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Abstract. This paper is a continuation of [5], where k-homogeneous and k-set-homogene-
ous algebras were defined. The definitions are analogous to those introduced by Fraissé [2]
and Droste, Giraudet, Macpherson, Sauer [1] for relational structures. In [5] we found
all 2-homogeneous and all 2-set-homogeneous monounary algebras when the homogenity
is considered with respect to subalgebras, to connected subalgebras and with respect to
connected partial subalgebras, respectively. The results of [3], where all homogeneous mo-
nounary algebras were characterized, were applied in [4] for 1-homogeneity.

The aim of the present paper is to describe all monounary algebras which are 2-homoge-
neous and 2-set-homogeneous with respect to partial subalgebras, respectively; we will say
that they are partially-2-homogeneous and partially-2-set-homogeneous.

Keywords: monounary algebra, 2-homogeneous, 2-set-homogeneous, partially-2-homoge-
neous, partially-2-set-homogeneous
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1. PRELIMINARIES

We will apply notions and definitions from [5]; let us recall some of them.

Let A = (A, f) be a monounary algebra. Let ) # B C A and let B = (B, fg) be
a partial monounary algebra such that whenever b € B, then b € dom fp if and only
if f(b) € B, and then fp(b) = f(b). We will say that B is a partial subalgebra of A.
The system of all 2-element partial subalgebras of A is denoted by the symbol Ps(A).

The algebra A is said to be 2-set-homogeneous with respect to partial subalgebras
or partially-2-set-homogeneous if, whenever U,V € Py(A), U = V, then there is an
automorphism ¢ of A with p(U) = V. Also, A is called 2-homogeneous with respect to
partial subalgebras or partially-2-homogeneous if every isomorphism between U,V €

P5(A) can be extended to an automorphism of A.

Supported by grant VEGA 1/7468/20.
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Let us denote by J%(P) the class of all monounary algebras which are partially-2-
homogeneous and by .7 ha(P) the class of all partially-2-set-homogeneous monounary
algebras.

The following assertion is obvious:

1.1. Lemma. J4(P) C .%ha(P).

1.2. Notation. Let A\, a be cardinals, A > 0. We denote by My, = (Mxa, f) a
fixed monounary algebra such that
(a) there is ¢ € My, with f(c) = ¢,
(b) if ¥ € Mg, then f%(z) = c,
(c) card f~1(c) — e} = A,
(d) ifa € f~1(c) — {c}, then card f~!(a) = a.
We will write also My instead of Myg.

1.3. Notation. For o € N let Z, = (Z,, f) be a monounary algebra such that
Zo ={0,1,...,a—1}, f(i) =i+ 1 (mod «) for each i € Z,,.

2. THE CLASS .%hy(P)—NECESSARY CONDITIONS
In this section let A = (A, f) be a monounary algebra belonging to .#hs(P).

2.1. Lemma. There do not exist distinct elements a,b,c,d € A such that
fla) =0, f(b) =c, f(c) =d and f(d) # a # f*(d).

Proof. Assume that such elements exist. First suppose that f(d) # b. Take
U = {b,d}, V ={a,d}. Then U,V € Py(A), U 2V, thus there is ¢ € Aut A with
p(U) =V. If p(b) = a, then

p(d) = o(f2(b) = f2(p(b)) = f*(a) = c#4d,
a contradiction. If ¢(b) = d, then
a=p(d) = p(f*(0)) = f*(pb) = f*(a) = c #a,

which is a contradiction, too.

Now let f(d) = b. Then the partial monounary algebras defined on {d,b} and on
{a,b} are isomorphic, but there is no automorphism ¢ of A with ¢({d,b}) = {a, b},
since if 1 (b) = b, then
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and if ¢(b) = a, then

O

2.2. Corollary. Each connected component of A contains a cycle and each cycle
has at most 5 elements.

2.3. Corollary. If C is a cycle of A, cardC > 2, then f~1(C) — C = 0.
2.4. Corollary. If C is a cycle of A, cardC = 2, then f~1(f~1(C) - C) = 0.
2.5. Corollary. If C is a cycle of A, cardC = 1, then f~2(f~1(C) - C) = 0.

2.6. Lemma. If B is a connected component of A and a, b, ¢ are distinct elements
of B such that f(a) =b, f(b) =c= f(c), then B = M, for some a > 1.

Proof. Let the assumption hold and suppose that B is not isomorphic to M,
for any > 1. In view of 2.5 there is d € B — {b,c} such that f(d) = c¢. Take
U= {b,d}, V ={a,d}. Then U,V € Py(A), U =2V, thus there is ¢ € Aut A with
o(U) = V. Then either ¢(d) = a or ¢(b) = a, which implies either

or

i.e., ¢(c) = b, which is a contradiction. O

2.7. Lemma. Let there be distinct elements a, b, c € A such that f(a) = f(c) =,
f(b) =c. Then A = {a,b,c}.

Proof. Letde A—{a,b,c}. By 2.4, f(d) # a.

First suppose that f(d) # d. Put U = {a,d}, V = {a,c}. Then U,V € Py(A),
U = V and there is ¢ € Aut A such that either ¢(a) = a, p(d) = ¢ or p(a) = ¢,
©(d) = a. In the first case,
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and in the second case,

p(a) = c= f*(a) = f(p(a) = ¢(f*(a) = ¢(o),
thus ¢ is not bijective, which is a contradiction.

Now suppose that f(d) = d. Take U = {b,d}, V = {a,d}. Then U,V € Py(4),
U =V, thus there is ¢ € Aut A with p(U) = V. Since b belongs to a 2-element
cycle and d to a l-element cycle, we obtain ¢(b) # d. Hence p(b) = a, which is a
contradiction as well. |

2.8. Lemma. Let C be a 3-element cycle of A. Further, let B be a connected
component of A such that B has a cycle with less than 3 elements. Then card B < 2.

Proof. Suppose that card B > 2. Then the cycle of B has only 1 element
according to 2.7. Therefore there exist distinct elements by, b2 € B such that either

(1) by # f(b1) = f(b2) # b2
(2) f(b1) =ba, f(b2) & {b1,b2}.

Let ¢ € C. First let (1) hold. Take U = {¢,b1}, V = {b1,b2}. Then U,V € P,(A),
U =2 V, but there is no ¢ € Aut A with ¢(c) € {b1, b2}, which is a contradiction,

since a 3-element cycle would be mapped into a 1-element cycle.
Suppose that (2) is valid. Put U = {¢, f(¢)}, V = {b1,b2}. Then U,V € P(A),
U =V and there is ¢ € Aut A with ¢(U) = V. Thus ¢(c) € {b1,b2}, a contradiction.
O

2.9. Lemma. Let a,b,c € A be distinct, f(a) = b, f(b) = ¢ = f(c). Then A is
connected.

Proof. Suppose that A is not connected, i.e., there is d € A such that ¢ and d
do not belong to the same connected components of A.

First suppose that that f(d) # d. Take U = {d,c}, V = {a,c}. Then U,V €
Py(A), U =V and there is ¢ € Aut A with p(U) = V. If ¢(d) = ¢, then

p(c) = c= f*(a) = f2(p(d)) = ¢(f*(d)),

thus ¢ = f2(d), a contradiction. The case ¢(d) = ¢, p(c) = a yields a contradiction
as well.

Now suppose that f(d) = d. Let U = {b,d}, V = {a,d}. Then U,V € Py(4),
U 2V, thus there is ¢ € Aut A such that o(U) = V. Obviously, ¢(d) # a, therefore
o(d) = d, p(b) = a, which is a contradiction. O
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2.10. Lemma. Let C be a cycle of A, cardC > 3. Then f(x) = x for each
reA-C.

Proof. There exist distinct elements a,b,c € C with f(a) = b, f(b) = ¢
By 2.3, C is a connected component of A. Suppose that there is d € A — C such
that f(d) # d. If we take U = {d,c}, V = {a,c}, then U,V € Py(A), U = V and
there is ¢ € Aut A with o(U) = V. Thus ¢(d) € C and ¢(C) = C, therefore ¢ is
not bijective, which is a contradiction. O

2.11. Lemma. Let a,b,c € A be distinct, f(a) = f(b) = f(c) =c. If Bisa
connected component, ¢ ¢ B, then card B = 1.

Proof. Assume that ¢ ¢ B and that there are e,d € B, e # d such that
f(e) = d. Let U = {a,b}, V = {a,e}. Then U,V € Py(A), U 2 V and there is
v € Aut A with o(U) = V. If p(a) = a, ¢(b) = e, then

d= f(e) = f(pb)) = o(f(b)) = ¥(c) = ¢(f(a)) = f(p(a)) = fla) = ¢,
which is a contradiction. If p(a) = e, ¢(b) = a, then

a contradiction. O

2.12. Lemma. Let By, By, Bs be distinct connected components of A which
have more than 1 element. Then B, = By = Bs.

Proof. There are a € By, b € Bo, ¢ € Bs with f(a) # a, f(b) £ b, f(c) # ¢
Suppose that e.g. B; is not isomorphic to By. Take U = {a,b}, V = {b,c}. Then
UV € Po(A), U 2V and there is ¢ € Aut A with ¢(U) = V. Since B; is not
isomorphic to Ba, ¢(a) # b, thus p(a) = ¢, p(b) = b. The relation ¢(a) = ¢ implies
B; = Bs. Let U’ = {a,b}, V' ={a,c}. Then U',V’' € Py(A), U' =2 V'. Hence there
is ¢ € Aut A with ¢(U) = V. We have either ¢(b) = a or ¥(b) = ¢, which yields
that either By =& By or By & Bs. But Bz & By, therefore By & B, which is a
contradiction. (]

2.13. Lemma. Let a,b,c € A be distinct, f(a) = f(b) = f(c) =c. If p,q € A,
f(p) =p, f(q) = q, then card{c,p,q} < 2.

Proof. Assume that ¢, p, ¢ are distinct elements of A and that f(p) = p,
f(¢) = q. By 2.11, {p} and {¢} are connected components of A. Consider U =
{¢,p}, V = {p,q}. Then U,V € P2(A), U = V and there is ¢ € Aut A with
p(U) = V. We obtain ¢(c) € {p, ¢}, which yields a contradiction, since the connected
component containing ¢ has more than one element and cannot be embedded into a
component {p} or {q}. O
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2.14. Lemma. Leta,b,c,d € A be distinct and f(a) = f(b) = b, f(d) = f(c) =c.
Then there is no one-element connected component of A.

Proof. Suppose that there is p € A such that {p} is a connected component
of A. Let U = {p,c}, V. ={b,c}. Then U,V € Py(A), U 2V and there is ¢ € Aut A
with ¢(U) =V, which implies ¢(p) € {c, b}, and this is a contradiction. O

2.15. Lemma. Let ¢, d be distinct elements of A such that f(d) = f(c) = c.
Then there is at most one 1-element connected component of A.

Proof. Suppose that there are a,b € A such that a # b and {a}, {b} are
1-element connected components of A. If we take U = {a,c}, V = {a,b}, then
U,V € P,(A), U =V and there is ¢ € Aut A with ¢(c) € {a, b}, a contradiction. O

2.16. Lemma. Let a,b,c,d € A be distinct and f(a) = f(b) = b, f(d) = ¢,
f(¢) =d. Then there is no one-element connected component of A.

Proof. Suppose that {p} is a connected component and put U = {p,a},V =
{p,c}. Then U = V. If ¢ € Aut A, then ¢(a) # c. Further, the relation ¢(a) = p
implies ¢(b) = p = ¢(a), a contradiction. O

In 2.17 and 2.18 we can repeat the steps of the proof of 2.14; therefore we have:

2.17. Lemma. Let a, b, ¢, d, e be distinct elements of A, f(a) = b, f(b) = d,
f(d) = a, f(c) = e, f(e) = c. Then there is no one-element connected component
of A.

2.18. Lemma. Let a, b, ¢, d, e be distinct elements of A, f(a) = b, f(b) = d,
f(d) =a, f(c) = f(e) = e. Then there is no one-element connected component of A.

3. THE CLASS .#%(P)—AUXILIARY RESULTS
In this section we will give some sufficient conditions under which a monounary

algebra belongs to the class 4 (P).
Let A = (A4, f) be a monounary algebra.
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3.1.1. Lemma. Let A be a cycle with 4 elements. Then A € J4(P).

Proof. Assume that A = {c1,co,c3,¢4}, f(c1) =ca, ..., f(ca) = ¢1. Consider
U,V € Py(A) such that U = V. Without loss of generality, one of the following
conditions is satisfied:

(1) U=A{c1,e3}, V ={ea,cu}y
(2) U= {01,02}, V= {02,03},
(3) U=A{c1,¢ca}, V ={es,cu},y
(4) U={c,c3t =V,
(5) U={c1,c2} =V.
Let ¢ be an isomorphism of U onto V', ¢ # idy. Then (5) fails to hold.

First let (1) be valid. If p(c1) = co, ©(c3) = c4, then P = f is an extension of ¢
and @ € Aut A. If p(c1) = c4, p(c3) = o, then we can take P = f3; then p € Aut A
and @ is an extension of ¢.

Assume that (2) is satisfied. Then ¢(c1) = ¢2, ¢(c2) = ¢4 and ¢ can be extended
by putting @ = f. If (3) holds, then p(c1) = c3, ¢(c2) = ¢4 and we can put @ = f2.
Let (4) be valid. Then ¢(c1) = c3, ¢(c3) = ¢1 and § = f? € Aut A is an extension
of ¢. Therefore A € J4(P). O

3.1.2. Lemma. Let C be a cycle of A such that cardC = 4 and f(z) = z for
eachxz € A— C. Then A € J64(P).

Proof. Assume that C' = {c1,co,c3,¢c4}, f(c1) = ca,..., f(ca) = ¢1. Further
suppose that U, V are elements of P>(A) such that U = V. One of the following
cases occurs:

(1) U, ved,

(2) U,VCA-C,

(3) U =A{a,¢;}, V={b,¢;}, where a,b € A—C, ¢;,¢c; € C.
Let ¢ be an isomorphism of U onto V, ¢ # idy. If (1) is valid, then ¢ can be
extended analogously as in 3.1.1. Let (2) hold. Then U = {uy,us}, V = {v1,v2}
and p(u1) = vy, p(ug) = va. If uy = vy, then ¢ # idy implies ug # vy # v1; put

v if T = us,
P(x) =< ug if z =g,

T otherwise.

Then @ is an extension of ¢ and @ € Aut A. The case u; # v1, us = vq is analogous.
If vo = w1, v1 = uo, then it is obvious that we can define 7 as above. If uy, us, v1,
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v9 are mutually distinct, then we set

v if x = wuq,
uyp  if x =y,
P(x) =< vo if = uo,

uy if x = vo,

x  otherwise

and we obtain an extension @ of ¢ such that 7 € Aut A.
Now suppose that (3) is valid. Then clearly ¢(a) # c¢;j, whence p(a) = b, ¢(c¢;) =
Cj. Put

a if x =0,

_ b if z =a,

PDZY i) o= e, ke,
x otherwise.

Then P is an extension of ¢ and ¥ € Aut A. Thus we have proved that A € 54 (P).
O

3.2.1. Lemma. If A is connected and card A < 3, then A € Shy(P).

Proof. Let A be connected. The assertion is obvious if card A = 2, thus
assume that card A = 3. Then either A is a 3-element cycle or A contains a cycle
with less than 3 elements. Let U,V € P2(A) and let ¢ # idy be an isomorphism of U
onto V. Then A is a 3-element cycle and there is v € A such that U = {u, f(u)},
V ={f(u), f2(u)} or U = {u, f(u)}, V= {f?(u),u}. Then either p = f or p = f2
is an automorphism of A which is an extension of ¢. Therefore A € Sha(P). O

3.2.2. Lemma. Let A consist of k 2-element cycles and of m 1-element cycles,
(k,m) # (0,0), k >0, m > 0. Then A € 54(P).

Proof. Consider U,V € P,(A) such that U = V. One of the following condi-
tions is satisfied:
(1) U,V are 2-element cycles,
(2) U ={uy,us}, V= {v1,v2}, where ui, ua, v1, vo are l-element cycles,

(8) U ={a,u}, V = {b,v}, where f(a) # a, f(u) = u, f(b) #b, f(v) = v.
Let ¢ # idy be an isomorphism of U onto V. First assume that (1) is valid. Then
© defined by the formula

o(x) if zeU,
Pr) =1 ¢ l(z) f ze€V,

T otherwise
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belongs to Aut A and it is an extension of ¢. If (2) is valid, then we proceed analo-
gously as in 3.1.2, case (2). Let (3) hold. Then p(a) = b, p(u) = v; let us put

i) if 2 = fi(a), i€ {0,1},
fi(a) if x= fi(b), i€{0,1},

P(x) =< u if z=u,
v if x=u,
x otherwise.
Then ¥ is an extension of ¢ and @ € Aut A. Therefore A € J%4(P). O

3.2.3. Lemma. Let A consist of k 3-element cycles and of m 1-element cycles,
k>0, m>0. Then A € 74(P).

Proof. Let U,V € P2(A), U= V. One of the following cases occurs:
1) U, V are subsets of one 3-element cycle,
2) U={a, f(a)}, V={b, f(b)}, a,b belong to distinct 3-element cycles,
3) U ={ui,uz}, V= {v1,v2}, where uy, us, v1, v2 are l-element cycles,
4) U ={a,u}, V ={b,v}, where f(a) # a, f(u) =u, f(b) #b, f(v) =v.
Let ¢ # idy be an isomorphism of U onto V. If (1) is valid, then ¢ can be extended

(
(
(
(

analogously as in 3.2.1. If (2), (3) or (4) holds, then ¢ can be extended analogously
as in 3.2.2, cases (1), (2) or (3), respectively. Thus we obtain that A € J%(P). O

3.3. Lemma. Let A= M,, « > 1. Then A € J4(P).

Proof. We assume that there is ¢ € A with f(z) = cfor each x € A, card A > 2.
Let U,V € P5(A) be such that U = V. One of the following two conditions is
satisfied:

(1) U ={a,c}, V ={b,c} for some a,b € A— {c},
(2) U ={ur,us}, V={v1,v2}, ur,ua,v1,vs € A—{c}.
Let ¢ # idy be an isomorphism of U onto V. If (1) is valid, then put

b if z=a,
plx)=<a if x =0,

r otherwise;

we obtain that @ is an extension of ¢ and @ € Aut A. If (2) is satisfied, then we
proceed analogously as in the proof of 3.1.2, case (2). Therefore A € J4(P). O
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3.4. Lemma. Suppose that A = M, for some o > 1. Then A € J4(P).

Proof. By the assumption, there are distinct b, c € A with f(b) = f(¢) = c and
f(z) = b for each z € A — {b,c}. Let U,V € P2(A), U = V. Then we have one of
the following possibilities:

(1) U ={a,b}, V={d,b}, a,de A—{b,c},

(2) U=A{a,c},V=A_d,c},a,de A—{bc},

(3) U ={uy,ua}, V={v1,va}, {ur,uz,v1,v2} C A—{b,c}.

Then each isomorphism ¢ of U onto V' can be extended to @ € Aut A, thus A €
H5(P). O

3.5. Lemma. Suppose that each connected component of A has 2 elements and
it is not a cycle. Then A € J4(P).

Proof. Let UV € P,(A), U= V. Let C be the set of all z € A with f(z) = «,
B = A — C. One of the following conditions is satisfied:
(1) U=A{a, f(a)}, V ={b, f(b)}, {a, b} C B,
(2) U ={uy,u2}, V={v1,v2} and
either {uy,u2,v1,v2} C B or {uy,uz,v1,v2} C C,

() U=A{a1,c1}, V ={as, 2}, {a1,a2} C B, {c1, 2} € C, flar) # e, flaz) # ca.
Let ¢ # idy be an isomorphism of U onto V. If (1) is valid, then it is obvious that
¢ can be extended to ¥ € Aut A. In the case (2) we denote by u}, ub, v}, v} the
elements of the connected components of A which contain the elements uq, us, v1,
vg, respectively, such that u) # wy, uh # ug, v| # v1, vh # va. Let p(u1) = vy,
©(uz) = vo. Then we proceed analogously as in 3.1.2, e.g., if u; = v1, uz # v9, then
we can put
ug if x = vo,
uh if x =,

P(x) =< vy if = us,

/ 4 — o/
vy, if x = ub,

xr  otherwise;

then P is an extension of ¢ and @ € Aut A.

Suppose that (3) holds. Then p(a1) = ag, p(c1) = co. If either a; = as or ¢1 = co,
then it is obvious that ¢ can be extended to € Aut A. Let a; # az, ¢c1 # co.
Denote by by, b € A such that f(by) = c1, f(b2) = co. Let us define the mapping @
as follows:

a) Let by = ag, bos = a1. We put a1 — a2 — a1, ¢1 — ¢ — ¢1 and for the other

elements, x — x.
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b) Let by # a2, by = a;. Then we put az — by — a1 — asz, f(az) — ¢1 — ¢3 —
f(az2) and for the other elements, z — x.
c) Let by = ag, ba # a1. Then we put ag — by — a1 — ag, ¢1 — ca — f(a1) — c1,
r — x otherwise.
d) Let by # ag, by # a1. Then put a3 — as — ay, ¢ — ca — c¢1, by — by — by,
r — x otherwise.
In each of these cases, p € Aut A and @ is an extension of p. Therefore A € 4 (P).
O

4. CHARACTERIZATION OF THE CLASSES .%ho(P) AND J4(P)

The aim of this section is to prove necessary and sufficient conditions under which
a monounary algebra belongs to .#hs(P) or to J4(P), respectively.

4.1. Lemma. Let o« > 1. Then M, + Z; ¢ 54(P).

Proof. Let A= M, + Z; and let ¢ € M, be such that f(c) = ¢. We have
Z1 = {0}. Take U = {¢,0} =V, o(c) =0, ¢(0) = ¢. Then U,V € Py(A), ¢ is
an isomorphism of U onto V, but ¢ cannot be extended to an automorphism of A.
Therefore A ¢ 5(P). O

4.2. Lemma. Let « > 1. Then M, + Z; € Lho(P).

Proof. Let A, ¢, 0 be as in the previous proof. Take U,V € Py(A) such that
U=V, U# V. We obtain one of the following cases:
(1) U = {a,c}, V = {b,c} for some a,b € f~1(c) — {c},
(2) U= {ur,us}, V. ={v1,va}, us,uz,v1,v2 € f~(c) — {c},
(3) U ={a,0}, V= {b,0} for some a,b € f~(c) — {c}.
It is easy to see that in each of the cases there exists an automorphism ¢ of A
with o(U) = V. Hence A € Lhy(P). O

It is easy to show
4.3.1. Lemma. The algebras Zs + Za, Z3 + M1, Zs + M; belong to #ho(P).

4.3.2. Lemma. The algebras Zs+ Zs, Zs+ My, Zo+ M; do not belong to 54 (P).
Proof. Let us show e.g., that Z3 + Z5 ¢ 54 (P). Let A = {a,b,c,d, e}, where
{a,b,c}, {d,e} are 3-, 2-element cycles, respectively. Put U = {a,d},V = {d,a},
o(a) = d,p(d) = a. Then ¢ is an isomorphism of U onto V, thus ¢ can be extended
to an automorphism ¢ of A. For i) € Aut A we have ¢ (a) € {a,b,c}, which is a
contradiction. O
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4.4.1. Lemma. If m >0, then Zs + m - Z1 & J4(P).

Proof. Take U = {0,2}, V = {0,3}, ¢(0) = 0, ¢(2) = 3. Then ¢ is an
isomorphism of U onto V, but it cannot be extended to an automorphism of Z5 +
m - Zl. O

4.4.2. Lemma. If m > 0, then Zs + m - Z; € Sho(P).

Proof. Denote A=Zs5+m-Z;, B=m-Z;. Let U,V € Po(A), U=V, U#YV.

Without loss of generality we obtain one of the following cases:

(1) UCB,VCB,

2) UNB#0#£AUNZs, VNB#0#£V N Zs,

3) U=A0,1}, V ={v, f(v)}, v € Z5,

(4) U=1{0,2}, V ={v, f2(v)}, v € Z5.
It is obvious that in each of these cases we can find ¢ € Aut A with (U) = V;
therefore A € Sho(P). O

4.5. Lemma. Ifa monounary algebra A belongs to .”hs(P), then A is isomorphic
to some of the following algebras:
(1) Zs+m-Zy, m =0,
Zy+m-Zi,m 20,
Zs + Zo,
Z3 + My,
k-Zs+m-Z1, k>0, m=0,

T W N

)
)
)
)

) connected 3-element monounary algebra with a 2-element cycle,
N m-Zy+k-Zy,m k>0, (m,k)#(0,0),
)

)

)

)

= o~~~ —~ —~ —~ —~
(=]

8) Za + M,

9) Miq, a >0,
(10) Mo+ Z1, a >0,
(11) Ma, a >0,

(12) m - My, m > 0.

Proof. Let A € Zhyo(P). By 2.2, each connected component of A contains a
cycle with at most 5 elements. If there is a cycle with 5 or with 4 elements, then
2.10 yields that A is isomorphic either to (1) or to (2). Thus suppose that each cycle
of A has at most 3 elements.

a) Assume that there exists a connected component containing a cycle C' such that
cardC = 3. By 2.3, C is a connected component of A. Further, in view of 2.8 we
obtain that if D is a connected component of A, then either D = C or card D < 2.
Thus either A is isomorphic to (5) or there is a connected component D of A with
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card D = 2. If such D exists, then 2.12 implies that f(x) = « for each x € A—(CUD)
and 2.17 yields that A is isomorphic either to (3) or to (4).

b) Now suppose that each connected component of A contains a cycle with at
most 2 elements. First assume that there is a cycle Cy of A with cardCy = 2. If
Cy does not form a connected component, then we obtain according to 2.7 that A is
isomorphic to (6). Thus let each connected component containing a 2-element cycle
be a cycle. If there are two 2-element cycles in A, then A is isomorphic to (7) in view
of 2.12. Suppose that A is not isomorphic to (7). Therefore there is a connected
component D with card D > 1 and such that D contains a 1-element cycle. By 2.12,
f(z) = x for each x € A — (Cy U D), but by 2.16, there is no 1-element connected
component of A. Thus A = Cy U D. Further, 2.9 yields that card D = 2, thus we
obtain that A is isomorphic to (8).

c¢) Assume that each connected component of A contains a cycle with one element.
If there is a cycle {c} such that f~2?(c)—{c} # 0, then 2.9 implies that A is connected
and by 2.6 we get that A is isomorphic to (9). Let f~2(c) —{c} = 0 for each cycle {c}
of A. First let there exist a connected component C and distinct elements a,b,c € C
with f(a) = f(b) = f(¢) = ¢. By 2.11, f(x) = z for each z € A — C and by 2.13,
card(A —C) < 1. Then A= M, + Z; or A= M, (i.e., (10) or (11) ). Now suppose
that such C does not exist. If a connected component of A has more than one
element, then it is isomorphic to M;. If there are at least two connected components
isomorphic to My, then 2.14 implies that A is isomorphic to (12). If there is only
one connected component isomorphic to My, then A =2 M; + k- Z;, k > 0 and we
obtain in view of 2.15 that A = M; + Z; or A & My, i.e., A is isomorphic either
to (10) or to (11). If there are only one-element connected components in A, then
A is isomorphic to (7) for m = 0. O

4.6. Lemma. If A is isomorphic to some of the algebras (2), (5), (7), (9), (11),
(12), then A € J(P).

Proof. If A isisomorphic to (2), then A € % (P) according to 3.12. Similarly,
we will write the reasons why A € J%(P) in the remaining cases: 3.2.3—(5); 3.2.2—
(7); 3.4—(9); 3.3—(11); 3.5—(12). O

Now we can conclude with a characterization of the monounary algebras belonging
to the classes .”ha(P) and 5% (P), as follows:

4.7. Theorem. A monounary algebra A belongs to .#hy(P) if and only if A is
isomorphic to some of the algebras (1)—(12).

Proof. If A is isomorphic to (1), then A € .Zho(P) in view of 4.4.2. Analo-
gously as above A € Yhy(P) in the following cases: 4.3.1—(3), (4), (8); 3.2.1—(6);
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4.2—(10). In the remaining cases (2), (5), (7), (9), (11) and (12) we obtain by 4.6
that A € J4(P), thus A € Lhy(P).
The converse implication was proved in 4.5. 0

4.8. Theorem. A monounary algebra A belongs to s#(P) if and only if A is
isomorphic to some of the algebras (2), (5), (7), (9), (11), (12).

Proof. Let A€ J#%4(P). Then A is not isomorphic to (1) by 4.4.1, to (3), (4) or
(8) by 4.3.2, to (6) immediately, to (10) by 4.1. Since 1.1 yields that A € .Sha(P),
we have according to 4.5 that A is isomorphic to some of the algebras (2), (5), (7),
(9), (11) and (12). Then 4.6 completes the proof. O
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