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Abstract. We study n-dimensional ) R-submanifolds of @ R-dimension (p — 1) immersed
in a quaternionic space form QP(”+p)/ 4(0), ¢ > 0, and, in particular, determine such
submanifolds with the induced normal almost contact 3-structure.
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1. INTRODUCTION

Let M be an n-dimensional () R-submanifold of Q) R-dimension (p—1) isometrically
immersed in a quaternionic Kihler manifold M(n+p)/4. Denoting by {F,G, H} the
(n+p)/4, it follows by definition (cf. [9]) that there

exists a (p — 1)-dimensional subbundle v of the normal bundle 7'M+ such that

quaternionic Kihler structure of M

(L1) Fv, Cvg, Gug, Cur,, Hu, Cuy,

' Fv:cT,M, Gv}cT,M, Hv:cCT.M
for each © € M, where v denotes the complementary orthogonal subbundle to v
in TM+. Thus there is a naturally distinguished unit normal vector field & to M

such that v- = Span{¢} for each x € M, and the vector fields U, V, W defined by

(1.2) U=-F¢ V=-G¢ W=-—H¢
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are tangent to M. On the other hand, each tangent space T, M is decomposed as
T.M = D, © DT,
where D, is the maximal quaternionic invariant subspace of T, M defined by
D, =T, MNFT,MNGI,MNHT,M

and D its orthogonal complement in 7, M. In our case, as already shown in [2], [9],
Di = Span{U,V,W} and so D: x + D, defines an (n — 3)-dimensional distribution
on M. But D cannot be a quaternionic C' R-distribution in the sense of [1]. Further
it is clear that

FT,M, GT,M, HT,M C T,M @ Span{¢}

and, consequently, for any tangent vector X to M, we have the following decompo-

sition in tangential and normal components

13) { FX =pX +u(X)¢, GX =9¢X +v(X)E,

HX = 60X + w(X)E.

By means of the hermitian property of {F, G, H} it can be easily shown that ¢, ¢ and
6 are skew-symmetric endomorphisms acting on T, M. Moreover it is known ([9], [10],
[11]) that the aggregate {p, 1,0, u, v, w} gives an almost contact 3-structure on the
@ R-submanifold M of QR-dimension (p —1) in A (see also Proposition 2.1).

On the other hand the normality of an almost contact 3-structure was defined
by one of the present authors ([13]) and by Yano, Ishihara and Konishi ([14]) in a
different point of view. But, in this paper, it will be shown that the normalities of
the induced almost contact 3-structure in the sense of [13] and [14] are equivalent to
each other, and the submanifold with the induced normal almost contact 3-structure
will be determined when the ambient manifold M is a quaternionic space form of
constant @)-sectional curvature ¢ > 0.

2. FUNDAMENTAL FORMULAS FOR (Q R-SUBMANIFOLDS

Let """ be a real (n + p)-dimensional quaternionic Kihler manifold. Then,
by definition, there is a 3-dimensional vector bundle V' consisting of tensor fields of
type (1,1) over M satisfying the following conditions (a), (b) and (c):

(a) In any coordinate neighborhood %, there is a local basis {F,G, H} of V such
that

2.1) F2=_] G?=—], H?=-1],
' FG=-GF=H, GH=-HG=F, HF = —FH =G.
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(b) There is a Riemannian metric g which is hermitian with respect to all of F, G
and H.
(c) For the Riemannian connection V with respect to g

VF 0 r —q F
(2.2) VG |=|-r 0 »p G
VH g -p 0 H

where p, ¢ and r are local 1-forms defined in %/. Such a local basis {F, G, H}
is called a canonical local basis of the bundle V in % .
For canonical local bases {F,G, H} and {'F,/ G, H} of V in coordinate neighbor-
hoods % and ', it follows that in % N "%

'F F
(2.3) Gl =) | G| (@y=1.23)
"H H

with differentiable functions s,,,, where the matrix S = (s, ) is contained in SO(3) as
a consequence of (2.1). As is well known [5], [6], every quaternionic Kéhler manifold
is orientable.

From now on we consider a real n-dimensional ()R-submanifold M of QR-

dimension (p — 1) immersed in M™% and use the same notations as in Section 1.
We now take a local orthonormal basis {{,; o = 1,...,p} (& = &) of normal
vectors to M and consider the following decompositions in tangential and normal
components:
(2 4) Fg(x = _Ua+P1§a7 Gfa = _Va+P2§aa

' HE, = W, + Psé,
(e =1,...,p). Then Py, P, and P; are skew-symmetric endomorphisms acting on

T, M+. Moreover, by means of (1.3), the hermitian property of {F, G, H} and (2.4)
imply

(
(
9(X,0W,) = —w(X)g(&1, Ps€a), a=1,...,p,
(
(
(

gWaywﬁ):(saﬁfg(PBé‘a,Pfifﬁ)y 0476:1,...,[).
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Also, from g(FX,&.) = —g9(X, F&.), 9(GX, &) = —9(X,GE,) and g(HX, &) =
—g(X, HE,), it follows that

g(Xa U(x) :u(X)(Slom g(Xa Va) :U(X)(Slou g(Xa Wa) :w(X)(Sloz
and hence

(2.7) 9(U1, X) =u(X), g(V1,X)=v(X), ¢g(W,X)=w(X),
Uy,=0, Vo=0, Wu=0, a=2,...,p.

On the other hand, comparing (1.2) and (2.4) with « = 1, we have U; = U, V; =V,
Wy = W, which together with (2.7) imply

(2.8) 9(U, X) =u(X), g(V,X)=v(X), g(W,X)=w(X).

In the sequel we shall use the notations U, V', W instead of Uy, V1, Wi.
Next, applying F' to the first equation of (1.3) and using (2.4), (2.7) and (2.8), we
have
O?X = X +u(X)U, u(X)P&=—u(pX)E.

Similarly we have

2.9 SDQX =—-X+ ’LL(XV)U7 Q/}QX =—X+ ’U(X)M

(29) e

(2.10) {U(X)P1£ = —u(pX)§,  v(X)PE = —v(¥X)E,
| w(X)Ps¢ = —w(0X)E,

from which, taking account of the skew-symmetry of P;, P, and P; and using (2.5),
we also have

u(pX) =0, v(¥X)=0, wBX)=0,
(2.11) U =0, V=0, OW =0,
Plfioa P2§:07 P3£:0

So (2.4) can be rewritten in the form

(212) {F&z—U, Ge=-V, He=-W,

Fé&o = P&, G&a:PQQM HEy = P3éa,
where . = 2,...,p.
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Applying G and H to the first equation of (1.3) and using (1.3), (2.1) and (2.12),
we have

0X +w(X)E = —P(pX) —v(pX){ +u(X)V,
YX +0(X)E = 0(pX) + w(pX)E —u(X)W,

and consequently

(2.13) {MWX) = —0X +u(X)V, v(pX) = —w(X),

0(pX) =X +u(X)W, w(pX) =v(X).

From the other equations of (1.3) we have by a quite similar method

(2.14) {w(wX) =0X +v(X)U, u(@X)=w(X),
' 0(X) = —pX + (X)W, w(eX) = —u(X),
(2.15) {w(9X) =X +wX)U, u(0X)=—v(X),
' YOX) = X +w(X)V, v(0X)=u(X).

From the first three equations of (2.12), we also have
YyU=-W, oU)=0, U=V, w(U)=0,
(2.16) V=W, uwV)=0, 0V=-U w 0
oW==V, u(W)=0, yW=0U, o(W)=0.
On the other hand, we may put
P&, = ﬁZ: P53, Pla = BXZ P, 583,

(2.17) )
P3£a:ZP3aﬂ§ﬁ7 05:2,---,17,
B=2

from which, substituting into the last three equations of (2.12) and using the hermi-
tian property of {F,G, H}, we have

Z Plowplfyﬁ = _6aﬁa ZPQOV)/PQ’YB = _5O¢Ba
¥ ¥

> Py Psyg = —0ap-

5

Also, from (2.1), (2.12) and (2.17), we have

Y PrapPepy = —Pianys D PlapPapy = Paarys
3 3

(2.18)

(2.19) %:Pmﬁpw'y = —Piay, %:Phﬁplﬁ'v = Psa~,

ZPS(xﬂplﬂ’y:*PZa'y» ZP-?)aﬁPZﬁ'y:Pla'y-
B B
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The equations (2.6)—(2.11) and (2.13)—(2.16) tell us

Proposition 2.1 ([9], [10], [11]). An n-dimensional QR-submanifold of QR-

M(?H—P)/ 4

dimension (p — 1) in a quaternionic Kdhler manifold admits an almost

contact 3-structure.

In general if the condition
[901'7301‘] +du; @U; =0

is satisfied for some 1 < @ < 3, then the almost contact structure (¢;, U;, u;) is said
to be normal, where we put

pr=¢, p2=9, @3=0,
Up=U, U=V, Us=W; U =uU, U =10, UF3=W

and [¢;, ;] denotes the Nijenhuis tensor of ¢;. In their papers [8] and [14], Ishihara,
Konishi, Kuo and Yano have proved

Lemma 2.2. If, for an almost contact 3-structure{(p;, U;,u;); i = 1,2,3}, any
two of the almost contact structures (¢;, U;, u;) are normal, then so is the third.

Moreoreover, in [14] the following lemma was proved.

Lemma 2.3. For an almost contact 3-structure {(p;,U;,u;); i = 1,2,3}, a nec-

essary and sufficient condition in order that the almost contact structures (;, U;, u;)
are all normal is that the condition

(2.20)

2[p1, 2] + dur @ Uz + dug @ Uy =0,
gUl p2 + XUQSDI =0, dulmpg + d’U/QKSDl =0

be valid, where [p1, p2| denotes the Nijenhuis tensor of ¢1 and p2, du;Ap; the 2-form
defined by

and 2y, the Lie derivative with respect to U;.
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3. FURTHER PROPERTIES OF THE INDUCED ALMOST CONTACT 3-STRUCTURE

In this section we shall use the same notations and terminology as in the previous
section.

Now let V be the Levi-Civita connection on M and V< the normal connection
induced from V in the normal bundle TM* of M. Then Gauss and Weingarten

formulae are given by

(3.1) VxY =VxY +h(X,Y),
(3.2) Vxéa = —AuX +Vxba, a=1,...,p

for X, Y tangent to M. Here h denotes the second fundamental form and
A, the shape operator corresponding to &,. They are related by h(X,Y) =

P
> g(AaX,Y)E,. Furthermore, put
a=1

p
(3.3) Vba = Y sap(X)és,
B=1

where (s,5) is the skew-symmetric matrix of connection forms of V-+.
Differentiating the first equation of (1.3) covariantly and using (1.3), (2.2), (2.4),
(2.7), (3.1) and (3.2), we have

(3.4) (Vy@)X = r(Y)X — (V)X + u(X)A1Y — g(AY, X)U,
(Vyu)X =r(Y)o(X) — ¢(Y)w(X) + g(pA1Y, X).

From the other equations of (1.3) we also have

(3.5) (Vyy)X = = r(Y)pX +p(Y)0X + v(X)A1Y — g(A1Y, X)V,
(Vyv)X = —r(Y)u(X) + p(Y)w(X) + g(¢A1Y, X),

(3.6) (VyO)X = q(Y)pX —p(Y)PX +w(X)Ar1Y — g(A:1Y, X)W,
(Vyw)X = q(Y)u(X) — p(Y)v(X) + g(0A1Y, X).

Next, differentiating the first equation of (2.12) covariantly and comparing the
tangential and normal parts, we have

VyU=rY)V —qY )W + pA,Y,

(3.7) P
g(AUY) == > 518(Y)Pige, a=2,...,p.
5=2
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From the other equations of (2.12), we have similarly
VyV =—r(Y)U +p(Y )W + ¢ AY,

(3.8) P
g(A(X‘/?Y):_ Z Slﬁ(Y)P2ﬁaa a:2a"'ap7
pB=2

VyW = q(Y)U —p(Y)V +60A,Y,

(3.9) p
g(AaW,Y):— Z Slﬂ(Y)P-?)Bou 01:2,---,])-
p=2
In what follows we assume that the distinguished normal vector field & is parallel
with respect to the normal connection, that is, V& = 0. Hence it follows from (3.3)
that sg; =0, 8 =2,...,p, and, consequently,

AU =0, AV =0, AW =0, a=2,...,p

because of (3.7)—(3.9).

In particular when the ambient manifold is a quaternionic space form A (¢)

)

that is, a quaternionic K&hler manifold of constant ()-sectional curvature c, the

curvature tensor R of M (n+p)/4( ) has the form
— — C JE—— JE—
wZ =710V, 2)X - g(X.2)Y
+9(FY,Z2)FX — g(FX,Z)FY —29(FX,Y)FZ
+9(GY,2)GX — g(GX,Z)GY —29(GX,Y)GZ
+g9(HY,Z)HX —g(HX,Z)HY —29(HX,Y)HZ}

for X, Y, Z tangent to M(n+p)/4( ) (cf. [5], [6]). So the above assumption implies
that the equation of Codazzi and Ricci is of the form

(3.10) g(VxA)Y — (VyA)X, Z)
= Z{g(wY,Z) u(X) = g(eX, Z)u(Y) — 29(0 X, Y)u(Z)
+9(¥Y, Z)v(X) — g(¥ X, Z)v(Y) — 29(¢¥ X, Y)v(Z)

+9(0Y, Z)w(X) — g(0X, Z)w(Y) — 29(6X,Y)w(Z)},

(3.11) g(R(X,Y)€a, &) = 9(R*(X,Y )&, €p) + 9([A5, Aa]X,Y)

for any X, Y, Z tangent to M, where R and R' denote the curvature tensor of V
and V=, respectively (cf. [3], [9], [10], [11]).

Finally we introduce a theorem due to Kwon and one of the present authors ([9])
for later use.
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Theorem K-P. Let M be an n-dimensional (Q R-submanifold of Q) R-dimension
(p — 1) in a quaternionic projective space QP"*?)/4(4) and let the normal vector
field & be parallel with respect to the normal connection. If

Ao = A1, A =vA;, Af=04A

on M, then 77’1(M) is locally a product of My x My where M, and Ms lie on some
(4ny + 3)- and (4ng + 3)-spheres, respectively, and A, denotes the shape operator
corresponding to ¢ (r is the Hopf fibration S"TP3(1) — QP("+P)/4(4)).

4. THE SUBMANIFOLDS WITH THE INDUCED NORMAL
ALMOST CONTACT 3-STRUCTURE

In this section we introduce the notion of the normality of almost contact 3-struc-
ture in the sense of [13].
From now on we put in each coordinate neighborhood % of M

%(p Vo 0 r —q %)
(4.1) v |=|vel|l+[-— o »p]lv],
N \YJ g —-p 0 6
VU VU 0 r —q\ /U
(4.2) wl=(w |+ o p|[V
%W vw q —p 0 w

Then it follows from (2.3) that

Ve ve) (v v
(4.3) Vi | =(sa) | Vo | | V'V | =(s) | YV
vp v VW vw

in % N'% . Now, in each coordinate neighborhood %, we consider local tensor fields
S(pi,pi) (1,7 =1,2,3) of type (1,2) such that

(4.4)  S(pi,))(X,Y)
= (Voux@)Y = (Vor o)X + (Vo x0)Y — (Vv X
+ ol (VyenX — (Vxe)Y} + 0 {(Vyp)X — (Vxo)Y)
{(Vxw)Y — (Vyu) XU + {(Vxw))Y — (Vyu)) X Ui
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where we again put
p1=p, p2=1, p3=0, Ur=U, U=V, Us=W

and

o

(4.5) (Vxuw)Y = g(VxUy,Y), i=1,23
Then a simple computation using (4.3) implies that

S(i)05) = (52)(S (i, 05)) (52y) "

in % N'% . Hence we have the global tensor fields ¥; and X5 on M defined by

(4.6) Y1 = S(p1, 1) + (2, 92) + S(ps3, ¢3),

(4.7) Yo = S(p1,1) ® S(p2, p2) + S(p2, 92) ® S(p3, ¢3)
+ (3, 3) ® S(p1, 1) — S(p1, 02) @ S(p2, ¢1)
— S(p2,03) ® (3, 02) — S(3,01) @ S(p1,93)

up to a sign. It is said that the induced almost contact 3-structure is normal if
Y1 =0 and Xp = 0 (for details see [13]).

Remark 4.1 ([13]). A necessary and sufficient condition in order for the almost

contact 3-structure to be normal is
S(@l?@j)zoa 7’5.7:17273
We next consider the traceless part of d-decomposition of the global tensor field ¥,

in the sense of Krupka ([7]). Since X; is of type (1,2) and n > 2, using (3.4)—(3.6)
and (4.4)—(4.6) we can easily verify that the traceless part ¥; of X, is given by

(48) S (X,Y) =5 (X,Y) - (u(A10Y) X — u(A1pX)Y

1
2(n—1)
+0(A19Y)X — (A1 X)Y + w(A10Y)X — w(A10X)Y},

or equivalently

48)  251(X,Y) = u(Y)(Arp — 0ANX — u(X)(Arp — 9A)Y
+o(Y) (A1) — A1) X —v(X) (A1 — 9 A)Y

— {u(A1pY)X —u(A1pX)Y +v(A19Y) X
— (A1 X)Y + w(A10Y)X — w(A10X)Y}.
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From now on we assume that ¥; = 0 identically on M. Putting Y = U in (4.8)’
with ¥; = 0 and using (2.13)—(2.16), we obtain

(49) 0= (Alcpf(pAl)X+U(X)g0A1U+U(X){A1W+1/)A1U}

—w(X){AV — 04U}
1

n—

+

from which, taking the inner product with U, it follows that

(4.10)

Taking the inner product of (5.3) with V' and W, respectively, and using (2.13)-
(2.16), we have
u(AW) =u(AV) =0,

which together with (4.10) yields
Similarly we have

7’L(pA1U+1/JA1V+9A1W:O,
pA U +nyp AV +0AW =0,
pA U +vALV +nbA W =0

and, consequently,
(pAlU = wAlV = 9A1W =0.

Moreover, the last equations imply
AU =u(AU)U, AV =0(A4V)V, AAW = w(AL W)W,
which together with (4.8) gives the following implication:
S =0 — %, =0,

Since the converse is trivial, we have
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Lemma 4.1. Let M be an n-dimensional @) R-submanifold of ) R-dimension

/4

(p — 1) in a quaternionic K&hler manifold and let the normal vector field £

be parallel with respect to the normal connection. Then we have
o
Y1=0 <= >»;=0.
By means of Lemma 4.1 we have

Theorem 1. Let M be as in Lemma 4.1. Then the following are equivalent to
each other:
(a) The almost contact 3-structure is normal.

b) The global tensor field ¥1 defined by (4.6) vanishes.

(

(c) The traceless part ¥.; of %1 vanishes.

(d) The relation given by (2.20) is valid.

(e) Aip=pA1, Ay =vA1, A0 =104

Proof. Substituting (3.4)—(3.9) into (4.4), we can easily obtain that

(411)  S(p, p)(X,Y) = 2{u(Y) (A1 — A1) X —u(X)(A1p — pA1)Y},
S, Y)(X,Y) =2{v(Y) (A1) — A1) X — v(X) (A1) — ALY},
S(0,0)(X,Y) = 2{w(Y)(A10 — 04)X — w(X)(A10 — 9A)Y),

and

(4.12) S, )(X,Y) = U(Y)(Aup —pANX —o(X)(Arp — pA1)Y
+u(Y)(Ary — v ANX —u(X) (A1) — Y ALY,
S, 0)(X,Y) = (Y)(Aﬂ/) PANX —w(X) (A — ALY
+o(Y)(A10 —0A41)X —v(X)(A10 — 0A)Y,
S0,0)(X,Y) =u(Y)(A10 — 041) X — u(X)(A10 — 0A,)Y
+w(Y)(Arp — A1) X — w(X)(A1p — pA1)Y,
which together with Lemmas 2.2, 2.3 and Remark 4.1 yields the implications
(€) = (a), () == (b), (e) = (d).

In order to prove that the other implications are valid, it suffices to show the impli-
cation (b) = (e). Now we assume that (b) is valid. Then (4.11) implies

(4.13) u(Y)(Arp — A1) X —u(X)(A1p — pA1)Y
+ oY) (A1 — AN X —o(X)(Ary — ALY
+w(Y)(A10 — A1) X —w(X)(A10 —0A)Y =
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Putting Y = U in (4.13) and using (2.11) and (2.16), we have

—w(X)(A1V — 0AU) =0,

from which, taking the inner product with U, it follows that
9(pA1U, X) = 2u(AW)v(X) — 2u(A1V)w(X)
and, consequently,
AU =0, u(AW)=0, u(4,V)=0.
Similarly we have
(4.15) AU =u(AU0)U, AV =04V, AW =w( A W)W,

(4.16) u(A1V) =v(A1U) = u(A1 W) = w(4A1U)
=v(A W) =w(A,V)=0.
Substituting (4.15) into (4.14) and using (2.16), we have
(4.17) (A1p — A X + v(X){w(A1 W) —u(A U)W
—w(X){v(A1V) —u(AU)}V =0,
from which, taking the symmetric part,

29((Ar1p — A1) X, Y) + {w(A1 W) —v(AV)}
x {o(X)w(Y) + v(Y)w(X)} = 0.

Putting X = V and Y = W in the last equation and using (2.16) and (4.15), we
obtain
v(A1V) = w(A, W).
Similarly we have
U(AlU) = U(A1V) = ’LU(A1W),
which together with (4.17) gives
Al(p = QDAl
By the quite similar method we have
Arp=pAr, A =vA;, Al =0A,,
which yields the implication (b) = (e). O

Combining Theorem 1 with Theorem K-P, we have
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Theorem 2. Let M be an n-dimensional Q R-submanifold of Q) R-dimension (p—1)
in QP"tp)/ 4(4) and Iet the normal vector field ¢ be parallel with respect to the
normal connection. If one of the conditions (a)—(e) stated in Theorem 1 is valid
on M, then 77_1(M) is locally a product My x Ms where My and Mo lie on some

(4ny 4 3)- and (4ng + 3)-dimensional spheres, respectively (m is the Hopf fibration
Sntpt3(1) — QP tP)/4(Y)),

5. THE SPECIAL CASE OF AN AMBIENT QUATERNIONIC KAHLER MANIFOLD

In this section we specify the ambient manifold M as a quaternionic space form
M(nﬂo)M(C) with ¢ = 0 and assume that one of the conditions (a)—(e) stated in
Theorem 1 is valid on M. Then Theorem 1 implies

(5.1) Arp = A1, Ay =pA;, A0 =04,
from which, taking account of (2.9) and (2.11), we have
AlU = )\U, A1V = M‘/, A1W = VVV,

where A = u(A1U), p = v(A1V), v = w(A; W). But, applying ¢ to the first equation
of (5.1) and using (2.13) and (5.1) itself, we have

u(X)A1V =u(A1 X)V,
from which, putting X = U, it follows that
AV =V
and, consequently, A\ = u. Similarly we A = p = v which yields
(5.2) AU =2U, LV =2V, AAW = \W.

Differentiating the first equation of (5.2) covariantly and using (3.7), (5.1) and (5.2)
itself, we have

g(VxANY.U) + g(¢AIX,Y) = (XNu(Y) + Ag(¢A1 X, Y),

from which, taking the skew-symmetric part and making use of (3.10) with ¢ = 0
and (5.1), it follows that

(5.3) 2g(pA3X,Y) = (XNu(Y) — (Y ) u(X) + 2Xg9(pA; X, Y).
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Now we put Y = U in (5.3). Then the skew-symmetry of ¢ and (2.11) imply
XA = (UMNu(X). Similary we have

XA = (UNu(X) = (VA)u(X) = (WA w(X)
and consequently UXN = VA = WA = 0 which yield that A is constant. Combining
this fact with (5.3) gives (A2 X —\A; X) = 0, from which, applying ¢ and using (2.9)
and (5.2), we obtain A7 = AA;. Thus we have

Lemma 5.1. Let M be an n-dimensional ()QR-submanifold of ) R-dimension

(p—1) in a quaternionic space form M(n+p)/4(c) with ¢ = 0 such that the dis-

tinguished normal vector field £ is parallel with respect to the normal connection. If
one of the conditions (a)—(e) stated in Theorem 1 is valid on M, then

(5.4) A2 = \A,

and \ is constant.

In particular, we can prove
Lemma 5.2. Let M be as in Lemma 5.1. Then
(5.5) VA, =0,

provided \ # 0.

Proof. Differentiating (5.4) covariantly and using the fact that A is constant,
we have

(5.6) (Vy A1) A1 X + A1 (Vy A1) X = MN(Vy A1) X,
from which, taking the skew-symmetric part and using (3.10) with ¢ = 0, we find
(VyA))A1 X = (VxA))ALY
and, consequently,
9(VyA)AI X, Z) = g(Vx A1) AY, Z) = g(A1(Vx A1) Z,Y).
On the other hand
9(Vy A AL X, Z) = g((VzA1) A1 X, Y),
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which together with the last equation gives
9(Vy A1) A X, Z) = g(A1(Vx A1)Y, Z),
that is, (Vy 41)A1 X = A1(Vy A1) X. Hence (5.6) reduces to
241 (Vy A X = \(Vy A1) X,
from which, applying A; and using (5.4), it is clear that
AL (Vy A)X =0

and therefore A(Vy A1)X = 0. Thus we complete the proof. O

Remark 5.1. When the ambient space is a quaternionic projective space
QP tP)/4 the assumptions stated in Lemma 5.1 yield that the shape operator A;
is cyclic-parallel, that is,

9(VxAY, Z) +9(Vy A1) Z, X) + g(VzA1)X,Y) = 0.

But, in this case we don’t need the hypothesis A # 0. (For details, see [9].)

6. THE MAIN RESULTS WHEN M = Q("tp)/4

In this section we specialize to the case of an ambient quaternionic number space
Q("tP)/4 In this case, as already shown in Lemma 5.1, the eigenvalues s of the
shape operator A; satisfy

k(k — ) =0.

Moreover it is clear from (5.1) and (5.2) that the multiplicity of A must be 4m+ 3 for
some integer m at each point in M. Since A is constant and trace A; is continuous,
the multiplicity r of A is constant. Hence it suffices to consider the following three

cases
(i) r=0, (i) r=n, (i) 3<r<n.

We will start with the first case (i). In this case A; = 0. Since, by assumption, the
normal vector field £ is parallel with respect to the normal connection, Erbacher’s re-
duction theorem ([4]) yields that there exists a totally geodesic hypersurface R"7~!
in Q("*P)/4 which contains M.
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Next, we consider the case (ii). In this case A; = A\I. Let T be the position vector
of M and put p:=T + A"'¢. Then

VxPp=Vx@+A 1) =X - 214X -Vx =0,

which means that 7 is a fixed point in Q(*P)/4. Moreover, it is clear that ||z —
pll = |A|7! and consequently M is contained in the hypersphere S™™P~1(|]A|~1) of
radius |\| 7! centered at p.

Finally we consider the case (iii). Since the multiplicity r of A is constant, the
eigenspaces corresponding to A and 0 determine distributions of dimension r and
n — r, which will be denoted by Dy and Dy, respectively. Furthermore, by means of
Lemma 5.2, VA; = 0 and consequently it is easily verified that D) and Dy are both
involutive and that D, is parallel along Dy and vice versa. Denoting by M, and My
the integral submanifolds of Dy and Dy, respectively, we can see that M is locally
the Riemannian product My x Mj.

From now on we shall study M) and My in more detail and start with M. Let
Z1,...,Zn—r be orthonormal vector fields belonging to Dy. Since M) is totally
geodesic in M, the shape operators Af,..., A/, corresponding to those normal
vectors vanish. On the other hand we may consider M) as a submanifold of Q("+7)/4,
Then the vector fields Z1, ..., Z,_,, &1, . .., & form an orthonormal set of local vector
fields normal to M. In this case the shape operators corresponding to Z1,..., Z,_,
also vanish. Hence it is clear from (3.11) that

(6.1) RxyZi=0, i=1,...,n—r

and moreover [A1, A,] = 0, where 'R denotes the curvature tensor of the normal
connection 'V+ of My in Q("*+?)/4 On the other hand, we can easily see that for
any X € D)y

9(VxZi,&) = 9(Zi, AsX), B=1,....p.
But, since [A1,A45] =0, 8 = 1,...,p, which is a direct consequence of (3.11) and
V+i¢ =0, we have AgX € D, and, consequently,

g(/vg_(zlvgﬁ)zoa 5:17"'51’)7

that is, 'V%Z; € Dy. Thus, by the same method as in the proof of Proposition 1.1
in [3, p. 99], we may prove that (6.1) yields the existence of the normal vector fields
Z1y...y Zpm_r such that

(6.2) 'NV%Zi=0, i=1,....n—7
for any tangent vector field X to M.
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Now let Z be the position vector of My in Q"*tP)/* and X € D,. Then, by
using (6.2) and A, =0,i=1,...,n —r, we have

I
[y

that is,

(6.3) 9T, Z)=c¢y, i=1,....n—r,

where ¢; is constant. Moreover, putting p := Z + A~ '¢, we can see that
Vxp=X-214,X=0

and ||T — p|| = |A|7!. Therefore M) belongs to the intersection of the hypersphere
of radius |\|~! centered at p and the n — r hyperplanes defined by (6.3). We notice
that D is contained in the n — r hyperplanes.

In a similar way it can be shown that M, belongs to the intersection of the r + 1
hyperplanes given by

g(f,g):C7 9(5725):657 5:77/*7’4’17...,71.
Summing up, we may conclude

Theorem 2. Let M be an n-dimensional () R-submanifold of @ R-dimension
(p— 1) in Q"*P)/* which satisfies one of the conditions stated in Theorem 1. If
the distinguished normal vector field £ is parallel with respect to the normal connec-
tion, then we have one of the following cases:

(a) M is contained in a hyperplane orthogonal to &.

(b) M is contained in a hypersphere orthogonal to &.

(¢) M is locally a Riemannian product My x My, where M) is contained in a
(p+7—1)-dimensional sphere S®PT"=1) and My is contained in an (n+p—r—1)-
dimensional subspace R("tP=7=1)
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