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Abstract. In this paper we investigate prime divisors, By-primes and zs-primes in
C-lattices. Using them some new characterizations are given for compactly packed lat-
tices. Next, we study Noetherian lattices and Laskerian lattices and characterize Laskerian
lattices in terms of compactly packed lattices.
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By a C-lattice we mean a (not necessarily modular) complete multiplicative lattice,
with a least element 0 and a compact greatest element 1 (a multiplicative identity),
which is generated under joins by a multiplicatively closed subset C' of compact
elements. Throughout this paper L denotes a C-lattice and L, denotes the set of all
compact elements of L. For any prime element p of L, L, denotes the localization
at F = {x € C'| x £ p}. For details on C-lattices and their localization theory, the
reader is referred to [10]. We note that in a C-lattice a = b if and only if a,, = by,
for all maximal elements m of L.

In this paper we study prime divisors, B,-primes and zs-primes. Next we charac-
terize compactly packed lattices. Also we establish some equivalent conditions for a
C-lattice in which every prime element is locally compact to be a Noetherian lattice.
Using these results we show that if L is generated by M-principal elements, then L is
a Noetherian lattice if and only if the maximal elements of L are compact and every
compact element of L has a normal primary decomposition. Finally, we introduce
Laskerian lattices and characterize them in terms of compactly packed lattices.

Recall that an element e of L is said to be principal if it satisfies the dual identi-
ties (i) aAbe = ((a: e) Ab)e and (ii) aV (b: e) = (aeVb) : e. Principal elements were
introduced into multiplicative lattices by R.P. Dilworth [6]. Elements satisfying (i)
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are called meet principal and elements satisfying (ii) are called join principal. Ele-
ments satisfying the weaker identity (i) a A e = (a : e)e obtained from (i) by setting
b =1 are called weak meet principal, and elements satisfying the weaker identity (ii’)
aV (0:e) = ae : e obtained from (ii) by setting b = 0 are called weak join principal.
Elements satisfying both (i) and (ii’) are called weak principal. An element a € L is
said to be strong join principal if a is compact and join principal. An element a € L
is said to be a radical element if a = y/a. Following [1], a prime element p of L is said
to satisfy the condition @, if for any collection {p,} of prime elements of L, p £ p,
for all  implies that there exists « € L, such that z < p and = £ p, for all a. The
lattice L is said to be a compactly packed lattice if every prime element satisfies the
condition @. L is said to be a Noetherian lattice if L satisfies the ascending chain
condition (a.c.c.). It is well known that L is a Noetherian lattice if and only if every
element is a compact element. An r-lattice is a modular multiplicative lattice that
is compactly generated, principally generated and has a compact greatest element 1.
An r-lattice satisfying the ascending chain condition is called a Noether lattice.

For general background and terminology, the reader is referred to [2], [4], [10].

An element b € L is said to be prime to a (a,b € L) if be < a implies ¢ < a. For
any a € L (a < 1),let H, = {z € L, | = is prime to a} and &, = {x € L | a <
x and H,N[0,z] = 0}. Obviously H, N[0,a] =0 ([0,a] ={z € L |0 <z < a}) and
H, is a multiplicative closed subset of L. So by Zorn’s lemma, &, contains maximal

elements and every maximal element is a prime element.

Definition 1. A prime element p containing a (a,p € L) is called a maximal
prime divisor if p € ¥, and p is a maximal element of T,,.

Definition 2. A prime element p containing a (a,p € L) is called a prime divisor
if pe€ S, ={rel|a, <z and Hg,N[0,z] =0} and p is a maximal element

of %(ap).

It is well known that a prime element p containing a is a minimal prime over a
if and only if for any compact element = < p, there exists a compact element y £ p
such that 2™y < a for a positive integer n ([1], Lemma 3.5). Using this result, it can
be easily shown that if p is a minimal prime over a, then p is a prime divisor of a
and such prime elements are called minimal prime divisors of a.

We now prove several useful lemmas.

Lemma 1. Let L satisfy the ascending chain condition (a.c.c.) for prime ele-
ments and suppose that each compact element has only finitely many minimal prime
divisors. Then L is a compactly packed lattice.

352



Proof. By imitating the proof of Lemma 1 of [5], we can prove that for every
prime element p of L, there exists x € L, such that p = \/z. Now the result follows
from the definition of a compactly packed lattice. O

Lemma 2. Ifevery prime element of L is locally compact, then L satisfies a.c.c.

on prime elements.
Proof. The proof of the lemma is similar to that of [5, Lemma 2]. O

An element a € L is said to have a primary decomposition, if there exist primary
elements q1,¢q2,...,q, in L such that a = g1 A...Agq,. If ¢ is a primary element of L,
then /¢ = p is a prime element and it is called the prime associated with ¢q. Note
that if ¢; and ¢ are primary elements associated with the same prime, then g Aqs is
also a primary element associated with p. An element a € L is said to have a normal
primary decomposition, if a = ¢1 A ... A g, (¢/° are primary elements with distinct
radicals) and if no ¢; contains the meet of the other primary elements. Note that if
a has a primary decomposition, then this primary decomposition can be reduced to

a normal primary decomposition.

Lemma 3. Let a € L have a normal primary decomposition a = q1 A\ ... A qn
and put p; = \/q;. Then a compact element x of L is non prime to a if and only if
x < p; for some 1.

Proof. If z is non prime to a, then zy < a for a compact element y £ a.
So y £ ¢; for some i. Since zy < a < ¢;, y £ ¢ and g; is primary, it follows that

xr < \/qi = pi-
n

Conversely, assume that = < p; for some i. Since A ¢; is a normal primary
i=1
decomposition of a, it follows that a < A ¢;. Choose any compact element y < A ¢;
j#i j#i
such that y f_ a. As v < p; = \/qi, z* < ¢; for a positive integer k and so z*y < a.
Let ¢ be the smallest integer such that 2’y < a. Then z(z'"'y) < a and 2" 'y £ a

and hence z is non prime to a. (]
Lemma 4. Let a € L have a normal primary decomposition a = q1 A\ ... A qm

and put p; = ,/q;. Let p be a prime element of a. Then a, = \{¢; | pi < p}.
Proof. The proof of the lemma follows from [10, Properties 0.7 and 0.8]. O
Lemma 5. Let a € L have a normal primary decomposition a = q1 A\ ... A qm

and put p; = \/q;. If p is a prime element containing a, then p = p; for some i if and
only if p is a prime divisor of a.
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Proof. Suppose p = py, for some k (1 < k < m). Then by Lemma 4, a, =

N | pi < pr}. As /\ ¢; is a normal primary decompostion of a, it follows that
=1
A4 | pi < px} is a normal primary decomposition of a,. By Lemma 3, p € J(,,)

and it is not hard to show that p is a maximal element of (,,). Therefore p is a
prime divisor of a.

Conversely, assume that p is a prime divisor of a. Since a < p, it follows that
p; < p for some i. Note that a, = A{¢ | pi < p} is a normal primary decomposition
of a,. By Lemma 3, each p; (p; < p) is an element of (). Since p € I, for any
compact element z < p, z is non prime to a, and so by Lemma 3, z < p; (p; < p)
for some i. This show that p = p; for some i. ([l

Definition 3. A prime element p containing a is called a B,-prime of a if p is

a minimal prime divisor of (a : x) for some x € L,.

Definition 4. A prime element p containing a (a,p € L) is said to be a zs-prime
of aif p=+/(a: z) for some = € L,.

Remark 1. Clearly if p is a zs-prime of a, then p is a B,-prime of a and it is
not hard to show that every B, -prime of a is a prime divisor of a. Also it should
be mentioned that if R is a commutative ring with identity and L(R) is the lattice
of all ideals of R, then a prime ideal P containing an ideal I of R is a B,-prime
(zs-prime) of I if and only if P is a B,-prime (zs-prime) of I in the sense of [8].

Theorem 1. Let a € L have a normal primary decomposition a = q1 A ... A qm
and put p; = /q;. Suppose p is a prime element containing a. Then the following
statements are equivalent:

(i) p=p; for somei (1 < i< m).
(ii) p is a zs-prime of a.
(i) p is a By,-prime of a.
(iv) p is a prime divisor of a.
Proof. (i)=(ii). Suppose (i) holds. Since 7\ ¢; is a normal primary de-

=1
composition of a, it follows that /\ NGT f_ /@i, so there exists x € L, such that

r £ g and x < A /G Therefore zk < N\ ¢; for a positive integer k. Conse-
J#i J#i

quently p; = \/(a : 2¥). Hence p is a zs-prime of a and (ii)=-(iii)=(iv) follows from

Remark 1 while (iv)=-(i) follows from Lemma 5. This completes the proof of the

theorem. O

Lemma 6. Let p < ¢ be prime elements of L and let a be an element of L. Then
the following statements hold.
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(i) p is a minimal prime over a if and only if p, is a minimal prime over aq in L.

(ii) p is a By-prime of a in L if and only if p, is a By,-prime of a4 in L.

(iv) Ifx € Ly, x, = pp and x4 is a py-primary element of L,, then x, = p,.
(v) If{\/(a : z) | x € L.} satisfies a.c.c., then every B,,-prime of a is also a zs-prime
of a.

)
)
(iii) If p is the unique B,,-prime of a, then a is p-primary.
)
)

(vi) Let a € L. If a has only finitely many B,,-primes, then {zs-primes of a} =
{By-primes of a} = {prime divisors of a}.

Proof. (i) and (iv) follow from [10, Properties 0.5, 0.7 and 0.8]. The proof
of (ii) is a direct consequence of (i) and the proofs of (iii), (v) and (vi) are similar to
those of [8, Lemma 1.1, Lemma 3.2 and Proposition 3.5]. O

Theorem 2. The following statements on L are equivalent:
(i) L satisfies a.c.c. on radical elements.
(ii) For every a € L, there exists x € L, such that \/a = /x.
(iii) L is a compactly packed lattice.
(iv) Every a € L has only finitely many minimal prime divisors and L satisfies a.c.c.
on prime elements.
(v) Every compact element has only finitely many minimal prime divisors and L

satisfies a.c.c. on prime elements.

Proof. (i)=(ii). Suppose (i) holds and let @ € L. Then {/z | z € L. and
r < a} has a maximal element, say ,/y. Obviously /a = /y. (ii)=(iii) follows
from [1, Theorems 6.1, 6.2 and 6.5]. We show that (iii)=-(iv). Suppose (iii) holds.
Note that by [1, Theorems 6.1, 6.2 and 6.5], if p is a prime element, then p = \/a for
some a € L,. Again by Zorn’s lemma, for every a € L, /a = /x for some x € L,.
Therefore by [1, Theorem 6.1], every element has only finitely many minimal prime
divisors. Obviously, L has a.c.c on prime elements. (iv)=-(v) is obvious. (v)=-(i)
follows from Lemma 1 and the fact that if every prime element is the radical of
some compact element, then every radical element is the radical of some compact
element. (|

Remark. If R is a commutative ring with identity, then L(R), the lattice of all
ideals of R, is a compactly packed lattice if and only if R has a Noetherian spectrum
(in the sense of [11]).

Theorem 3. Suppose every prime element of L is locally compact. If L satisfies
any one of the following conditions:
(i) every compact element of L has a normal primary decomposition;
(ii) every compact element of L has only finitely many B,,-primes;
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(iii) every compact element of L has only finitely many prime divisors;
(iv) each x € L, has only finitely many minimal prime divisors and +/x is compact,
then every prime element is compact.

Proof. Note that (i)=(ii) follows from Theorem 1. If L satisfies (iv), then by
Lemma 1, every prime element is compact. Now by Remark 1 and Lemma 6 (vi),
it suffices to show that if L satisfies the condition (iii), then every prime element is
compact. Suppose every compact element has only finitely many prime divisors. Let
p be a prime element of L. By Lemma 1 and Lemma 2, p = /7 for some z € L,. By
hypothesis p = p, = a, for some a € L. Note that p = vz Va and (z V a), = p,.
Let 1y = = V a and let p, p1,...,p, be the prime divisors of ;. Without loss
of generality assume that p < p; for ¢ = 1,2,...,n. Again by hypothesis, there
exist 7; € L. (1 = 1,2,...,n) such that (p)p, = (Vi)p, for ¢ = 1,2,...,n. Let
T2 =21 VY1 VY2 V...V, Then p = /x3 and (z2),, = (p)p, fori=1,2,...,n. We
show that for 1 < i < n, p; is not a prime divisor of z5. Choose any y; € L, such that
y; < p; and y; £ p. Then each y; is prime to p and each y; is prime to (p), = (z2)p, -
This shows that H(,,), N[0 p;] # (). Consequently, no p; is a prime divisor of z5.
Suppose that g (¢ # p) is any prime which contains zo and suppose that p; £ ¢ for
any 4. Since x1 < 3 < ¢, we have p < ¢. Again since p = \/z1, it follows that p is
the unique minimal prime divisor of z;, so p, is the unique minimal prime divisor
of (z1)y (by Lemma 6 (i)) in L,. So p, is a B,-prime of (r1),. Again if ¢ is a
B,,-prime of (x1)q in Lg (¢’ is a prime element and ¢’ < ¢), then by Lemma 6 (ii), ¢/
is a By,-prime of 71 in L, so ¢ is a prime divisor of z; and hence ¢’ = p (since p; £ ¢
for any 7). Therefore p, is the unique B,,-prime of (z1),, so by Lemma 6 (iii), 21, is
pg-primary and again by Lemma 6 (iv), (x2)q = pg- As p < ¢, ¢ is not a prime divisor
of z3. Therefore if p,p},ph, ..., p,, are the prime divisors of xo, then for 1 <i < m,
p; > p; for some j, 1 < j < n. As L satisfies a.c.c. for prime elements, a finite
number of repetitions of the above procedure yields a compact element z3 € L, such
that (z3), = pp and p is the unique prime divisor of z3. So by Lemma 6 (iii), z3 is
p-primary and hence x3 = p. Consequently, p is compact. Thus every prime element
is compact and the proof is complete. O

Definition 5. An element x € L is said to be a modular element (or an
m-element) if for any a,b € L, a > b implies a A (x Vb) = (a A z) V b.

Definition 6. An element z € L is said to be an M-element if ™ is an m-element

for every positive integer n.

Note that L is a modular lattice if and only if every element is an m-element.
Also it is not hard to show that L is a modular lattice if and only if every compact

element is a modular element.
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A weak meet principal (meet principal, principal) element z is said to be m-weak
meet principal (m-meet principal, m-principal) if 2 is a modular element.

Theorem 4. Suppose L is generated by compact m-weak meet principal ele-

ments. If every prime element is compact, then every element is compact.

Proof. Suppose every prime element is compact and let ¥ = {z € L |
x is not compact} be a non empty set. By Zorn’s lemma, ¥ has a maximal ele-
ment, say p. By hypothesis p is not prime, so there exist compact m-weak meet
principal elements x,y € L such that 2y < p, z € pand y £ p. Sop < pV z,
p < p:x and hence pV x and p : x are compact elements. Since p V x is compact, it
follows that pVx = p; Vx for a compact element p; < p. Observe that p < p; Vx, so
p=pA(xVp)=p1V(pAcz) (as z is an m-element) = p; V ((p : x)z) (as = is weak
meet principal) and therefore p is compact as p1,z, (p : ©) € L.. This contradiction
shows that every element is compact. ([

An element a € L is said to be meet irreducible if a = b A ¢ implies either a = b or
a = c. It is well known that if L satisfies a.c.c, then every element is a finite meet of

meet irreducible elements.

Lemma 7. Suppose L is generated by M-meet principal elements and let a € L
be a meet irreducible element. If {(a : x) | x € L} satisfies a.c.c., then a is primary.

Proof. The proof of the lemma is similar to that of [6, Theorem 3.1]. O

Theorem 5. Suppose L is generated by compact M-meet principal elements.
If L is a Noetherian lattice, then L satisfies the conditions (i)—(iv) of Theorem 3.
Conversely, if every prime element is locally compact and L satisfies the conditions
of Theorem 3, then L is a Noetherian lattice.

Proof. The proof of the theorem follows from Theorems 1, 3, 4 and Lemma 7.
O

Theorem 6. Let L be a quasi-local lattice generated by M-principal elements.
Suppose the maximal element m is compact. Then the following statements are
equivalent:

(i) L is a Noetherian lattice.
(ii) Every compact element of L has a normal primary decomposition.
(iii) For any two compact elements a and b of L, there exists an integer n such that
(aVvb)A(a:bt)=a forl>n.
(iv) K (m"™ V a) = a for all compact elements a of L.

n=1
(v) Ifb=aV mb and a € L., then a = b.
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Proof. (i) = (ii) follows from Lemma 7 and by imitating the proof of [3,
Theorem 4.1], it can be easily shown that (ii) = (iii) = (iv). (i) = (iv) and (i) = (v)
follow from [1, Corollary 1.4 and Theorem 1.1]. Now we prove that (iv) = (i) and
(v) = (i). Suppose L is not Noetherian. By the proof of Theorem 4, there exists a
prime element p such that p is maximal among the set of all non compact elements.
Clearly p # m. Choose any M-principal element < m such that z £ p. Then
z" £pforalln e ZT. Let n > 1. Then p < pVa™, sopVz" is compact and hence
pVz™ = p1 Vz" for a compact element p; < p. If a < p is any principal element, then
aVpr=(@aVp)A{pivz™)=p1V((aVp)Aa™)=p1 V(((aVpr):a™)a™) as 2™ is
an m-principal element. Since (a V p1) : 2™)a™ < p, ™ £ p and p is prime, it follows
that (aVp1):a™) <p. Soa < p1Va"p < pr Vm"p and therefore p = p; Vm™p and
this is true for all n € Z*. Consequently, either (iv) or (v) implies that p = p;, a
contradiction. This shows that L is a Noetherian lattice and the proof is complete.

O

Theorem 7. Suppose L is generated by M-principal elements. Then the follow-
ing statements are equivalent:
(i) L is a Noetherian lattice.

(ii) The maximal elements of L are compact and every compact element of L has a

normal primary decomposition.

Proof. (i)=(ii) follows from Lemma 7. Suppose (ii) holds. By hypothesis and
Lemma 4, every compact element of L,, (m is a maximal element) has a normal
primary decomposition, so by Theorem 6, L is a locally Noetherian lattice. Again by
Theorem 5, L is a Noetherian lattice. This completes the proof of the theorem. [

Corollary 1. Suppose L is an r-lattice in which every compact element is a
finite meet of primary elements. If p is a compact prime element minimal over a

principal element, then rankp < 1.
Proof. The proof of the theorem follows from Theorem 6 and [6, Theorem 6.4].
(|

Corollary 2. Suppose L is an r-lattice in which every compact element has
a normal primary decomposition. If the prime elements are comparable and the

maximal element is compact, then dim L < 1.

Definition 7. L is said to be a Laskerian lattice if every element is a finite meet

of primary elements.
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Noether lattices [6] are Laskerian lattices. If R is a Laskerian ring (see [7], [9]),
then the lattice I(R) of all ideals of R is a Laskerian r-lattice. If L is an idempotent
(i.e., a® = a for all a € L) distributive lattice satisfying the ascending chain condition,
then L is a Laskerian lattice ([1, Theorem 6.1]).

We need the following lemma.

Lemma 8. Let L be a Laskerian lattice generated by strong join princi-
pal elements. If p is a prime element containing a, then a, = N{q | a <
q and q is p-primary}.

Proof. Let b= A{¢|a < ¢qand qis p-primary}. Clearly a, < b. Suppose
ap < b. Then there exists a strong join principal element z < b such that = £ a,,.
As L is Laskerian, it follows that a V xp has a normal primary decomposition, say
aVap=q A...\qn, and p; = \/q; (¢;° are p;-primary). By Lemma 4, (a V zp) =
N4 | pi < p}. By Theorem 1.4 of [2], z, £ (aV xp),, so z, £ ¢ (p; < p) for some i
and hence z £ ¢;. Again since zp < ¢;, it follows that p < p;, so ¢; is p-primary.
This contradiction shows that b = a, and the proof is complete. (I

Theorem 8. Suppose L is generated by strong join principal elements. If L is
Laskerian, then L is a compactly packed lattice.

Proof. Suppose L is Laskerian. Then clearly L contains only finitely many
minimal primes. So by Theorem 2, it is enough if we show that L satisfies a.c.c. on
prime elements. Let pp < p1 < pj < p2 < ph < ps < p5 < ... be a chain of prime
elements. By Theorem 1, every element has only finitely many zs-primes. We show
that there is an element ¢ € L such that ¢ has infinitely many zs-primes. First we
show by induction that for n € Z T there exist qi,...,q, € L, a,, b, and strong join
principal elements x1, x5, ..., z, in L such that

(i) ¢; is p;-primary for i and a, = g1 A ... A ¢n,
(ii) for 1 <i < n we have z; < A ¢; and z; £ ¢;,
Ve
(i) 21 Vo V...V, < by, an gbn and every zs-prime of b, is contained in p/,.

Suppose n = 1. Then take g; = p1. Since p; < p} and p; is nonminimal, it follows
that 0, < p1, so by Lemma 8, p; £ ¢} for some p)-primary element ¢i. Choose
any strong join principal element 1 < ¢f such that z1 £ ¢i. Let by = (T1)p! -
Clearly ¢1 = p1 £ bi. As L is Laskerian, b; has a normal primary decomposition,
say by = hi A ... Ahy, 73 = Vhi (b} are ri-primary elements). Since by = (by),, by
Lemma 4 we have r; < pj fori =1,2,...,n. Again by Theorem 1, r/* (i = 1,2,...,n)
are the only zs-primes of b;. Therefore each zs-prime of by is contained in p}. Thus
the conditions (i), (ii) and (iii) are satisfied.
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Suppose we have q1,...,¢qn, an, b, and strong join principal elements satisfying
(1)—(iii). Since a, % by, there exists a strong join principal element y,, 41 such that
Ynt+1 < Gp and Ypn41 f_ by Since p], < pp4+1 and by, < prpi1, by Lemma 8 there exists
a pp41-primary element ¢, 41 such that b, < ¢p41 and yYp41 £ gny1. Define a,41 =
an A gnt1. We show that a1 £ b,. As L is Laskerian, b,, has a normal primary
decomposition, say b, = h1 A ... A hg, 7, = V/h; (1 <i < k) where 7/* are zs-primes
of by,. By (iii), each r; < p/, and therefore g,+1 € r; for i =1,2,..., k. If apy1 < by,
then a, A ¢np1 < by, < h; for i =1,2,... k. Since ¢41 € 7 for i =1,2,....k and
hl? are r;-primary elements, it follows that a, < /k\ h; = bn, a contradiction. This

i=1
shows that a,11 f b,. Note that b, = (b”)P%H since each r; < p;, < p,,; and by

Lemma 8, b, = )\é\A{C/\ | bn, < cx and ¢y is a p), | -primary element}. Since an41 €
by, it follows that a,41 € ¢y for some A € A. Consequently, a, 41 £ (bnVynt1c)
as (bp V Ynt160)p,
strong join principal element r < ¢y such that r f_ Pn+1. Define x,, 11 = yp417 and

p;l+1
< exn. Asppyr < p;m, we have c) ;(_ Pn+1, SO there exists a

bpt1 = (bp V xn+1)p;l+1. Observe that z,11 is a strong join principal element. Since
Ynt1 & Gnt1 and r £ poo1, it follows that 2,11 € gn41. Thus (i) and (ii) are satisfied
for q1,42,...,Gnt1 and 1, 29,...,2,11. Moreover, (iii) is satisfied for b,1, by the
choice of x,, 41 and b,,+1. Therefore, we conclude by induction that there exist infinite
sequences {q; 1524, {an 2y, {x:}52, and {b,}32, such that the conditions (i), (ii)
and (iii) are satisfied for all n. Now let us define a = K ap. Since z,, < A ¢; and

n=1 j#En
Tp £ Gn, it follows that (a : z,) = (an : ) = (gn : ) IS py-primary, so p, is a

zs-prime of a and this is true for all n. Therefore a has infinitely many zs-primes.
This contradiction shows that L satisfies a.c.c. on prime elements and the proof is
complete. O

Theorem 9. Suppose L is generated by M -principal elements. Then L is Laske-
rian if and only if L satisfies the following conditions:
(i) L is a compactly packed lattice.
(ii) For each a € L, there is a prime element p minimal over a and an M-principal
element x £ p such that (a : z) is p-primary.

Proof. Suppose L is a Laskerian lattice. By Theorem 2 and Theorem 8, L is
a compactly packed lattice. Again by imitating the proof of Theorem 1 ((i) = (ii)),
it can be easily shown that L satisfies the condition (ii).

Conversely, assume that L satisfies (i) and (ii). Let a € L and let p be a minimal
prime over a such that (a : z) is p-primary for some M-principal element z £ p.
Then (a: z)A(aVz) = ((a:z)Aa)V((a:z)Az) (x is a modular element) = aV ((a :
) Ax)=aV ((a:2?)z) (as x is weak meet principal). Note that (a : 22) < (a : )
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since £ p and (a : z) is p-primary. Therefore (a : 2%)z < (a : )z < a and
hence a = (a: z) A(aVz). Putag = (aVa)and ¢ = (a: ). Then a = g1 Aay
where \/a < /a1 since x < /a;. Similarly a; = g2 A ag where ¢ = (a1 : y) is
pi-primary, p; is a minimal prime over a1, y £ p1 is an m-principal element and
Va1 < y/az. By continuing this process, we get sequences of elements g1, q2,...,qn
and a1, as,...,a, such that a;—1 = ¢; A a;, q; is primary for i = 1,2,...,n (ag = a)
and \/ag < /a1 < /az < ... < ./a,. Since L satisfies a.c.c. on radical elements, it
follows that \/ag < \/ar < \/a2 < ... < ./ay is a finite chain with ,/a, as a maximal
element. Then a, = 1 and hence a = ¢1 A ... A g,. This shows that L is Laskerian
and the proof is complete. O

Lemma 9. Suppose L is a compactly packed lattice. Let a € L and let p be a
minimal prime over a. Then p = \/(a : z) for a compact element x % p.

Proof. Let a € L and let p be a minimal prime over a. Since L satis-
fies a.c.c. on radical elements, it follows that I' = {\/m | v € Ly, v £
p and p is a minimal prime over \/m } has a maximal element, say \/m .
Suppose pg is any other minimal prime over \/(a:—x) . Choose any element y < po
such that y £ p. Since 2y £ p and \/(a : x) < \/(a : 2y), it follows by the maximal-
ity that \/(a:2) = \/(a:2") = \/(a:2y) < \/(a:ay™) for all m,n € Z*. Since
y < po and pg is any other minimal prime over /(a : ), it follows that there exists
z j(_ po such that y"z < y/(a: x), so z < /(a: x) < po, a contradiction. This shows
that p is the unique minimal prime over \/W and hence p = \/W . ]

Lemma 10. Suppose L is a compactly packed lattice in which every primary
element with non maximal prime radical is compact. Then for each a € L, there is
a prime element p minimal over a and a compact element x % p such that (a : z) is
p-primary.

Proof. Leta € L and let p € L be a minimal prime over a. By Lemma 9,
p= \/(a:—:z:) for some = £ p. If p is maximal, then (a : x) is p-primary. Suppose p
is non maximal. Note that ¢ = a, is p-primary. Again by hypothesis, z¢ < a for a
compact element = & p. As g is p-primary, it follows that ¢ = (a : z). O

Theorem 10. Suppose L is a compactly packed lattice generated by M -principal
elements. If every primary element with non maximal prime radical is compact, then

L is a Laskerian lattice.

Proof. Suppose every primary element with non maximal prime radical is
compact. Let a € L and let p be a minimal prime over a. Then by Lemma 9 and
Lemma 10, (a : x) is p-primary for a compact element x £ p. As L is generated
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by M-principal elements, it follows that there is an M-principal element z; < «
such that z; £ p. Since (a : z) < (a : 1) and (a : ) is p-primary, it follows that
(a:x) = (a:x1). Now the result follows from Theorem 9. O

Let v* = A{m € L | m is a maximal element of L}. The element r* is called
the Jacobson radical of L. The following theorem gives some of the properties of
Laskerian lattices.

Theorem 11. Suppose L is a Laskerian lattice generated by compact join prin-
o0
cipal elements. Let a,c € L and let b= A (a™ V ¢). Then the following statements
n=1
hold.

(i) If a is compact and a < r*, then b = c.
(i) 0= A{q € L | q is m-primary for a maximal element m of L}.
(iii) If both a and b are compact elements of L, then b = V{r € L | r is join principal,
aV(c:r)=1}.
(iv) If both a (a < 1) and b’ = /\ a™ are compact elements of L, then /\ a™ =0 if

and only if there is no zero d1v1sor r (# 0) such that a Vr =1. =

Proof. (i) Suppose a is compact and let a < r*. Let m be any maximal
element of L. Note that for any m-primary element ¢ of L b < ¢ if and only if ¢ <
Therefore by Lemma 8, b,, = ¢, and hence b = c.

(ii) Let = be any compact join principal element such that ¢ < A{q € L |
g is m-primary for a maximal element m of L}. Then by Lemma 8, z,,, = 0,, for
every maximal element m of L. Consequently, x = 0.

(iii) By imitating the proof of [1, Theorem 1.2], we can get the result and (iv)
directly follows from (iii). This completes the proof of the theorem. O
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