18]. Let % be the ultrafilter on P used for defining ;. For each prime p € P we
take the corresponding prime finite field F, = Z/(p) = GF(p). We take the product

I1 F, of all of them. In this product we consider the equivalence relation
pEP

def
(ap)pelp ~ (bp)pGP & {peP: ap = bp} EY.

The ultraproduct is the quotient ring of equivalence classes by this relation. It is a
field, which we denote by
Hpelp I]:p

wU
We can also take the maximal ideal M = {(ap)per: {p € P: a, = 0} € ¥} in

I1 Fp, and then the ultraproduct is the quotient
peP

F =

Hpe[P IFP

IF =
This field has the cardinality of continuum.

Theorem 11. The completion ring 7 is isomorphic to the field ultraproduct
F=1I]F/%.

p€EP
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Proof. Let C7 be the ring of L;-Cauchy sequences. We define a ring homo-

HpG[F" IFP

/4
as follows: for a = (an)nen € C1 there exists B € % such that each p € B satisfies
p | an — am for all n,m > k, for a certain constant k,. We choose 8 = [by]pep € F

morphism

f: ¢ —

fulfilling the following condition: if p € B, then b, = @, the class of a,, mod(p) for
n > kp; if p ¢ B, then b, = 0. We set f(a) = 3. It is easy to check that f is a
homomorphism, f is onto, and ker(f) = L{ (0). Therefore

C1
Li (0)

1

7= F.

O

Now, we have to define an .%p-ring convergence on Z. We follow a process similar
to that used in [9], [10], [12] to construct oQ), the categorical .Zjf-ring completion
of Q.

Let () be an Ly-Cauchy sequence. It is easy to see that there exist an L;-Cauchy
sequence and ¢ € N such that «,, = a,/c for all n. The Lo-limit of (cv,) is the class
[an]e™ in Z. Let {1} U B be a basis of Z as a linear space over Q. Let L3 be the set
of all pairs (S, z) € ZN x 7 such that S is of the form

(2) S(n) = So(n) + S1(n)by + ...+ Sk(n)by,  for all n € N,

where k € N, by,...,b; € B, S; is a Cauchy sequence in (Q,L2) for i =0,1,...,k,
and x = g + x1b1 + ... + xxbk, where x; is the Lo-limit of the Cauchy sequence S;,
1=,0,1,..., k. The following result is easy to prove:

Lemma 12. [3 does not depend on the choice of the basis {1} U B. L3 is an
Zy-ring convergence on Z. Further, L3|g = Ly and L3|z = L;.

This leads to our main result.

Theorem 13. The %-ring ( Z, |]_3) is the categorical Zy-ring completion of the
convergence rings (Z,1;) and (Q,Ls).

Proof. First, we prove that (Z |]_3) is complete. Let S be an L3-Cauchy
sequence in Z. There exists a finite set {b;,..., by} C B such that S(n) belongs
to the Q-linear subspace (1,b1,...,b) for all n € N. Otherwise, we could find a
subsequence S o s such that {S(n) — S(s(n)): n € N} would not be included in any
finite linear subspace of Z, and hence S — Sos & L5 (0). Therefore S is of the form

S(n) = So(n) + S1(n)by + ... + Sk(n)bs for all n €N,
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where each S;, i = 0,1,...,k is an Ly-Cauchy sequence. Thus S has a limit in
(Z, Ls). Consequently, (Z, Ls) is complete.

As 7 C Q C 7 and both Lsla = La, L]z = Ly, we have proved that (Z, [L3) is a
dense completion of the convergence rings (Z, ;) and (Q, Ls).

Finally, since Lo is the finest %-ring convergence on @Q such that Ly|z = Ly, it
suffices to prove that (Z, [|_3) is the categorical Z-ring completion of (Q,Ly). Let
(K,M) be a complete Zp-ring, and let f: Q — K be a continuous ring homomor-
phism. Then K contains a field isomorphic to Z. We identify (Z , |]_3) with its image
under f. Since Lo C Mg, it is clear that each sequence of the form (2) converges in
(K,M). That is, Ly C M]5. O

3. THE URYSOHN MODIFICATION OF [

In this section, we shall see that the .Zy-ring convergence L; does not satisfy
the Urysohn axiom (U); hence we shall study its Urysohn modification. First, we
enunciate two easy properties of (Z,L;).

Lemma 14. The %-ring (Z,;) possesses the following two properties:

e Let s,t € MON such that N is the disjoint union of {s(n): n € N} and {t(n):
n €N} and let S € ZN. If both Sos, Sot € Li (), then S € L{ (z).

o If (ap)nen € Li (z) and the sequence (b,)nen is obtained from the se-
quence (ay,) by finite repetition of its elements, then (b,) € Li ().

If (X,L) is an .4 -space (it fulfils the Urysohn axiom), then it has the two prop-
erties from the above lemma. Nevertheless, (Z,L;) does not satisfy the Urysohn
axiom. Consider for each n € N the set

A,={peP: p<nand p" #n for each r € N}.

We define a sequence of integers T' = (7, )nen as

—

PEAR

For instance, 79 = 2-5-7 = 70. For each prime p, there are infinitely many n € N
such that p ¢ 7,,. Therefore (7,) € L (0). Let us note that every subsequence of T’
has a subsequence which L;-converges to zero. Let s € MON and consider T o s. If
there exists a prime p such that B, = {p’: ¢t € N} N {s(n): n € N} is an infinite
set, we take v € MON satisfying B, = {s(v(n)): n € N}. Then it is clear that
Tosowv € Ly (0). If the set B, is finite for every prime p, then each prime p divides
almost all terms of the sequence T o s and T o s € L5 (0).
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We denote by L} the Urysohn modification of L;, which is an .Z-ring convergence
in 7.

Lemma 15. Let (R,L) be a bounded %-ring. Let L* be the Urysohn modifi-
cation of L. Then (R,L*) is a bounded .Zj -ring.

Proof. LetS € RY and T € L.*(0). For each s € MON, there exists t € MON
such that Tosot € L=(0). Then (ST)osot= (Sosot)(T osot) € L™(0); hence
ST € L*(0). O

Therefore, (Z, L) is bounded, and consequently, satisfies the condition (C,). Since
L; C L}, hence (Z,L%) is also sequentially precompact, and each nonzero ideal in Z
is closure dense. Now, we present a more characteristic property of L;.

Lemma 16. L is a coarse convergence in the class of £-ring convergences on 7
satistying the condition (C,).

Proof. We reason by way of contradiction. We assume that there exists an
Zo-ring convergence M on Z which satisfies the condition (C,) and Lj & M. Then
we have a sequence § € M~ (0) \ L7~ (0). There exists s € MON such that no
subsequence of 3 o s belongs to Lj (0). Applying Lemma 4, we get t € MON such
that the subsequence 3o sot has the following property: each prime p which divides
infintely many terms of § o s ot, divides almost all the terms. Let B be the set of
those primes which divide infinitely many terms of S o sot; clearly B ¢ % . Thus
E =P\ B¢c%. It is easy to define a sequence o € ZN which satisfies that «(n) and
B(s(t(n))) are coprime for all n € N, and F is the set of primes which divide almost
all terms of a. Hence o € L{ (0). There are two sequences of integers v and § such
that

1 =~v(n)a(n) 4+ 6(n)B(s(t(n))) forall n e N.

Since (Z,L,) is sequentially precompact, there exists v € MON such that § o v is
L;-Cauchy, and so M-Cauchy. By hypothesis M satisfies the condition (C,), hence

(6ov)(Bosotowv)eM™(0).

Further,
(youv)(aow) €Ly (0) €M™ (0).

Finally, we get the contradiction

(1) = (yov)(aowv)+ (dov)(Bosotouv) e M™(0).

698



Corollary 17. The convergence L is coarse in the class of bounded Z,-ring

convergences on 7 .

We denote by C; the ring of L;-Cauchy sequences and by C7 the ring of Lj-
Cauchy sequences. We are going to describe the relationship between C; and C7,
and between the corresponding completions 7 and Z*. The following result is covered
by Proposition 3 in [9)].

Lemma 18.
(a) L (0) = il (0).
(b) C1+177(0) = Cf.
(¢) The respective completion rings Z and 7* are (algebraically) isomorphic.

Proof. (a) The inclusion Lj (0) C Cy NL;(0) is obvious. We prove the other
inclusion: let & € L3~ (0) N Cy, then there exists s € MON such that o s € L{ (0).
Besides, « — a0 s € Lj (0). Therefore « = (a4 — a0 s) + aos € L (0).

(b) The inclusion C; 4+ L; (0) C Cf is obvious. We check the other inclusion. Let
B € C;. There exists s € MON such that 3o s € C; (by virtue of Lemma 5). Since
B —pBos el (0), we conclude that 3 = os+ (8—Bos)e C+ Ly (0).

(c) (Z,L3) satisfies the condition (C,). We have the ring homomorphism

CY
f: G — = (0)’
S — S+L7(0).

Using parts (a) and (b), we conclude that f is onto and ker(f) = L{ (0). Therefore

. ol .
7= = =17"
Li(0)  Li=(0)

O

In what follows we identify Z = Z* = F. The Z§-convergence L] is coarse in the
class of Z-ring convergences in 7 satisfying the condition (C,). In addition, every
nonzero ideal is dense in (Z, L}). There is an analogous situation [1, Theorem 3.5.3]
in the theory of topological rings:

“Let (R, 7) be a Hausdorff topological commutative domain, and let the topology 7
be minimal in the class of all Hausdorff ring topologies. For the completion (R 7°)
of the topological ring (R, 7T) to be a topological field it is necessary and sufficient
that all the non-zero ideals of R be totally dense.”

Let L% be the Urysohn modification of the convergence Ly defined on Q. It is
clear that a sequence a belongs to L5~ (0) if and only if there exist a sequence
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(an)nen € L5 (0) and ¢ € N such that a(n) = a,/c for all n € N. Consequently,
L]z = Ui, and L3 is the finest £ -ring convergence in Q@ which satisfies L5 |z = L7.
Let us quote a result from [9] by Koutnik and Novék:
“Let K be a field. Let (K,L) be an .Z;-ring which satisfies the condition (C,)
and also the following condition:
(Cq) Let a be a sequence no subsequence of which is L-Cauchy; then there exist
s,t € MON such that no subsequence of the sequence aco s — a ot is [.-Cauchy.
Then (K, L) has the categorical completion in the category of .Z-rings.”

Lemma 19. The 4 -ring (Q, L}) satisfies the condition (Cg).

Proof. Let a = (an/bn) be a sequence no subsequence of which is L}-Cauchy
(neither it is Ly-Cauchy). We assume that a, /b, is a reduced fraction and b,, € N
for all n. Since (Z,1;) is sequentially precompact, the subset {a/c: a € Z} C Q is
also sequentially precompact for each ¢ € N. Thus, the set {n € N: b,, = ¢} is finite
for all ¢ € N. Hence there exist s, € MON such that nb,(,) < by, for all n. It is
clear that no subsequence of (a0 s — a ot) is L5-Cauchy. ]

Now, we proceed in a way similar to [9], [10], [12]. The categorical £ -ring
completion of (Q,L%) is the following: Let C3 be the ring of L;-Cauchy sequences.
Then F = C3 /15 (0). Let {1} U B be a basis of F as a linear space over Q. Let @/Lg
be the set of all pairs (S,z) € F¥ x F such that S is of the form

S(n) = So(n) + S1(n)by + ...+ Sk(n)by,  for all n € N,

where k € N, by,...,b; € B, S; is a Cauchy sequence in (Q,13) for i =0,1,...,k,
and x = xo + x1b1 + . .. + zrby, where z; is the Lj-limit of the Cauchy sequence 5,
1=0,1,..., k. Now we take the Urysohn modification of this convergence, i.e., (Eg)*
The completion is ([F, (E)*)

We quote Proposition 3 in [9] which clarifies the above:

“Let K be a field. Let (K, L) be an Zp-ring satisfying the condition (C;), such that
the Z-ring (K, L*) satisfies the condition (Cq4) and every L*-Cauchy sequence has a
subsequence which is [-Cauchy. Let (f( , E) be the categorical Z)-ring completion of
(K,L), and let (f(, ([;)*) be the categorical .4 -ring completion of (K, L*). Then
(f(, ([;)*) is the Urysohn modification of (f(, E).”

We apply this result to the convergences described above.

Corollary 20. The convergence (I]/_E)* on F is the Urysohn modification of Ls.
(Hence we denote it by L} ).

Lemma 21. (F,L3) is the categorical £ -ring completion of (Z,L}).
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Proof. It suffices to notice that, if a complete £ -ring is an extension of
(Z,1%), then it is also an extension of (Q,L3). O

Lemma 22. The 4 -ring (Z,L}) is not strongly sequentially precompact.

Proof. It is enough to show that its categorical .Zj;-ring completion (2, I]_§) is
not sequentially compact. Z is a field. Let (an) be a sequence of nonzero elements
which converges to zero in (Z, IL*{), then (1/a,) has no convergent subsequence in
(Z,13). O

Since (Z, L3}) is sequentially precompact, we have a negative answer in the category
of £} -rings to the question 4.4 posed by Dikranjan [4] for .Z}f-groups:
“Is every sequentially precompact group strongly sequentially precompact?”

4. Z-FIELD CONVERGENCES ON Q)

In this section we present two Z)-field convergences on (Q obtained from the ring
convergences in the previous sections.

Let R be an integral domain, and let K be its field of fractions. Let L be an %j-ring
convergence on R. Let C be the set of L-Cauchy sequences. We assume that if two
sequences satisty «, 5 € C and a, 8 € L= (0), then their product a8 ¢ L= (0). Let o
be the set of sequences (a,/b,) € K" such that a,,b, € R for all n, (a,) € L= (0),

(bn) € C, (bn) € L7(0).

Lemma 23. Under the above assumptions, if (R, L) fulfils the condition (C,),
then there exists an .%y-field convergence M on K such that M~ (0) = &/. In
addition, L C M|g.

Proof. It is easy to check that o/ possesses properties (i)—(iv) and (vi) from
Lemmas 2 and 3. The inclusion is obvious. ]

Note that, if (R, L) is complete, then M (0) consists of the sequences (@, /by, )nen
such that a,,b, € R, (an) € L=(0), (b,) € L™ (z) with  # 0. If, in addition,
R is a field, then M is the field convergence constructed in [6, Lemma 1.2.5], [10,
Theorem 5.6].

We apply the above construction to (Z, ;) and we get the Z-field (Q,M).

Lemma 24. Under the above assumptions we have My |z = L.

Proof. The inclusion L; C M|z is obvious. We show the other one. We take
a sequence (an/b,) € Mi (0) such that a,/b, € Z for all n. We reason by way of
contradiction. We assume that (a,/b,) € L5 (0). There exists D € % such that, for
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each prime p € D, there exists an infinite subset .S, C N such that p does not divide
an /by, for all n € S,. Since (a,) € Li (0) and (b,) € Cy, we have A = {p € P: p|
ap for almost all n} € % and B={pe€ P: p|b, —by, forall nm > k,} € %.
Note that DNANB € % . For each p € DNANB and for each n € S, we have p | a,,
and p{ (an/bn), hence p | b, for all n € S,,. If p € B divides infinitely many b,,, then
it divides almost all b,,. Therefore, each p € DN AN B divides almost all b,,, and so
(bn) € Ly (0). We have arrived at a contradiction. O

It is obvious that Ly &G M;. We shall consider another . -field convergence M
on (.

Definition 25. Let (R,L) be an % -ring. We say that a sequence (a,)nen is
bounded away from zero if a,, # 0 for all n, and no subsequence of (a,,) converges to

zZero.

There is an analogous concept in the theory of topological rings; see [16, p. 72]
and [19, p. 125].

Lemma 26. If two sequences § = (b,) and 6 = (d,) in (Z,L}) are bounded
away from zero, then their product 3§ = (b,d,,) is also bounded away from zero.

Proof. We reason by way of contradiction. We suppose that there exists
s € MON such that (36) os € L5 (0). We apply Lemma 6 and get v € MON such
that Bosov, dosov € C; C Cf. We have Sosov, josov & LT (0), and their product
satisfies (Bosowv)(dosowv) = (Bd)osov €Ly (0), which is a contradiction. O

Let 2 be the set of rational sequences (a,/bn)nen € @V such that a,,b, € Z for

all n, (a,) € L5 (0), and (b,,) is bounded away from zero. The following result is
easy to prove:

Lemma 27. Let ap,b, € Z, and let a, /b, be a reduced fraction for all n. If
(an)nen € L37(0), then (an/bp)nen € B.

Lemma 28. Let a,,b, € Z such that (a,/bn)nen € B. If for each n we have
d, € Z that divides a,, and b,,, then

an/dp,
B
(bn Jdn )neN <
Proof. Both sequences (b,/dy) and (d,) are bounded away from zero. We
check that (a,/d,) € L17(0). Let (a,/dy) o u be a subsequence of (a,/d,). There

exists s € MON such that (a,)ouos € Ly (0). We apply Lemma 4 to the sequence
(dn) ouos and get a subsequence (d,,) ou o sot such that each prime which divides

infinitely many terms of (d,) o u o s ot divides almost all of them. Therefore the
subsequence (a,/d,)ouosot e Ly (0). O

702



Theorem 29. There exists an Zf-field convergence M on Q@ such that
M~ (0) = B. Besides, M|; = Lj. Further M is the Urysohn modification of
My (that is, M = M7 ).

Proof. Using Lemma 26 and the fact that (Z, L) is bounded, we easily check
that 2 satisfies conditions (i)—(iv) and (vi) in Lemmas 2 and 3. Hence M is an
Zp-field convergence on Q.

It is obvious that L] C M|z. We show the other inclusion: We reason by way
of contradiction. Let v = (an/bp)nen € MT(0) with a,/b, € Z for all n. We
denote @ = (an)nen, 8= (bp)nen € ZN. Then a € 137 (0) and 3 is bounded away
from zero. We suppose that v ¢ L5 (0). Hence there exists a sequence s € MON
such that v o s & L{ (0), neither do its subsequences, but o s € Lj (0). We recall
Lemma 4; there exists v € MON such that, if a prime p divides infinitely many terms
of v o sow, then it divides almost all of them. Since yo sowv ¢ Li (0), we have

D={peP: p|~v(s(v(n))) for almost all n} & % .
As aosov € Ly (0), we have

A={peP: pla(s(v(n)) for almost all n} € % .
Taking into account that 3o sowv & Lj (0), we have

B={peP: p|pB(s(v(n))) for almost all n} & % .

But B2 AN (P\ D) € %; we have a contradiction.

Let us show that M is the Urysohn modification of M;. Obviously M; C M. Let
v = (an/bn) € M (0), where a,,b, € Z for all n. Let a = (a,) and 8 = (by).
For each s € MON there exists t € MON such that Sosot € C; C Cf (consider
Lemma 5) and Sosot & Lj (0); therefore v o sot € M (0). We have proved that
M C M. Let us show the other inclusion: let v = (a,/b,) € M (0), where a,, /b,
is a reduced fraction for all n. It is easy to check that (a,) € L7 (0) and that (b,,) is
bounded away from zero. Consequently v € M (0), hence M} C M. O

Since the condition (C;) is necessary for an Z-ring to have a completion, the
following result is significant.
Lemma 30. The £ -ring (Q,M) does not satisfy the condition (C,).

Proof. We are going to construct a sequence v = (d,,bn)neny € Z"V such that
v € Ly (0) € M=(0) and 1/y = (1/(dnbn))nen is M-Cauchy. As their product
(1) & M (0), the lemma is proved.
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We consider a set of primes D = {q1,...,qn,...} € %, and let b, = ¢1 ...¢, for
all n. Then (b, )nen € Ly (0) € M (0). We will define inductively another sequence
(dn)nen € ZN such that (1/(d,b,)) is M-Cauchy. Since (Z,1;) is bounded, we have
(dnby) € L5 (0) € M—(0).

We set di = 1. We assume, by induction hypothesis, that we have defined
di,...,d, satisfying

qitdn fori=1,...,n,
Q- Qip1dn =d; mod(q?...q?) fori=1,...,n—1.

At the next step we define d,, ;1 such that

dn+1 + dn+17
In+1dnt1 = dy mOd(Q% )

As a consequence, d,,+1 also satisfies

¢if dny1 for i=1,...,n+1,

Qi1 ---Qiv1dnyr =d; mod(qs ... q?) for i=1,...,n.
Now, for i < n, we compute

(3) 1 1 Qn---qi-‘rldn_di (Qn---qi+1dn _dz)/(QIQz)

In the last fraction the numerator and denominator are integers. We note that
g; does not divide the denominator (g+1 ...¢n)didy, for j = 1,...,4. On the other
hand, ¢; ...¢g; divides the numerator of (3). Consequently, as ¢ and n increase, the
numerator of (3) converges to zero in (Z, L), and the denominator becames bounded
away from zero. Hence v — vy o s € M~ (0) for each s € MON. Therefore v is an
M-Cauchy sequence. O

Corollary 31. The .Z;-ring (Q,M) has no completion.

In [5, §2] it is proved that each coarser Zp-ring convergence in Q) coarse than the
usual metric convergence does not satisfy the condition (C,).
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5. THE CONVERGENCE L] IS NOT TOPOLOGICAL

Consider the natural functor from the category of topological spaces into the
category of sequential convergence spaces. Let (X, .7) be a topological space. Define
(S,z) € L(7) C XN x X whenever S converges in (X,.7) to x. Then .Z(7) is
a sequential convergence satisfying the Urysohn axiom. Therefore there is no ring
topology 7 on Z such that 1 = Z(7). In addition, we shall prove that there is
no ring topology 7 on Z such that L = .Z(.7).

Let (X, 1) be a first countable topological space. A set B C X is closed if and
only if every sequence (b, )nen € B which converges to b € X has its limit b € B.
Consequently, if % is another topology on X such that £ (1) C £(%%), then
T2 T

Lemma 32. There is no ring topology 7 on Z such that £(7) = L;.
Proof. We reason by way of contradiction. We suppose that there exists a ring

topology .7 on Z such that .£(.7) = L}. We take a set D in the ultrafilter %,

D={q1,92,---,qn,---} E¥.

We consider the ring topology Jp on Z given by the filter of ideals

(1) D (q1q2) D ... D (quq2 ... qn) D ...

as a fundamental system of zero neighborhoods. It is clear that the Z,-ring conver-
gence corresponding to Jp satisfies £ (Ip) G Lf. Since Jp is first countable we
have Ip 2 7. It is easy to prove that the infimum of the topologies Jp in the
lattice of ring topologies on Z is the trivial one. We get that {0, 7} D .7, which is
absurd. O

In a similar manner we can prove that the other .Zf-ring convergences in this

article, L5, M, are not given by any ring topology on Q.

6. A COMPLETION OF Z IS AN ULTRAPRODUCT OF p-ADIC RINGS

Finally, we mention briefly another %)-ring convergence on Z which we call L, .
For each prime p € P, let | |, be the corresponding p-adic valuation on Z. Let % be
a nonprincipal ultrafilter in P. A sequence (a,)nen € ZV belongs to L5 (0) if and
only if the set of primes p € P such that

A fanlp =0
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belongs to %. The completion of (Z,L,) is isomorphic to an ultraproduct of the
rings of p-adic integers Z,. That is,

HpeP Zp
—
Similarly, there is a completion of Q that is an ultraproduct of the fields of p-adic

z

1

numbers (.

Acknowledgement. The author thanks the referee for their suggestions and cor-
rections.

References

[1] V. I Arnautov, S. T. Glavatsky and A. V. Mikhalev: Introduction to the Theory of Topo-
logical Rings and Modules. Marcel Dekker, New York, 1996.

[2] J. Borsik and R. Fri¢: Pointwise convergence fails to be strict. Czechoslovak Math. J.
48(123) (1998), 313-320.

[3] C. Chang and H. J. Keisler: Model Theory, Third Edition. North-Holland, Amsterdam,
1990.

[4] D. Dikranjan: Convergence groups: sequential compactness and generalizations. In:
Eleventh International Conference on Topology, Trieste 1993. Rend. Istit. Mat. Univ.
Trieste 25 (1993), 141-173.

. Fri¢: Rational with exotic convergences. Math. Slovaca 89 (1989), 141-147.

. Fri¢: On ring convergences. Riv. Mat. Pura Appl. 11 (1992), 125-138.

. Fri¢: Convergence and numbers. Topology Appl. 70 (1996), 139-146.

. Fri¢ and J. Gerlits: On the sequential order. Math. Slovaca 42 (1992), 505-512.

. Fri¢ and V. Koutnik: Completions for subcategories of convergence rings. In: Cat-
egorical Topology and its Relations to Modern Analysis. Algebra and Combinatorics
World Scientific Publishing Co., Singapore, 1989, pp. 195-207.

[10] R. Fri¢ and V. Koutnik: Sequential convergence spaces: iteration, extension, comple-
tion, enlargement. In: Recent Progress in General Topology (M. Husek, ed.). Elsevier,
Amsterdam, 1992, pp. 201-213.

[11] R. Fri¢ and F. Zanolin: Coarse sequential convergence in groups, etc. Czechoslovak
Math. J. 40 (115) (1990), 459-467.

[12] R. Fri¢ and F. Zanolin: Strict completions of . -groups. Czechoslovak Math. J. 42
(117) (1992), 589-598.

[13] C. Jensen and H. Lenzing: Model Theoretic Algebra with Particular Emphasis on Fields,
Rings, Modules. Gordon and Breach Science Publishers, 1989.

[14] K. Kuratowski: Topology, Vol. I. Academic Press, New York, 1966.

[15] J. Nowdk: On convergence groups. Czechoslovak Math. J. 20 (95) (1970), 357-374.

[16] N. Shell: Topological Fields and Near Valuations. Marcel Dekker, New York, 1990.

[17] P. Simon and F. Zanolin: A coarse convergence group need not be precompact. Cze-
choslovak Math. J. 87 (112) (1987), 480-486.

[18] G. Tallini: Campi di Galois non standard. In: Conferenze del Seminario di Matematica
dell’Universita di Bari 209 (1986), 1-17.

[19] W. Wiestaw: Topological Fields. Marcel Dekker, New York, 1988.

ENCNES NN
f=vii~vi= =iy

Author’s address: Departamento Algebra y Geometria, Facultad de Ciencias, 47005,
Valladolid, Spain, e-mail: marcosje@agt.uva.es.

706



		webmaster@dml.cz
	2020-07-03T14:17:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




