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1. INTRODUCTION

In 1938, Ostrowski [1] (see also [2, p. 468]) proved the following integral inequality:

-y o~ [ e < [+ g o -

where f: [a,b] — R is a differentiable function such that |f'(z)| < M for all x € [a, b].
G. V. Milovanovi¢ and J. Pecarié¢ [3] and A. M. Fink [4] (see also [2, p. 470]) have
considered generalizations of (1.1) in the form

(1.2)

s+ "Zlmgc)} - /bf(t> dt‘ < K(n.p.2)| ™,
2 s

where Fi(x) is defined by

(1.3) Fi(z) = W —a)
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so that they estimated a “two point expressions of f”. For n = 1 the above sum is
defined to be zero. As usual, let 1/p+ 1/p’ = 1 with p’ =1 for p = o0, p’ = 0o for

wm(LﬂﬂmwQ;

In fact, G.V. Milovanovi¢ and J. Pecari¢ have proved that ([2, p. 469])

p=1, and

(x —a)"* + (b — )" t!

(1.4) K(n,o0,x) = DT (b=

while A. M. Fink gave the following generalization of this result ([2, p. 473]):

Theorem 1. Let f("~Y) be absolutely continuous on (a, b) and let ™) € L,(a,b).
Then the inequality (1.2) holds with

w_anp/l _xnp/ll/p/ ,
(1.5) K(n,p,x)= I ) +n!—é_b<b ) o] B((n—1)p +1,p +1)/7,

where 1 < p < oo, B is the beta function, and

(n—1)n1

(1.6) K(n,1,z) = wl (b —a)

max[(z — a)", (b — x)"].
Moreover, for 1 < p the inequality (1.2) is the best possible in the strong sense that
for any x € (a,b) there is an f for which equality holds at x.

In fact, for n = 1 relation (1.6) becomes

1
(1.7) K(1,1,z) = b—max[:z:—a,b—x].

This result was recently obtained by S. S. Dragomir and S. Wang [5] in an equivalent

form

1 1
. K(1,1 = -
(13) (1 10) = 5+ |0

a+b
5 |

Of course, since max[(z — a)™, (b — x)"] = max"[(z — a), (b — x)], one can write (1.6)

|

in an equivalent form

a+b

(1.9) K(n,1,z) = 5

T —

(n—1)n"1 {b —a
nln?(b—a)| 2
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Dragomir and Wang have also given various applications of their result. Moreover,
Dragomir and Wang [6] also obtained (1.5) for n = 1, that is

(@ = @) + (b= )Pt

(1.10) K(1,p,z) = (b—a)(p + 1)1/¥

and gave various applications of this result.
In this paper we will give generalizations of the previous results as well as some
related ones.

2. SOME IDENTITIES

Let (P,) be a harmonic sequence of polynomials, that is P, = P,_1, n > 1,
Py = 1. Furthermore, let I C R be a segment and let f: I — R be such that f(—1)
is absolutely continuous for some n > 1. Then the following generalized Taylor
formula is valid [7]:

(2.1) ) = 1@) + Y (DB ()P (@) — Poly) F D ()]
AV I OO

for z,y € I. If we set x = a, y = b, n = m+ 1 and replace f(t) by f; f(u)duin (2.1)
we get

b

(2.2) f)ydt =Y (=) [Prla) f* "V (a) = Pu(b)f 4D (b)]

a k=1

(—1)™ /b P (t) ™ (¢) dt.

+

By integration, (2.1) becomes

n—1

b
(2.3) | 1way=06-a [f<x>+z<1>kpk(x>f<k><x>
a k=1

n—1

b
~ Y (- / Pey)f® () dy

k=1 a
+(=1)" /b/$ Pn71(t)f(n)(t) dt dy.
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Using (2.2), we have

n—1

b
[ 10d= 00|10+ X0 i@ e)|
n—1r k = . b
- [Z(l)ﬂ[P-(b)fM(b)Pj( @)+ [ f<t>dt]

that is,
b n—1

@) 0 [ 1= -0 5 + X0 e
@ k=1

- ;(—1)k(n — B[P0 f* D (b) = Pe(a) £V (a)]
b (=1)m /b/y Po1 (8 £ (1) dt dy.
Using the notation
F, =

and

relation (2.4) becomes

1 n—1 . ) nflw 1 b
23 [0+ T nee L] - 2 [ o
k=1 k=1 @
(-1t

b
B n(b—a)/ Po_1(t)k(t, x) £ (t) dt.

The above sums are defined to be zero for n = 1.
For the harmonic sequence of polynomials
(t —af

Pe(t) =~ k>0,
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relation (2.5) becomes a result from [4]:

(2:6) HICE ; Fu(o)

= # ’ _ \n—1 (n)
ol (b—a)/a (& = )" k(t,2) f(¢) dt

where Fj(x) is defined by (1.3).
For the harmonic sequence of polynomials

Pk(t):%@fa;b)k, k>0,

relation (2.5) becomes

en Mo S G e e
k=1

— (b—a)*'(n—k)
k! 2k

b—a/f

= (b—a)/a (a;b t>n_1k(t’x)f(n)(t)dt

Let us transform relation (2.5) to a form suitable for harmonic sequences defined on
the segment [0,1]. Set f = h, x = u, a =0 and b = 1. We have

(2.8) [ z_: 1)* Py (w)h ™ (u +ZH;€}—/O (t)dt

k=1

_ = )

+ [FED (@) = (=) FE D o))

/ Py (O)k(t,w)h™ (t) dt

0

where Hy = (—1)*(n — k)[Px(0)h*~1(0) — Pp(1)R*~1(1)] and

Bt t if e 0,ul,
)u =
t—1 if te (ul1].

Now, for h(t) = f(a+t(b—a)) and u = =2 we have h(¥) (t) = (b—a)* f¥) (a+t(b—q))
and h®) (u) = (b — a)* f*) (z). Further,

Hi = (=1)*(n = k) (b — )1 [Pe(0) ¥V (a) = P(1)f*) (0)]
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and

/JBPNQRQMMMUMH
0
= (b—a)" 1}g1@n{u%——)ﬂmm+¢@—a»a

) F e =)0

(
~0-ay [ Pt (A0 b)) dy

since E(%, 2=4) = ~L_k(y,z). Therefore (2.8) becomes
n—1
29 i[rw+ X0t n(Fo0) M0 + Zm]
k=1
b
S el AL
(-1

b
e e - (y*“)k (™) (4) dy.
Lo =02 [ P (= bl ) )
This identity is suitable for some harmonic sequences of polynomials. Let us give
two examples: Bernoulli polynomials and Euler polynomials.

Bernoulli polynomials B, (t) can be defined by the formula

", x| <2m, teR.

They satisfy the relation [10, 23.1]: B/ (t) = nBp_1(t), n € N.

The sequence P,(t) = 2;B,(t), n > 0, is a harmonic sequence of polynomials.
The numbers B, = B,(0), n > 0, are called the Bernoulli numbers. We also have
By (1) = B, (0) = By >2, and Baygy =0, >

Now, for P,(t) = ( ), 0 <t <1, formula ( .9) becomes

(2.10) %[f(l’)-i-ni S (b—a) Bk(b )<k> +ZHk]

k=1
b
—bia £(t) dt
1yt b _
- - [ B (ke Y ay
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where f[; = 0 for k£ odd, and

7, = OO g6 ) 00 )

for k even, and B}, is the Bernoulli number.
The other sequence important in this context is the sequence of Euler polynomials.
These polynomials can be defined by the formula

t
)x”, lz] <m, teR

They satisfy the relation [10 23.1]: EL(t) =nEn,_1(t), n € N.
The sequence P, (t) = —E,(t), n > 0, is a harmonic sequence of polynomials.
Further, we have

2
E.(0)=—E,(1) = 7n—+1(2n+1 —~1)Bpyi1, neN

Now for P,(t) = £ En(t), 0 < ¢t < 1, formula (2.9) becomes

(2.11) Hf(anl(l)k(ba)km(i )U“) +ZH;€}

— k!
b
- : — [ st
-1 n—1 b —
- - [ By (L) )

where f—fk = 0 for k even, and

—~ 22t —1)(n —k)

(2.12) Hy, = ) (b— a)* ' Bya [F* D (a) + FED (p)]

for k£ odd, and By is the Bernoulli number.
Relation (2.5) can be modified in another way, very useful in our context, by
replacing P, (t) by P, (t — z). We get

(2.13) [ z_: 1)* P (0)f® ( +ZFk }

(1)

n(bfa)/a P (t —2)k(t,x) [ (t) dt,
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where

(=D*(n—k)

Fi(x) = [Pe(a —2) %V (a) = Po(b —2) f* D (D).

It is clear that (2.6) is a special case of this formula.

The notation of this section will be used throughout the rest of the paper.

3. GENERALIZATION OF MILOVANOVIG-PECGARIG-FINK INEQUALITY

Theorem 2. Let f: [a,b] — R be such that f("~1) is absolutely continuous for
somen > 1 and f € L,a,b], 1 < oco. Then the inequality

(3.1) ‘ [ +Z Ve Py () f ) (2 +ZFk]——/f dt‘
< (n pa)| f ™y

holds for = € [a,b], and

(3.2) C(n,p,x) = [ Pr—1 k(s )|

1
n(b—a)
where 1/p+ 1/p' = 1.

Proof. By (2.5) and Holder’s inequality we have

{ +Z Y P(z) f*) (x +ZFk]——/f dt‘

_1\n—1 b
%/ Pnl(t)k(t,x)f(")(t)dt’

b
i | POkl ) £00)

n(b—a)

%‘1 [/b [P (t)k(t, 2 dt] " Uab PARIGIi dt} w

C(n,p, 2)[f ™I,

N

//\

and (3.1) follows. O
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Corollary 1. Under the assumptions of the above theorem, we have

n—1 b
sl 2 A - i [ roa] < Kapols o,

where F(x) is given by (1.3) and K (n,p,x) by (1.5).

Proof. SetPy(t) = #(t—2)*, k > 0, in the theorem. The corollary is equivalent
to Theorem 1 proved in [4], where we can find some additional interesting results

concerning this inequality. O

Corollary 2. Under the assumptions of Theorem 2, we have

%{f(:z:) " ; (*kl!)’€ (I - a;rb>kf(k)(x)

b
+Z L) - s - o [

b—a

< (n )| F ™,
where H(n,p, ) = — = a)HPn 1k @)

Proof. Set Pk(t):%(t—‘%b)k,k>0, in Theorem 2. O

Remark 1. The estimate H (n, p, z) cannot be calculated easily. It can be roughly
estimated by
(b—a)t

H(n,p,2) < i

One can easily see that * — H(n,p,x) has its maximum at * = a or = b and

minimum at r = “TH’. This mimimum can be calculated as

a+b b—a)ti/p
>f

H(n’p " ol

B((n—1)p' + 1,p' + )7,

where B is the beta function.
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4. INEQUALITIES OF DRAGOMIR-AGARWAL TYPE

S.S. Dragomir and R.P. Agarwal [8] have proved the following result:

Let I C R be an interval, a,b € I, a < b, f: I — R a differentiable function. If
|f|2 is convex on [a,b], where 1/p+ 1/q¢ = 1, 1 < p, then the following inequality
holds:

(4.1)

‘f(a)vL

2 *bi /bf(t)dt‘g b-a [If’(a>|q+|f’(b)|q]1/q.

2(p+ 1)/p 2

C.E.M. Pearce and J. Pecari¢ [9] have shown that the result can be improved,
namely, the following inequality is valid for g > 1:

- /f dt‘ a{lf()l“+|f’(b)|q}1/q'

2

w2) ’f(a) 2

Some similar results are also obtained in [9].

Here we will give some related results.

Theorem 3. Let I C R be an interval, a,b € I, a < b, f: I — R, n € N,
1/p+1/p' =1, p>1. Let f*=V be absolutely continuous on [a,b] and such that
U (z) exists for all x € [a,b]. Put

a(z) = f: =2 Py_1 (t)k(t, )| dt
| (B)k(E )] dt

, z € (a,b).

(i) If | f")|?" is convex on [a,b], then

(4.3) ’ { Z )* Py () f ) ( +ZFk}—/f dt‘

é m/ﬂ |Pn71(t)k(t,l')|dt
x [a(@)| fP O + (1= al@))|f ()]
(ii) If | f™)| is concave on [a,b], then
%[mwi( Pl +2Fk]——/f )at

e | Bk a1 e+ (- e

(4.4)
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Proof. (i) Let us use the identity (2.5), Holder’s inequality and Jensen’s discrete
inequality. We obtain

n—1 nle ,
g [f () + 2 (D @) fP(a) + 3 Fk] S=TRL dt’
k=1 k=1 a
b
n(b—a)/a |[Pa1(0)k(t, 2)| - [ £ ()] dt

<o/ P 00k ) a " |/ P () 1P a "
S T
<[ [ 1m0 o
s [ wrenna] T [iowr [ e ok L a
FOOP [ 1Pk al "

1 b , o
— m/ |Pn—1(t)k(t,1‘)| dt - [Oz(.%‘)|f(n)(b)|17 + (1 _ Oé(.’L‘))|f(n)(a)|p ]1/p )

(ii) Again by the identity (2.5) and Jensen’s integral inequality, we have

[ +Z 1)* Py () f 8 ( JFZFk}—/f dt’

i [ 1Bk Ot
n><f |Po_1(t)k (t,z)|tdt)‘

S|P (8) (2, )| dt

ﬁ/ | Pt (8)k(t, )| i -

= m/a |Po—1(0)k(t, x)| dt
Ju | Pac1 (Ok(t, @)| (4L a + $=20) dt
(n)
| ( [Pt (t)k(t, )| dt )‘

b
= a7 [ 1Pkl de- £ a@p+ (1 = aa)al,

which proves our assertion. (]
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Corollary 3. Let f be as in Theorem 3 (i). Then

%{f(x)vLT;Fk(x} f—/ f(t dt’
(x —a)" Tt + (b — z)" !
CES

@@ O + (1= a@) " @) 77

where F(x) is given by (1.3) and a(z) by

2(z —a)[(z —a)" 4 (b—2)" ]+ (b —a)(b — )"

) = T - e — ) ¥ b— )]

Let f be as in Theorem 3 (ii). Then

%[f(x)JrnZle(ff] b_a/f dt'

(x—a)" ™+ (b— )"t
n(n+ Db —a)

M (@@ + (1~ a(x))a).

Proof. Set Py(t) = (t — )", k> 0. Then

_ n+1 _ n+1
/|Pn (k) ar = EZ T o)
(n+1)!

and

b
/ (t — )| Pa_1 (t)k(t, )| dt

2(z —a)[(z —a)"™t + (b—2)" ] +n(b—a)b—x)"!
(n+2)! ’

which proves our assertion.

Corollary 4. Let f be as in Theorem 3. Put

a — (n — — )kt
A= (550) + X ) - ()
k=1 ’
1
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(i) If [ f™|?" is convex on [a,b], then

PP PLICESTATCA N

2nn(n 4+ 1)! 2

(ii) If |f™] is concave on [a,b], then

1< pag il (5O

Proof. The result follows by putting z = %(a + b) in Corollary 3. |

Remark 2. For n = 1 the inequalities of the above theorem become

atby 1 [ b—a [l B +|f (@) ]
’f(z)_m/af(t)dt’g 4 { 2 }

and

'f(“jb)—ﬁ/abf(t)dtk P

These inequalities have been proved in [9].

e

5. INEQUALITIES OF HADAMARD TYPE

The Hadamard inequalities for convex functions are one of the cornerstones of
mathematical analysis: if f: [a,b] — R is a convex function, then

f(a+b) < — /bf(t)dtgwl

2 b—a 2

Here we will give some generalizations of these inequalities. We use the same notation
as above. Further, to simplify notation, we denote the expression

1|2+ :i(l)’fpk(mﬂ“(x) +§ﬁz<x>] - [ rwal

by J.(z) and let
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Theorem 4. Suppose that
(5.1) P,_1(t —2)k(t,z) >0, forall t€ [a,b].
If f(")(t) > 0 for every t € [a,b], then J,(z) = 0. If f(")(t) < 0 for every t € [a,b],

then J,(z) < 0. Moreover, if the reverse inequality holds in (5.1), then we obtain
the reverse inequalities for J,(x).

Proof. The identity (2.13) can be written as

Jn(z) = m /ab P (t — 2)k(t, 2) (1) dt
Our assertion follows immediately from this relation. d
Theorem 5. Let f(™) be convex on [a,b] and let
P,_1(t —2)k(t,z) 20 or P,_1(t—x)k(t,z) <0

for every t € [a,b]. Then

In(2)

S S B@I®) + (1 B (@)

FM(B)b + (1 - Bx))a) < n(b—a)

where

b
Blx) = 15 @ /a (t —a)Ph—1(t — z)k(t, z) dt.

(b—a)S,
If £ is concave on [a,b] the reverse inequality holds.

Proof. Let (5.1) hold. Then S,(z) > 0 and by applying Jensen’s integral
inequality to the relation (2.13) we have

1

b
Jn(z) = O / P 1 (t — 2)k(t,z) f () dt

ﬁsn(x) : f“”(snl(x /b Po_1(t — 2)k(t, m)tdt)
e (s -l 299
)b+

WV

1
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On the other hand, by applying discrete Jensen’s inequality to relation (2.13), we
have

b
Jn(z) = m/ Po 1 (t — 2)k(t, 2) O (1) dt

1 b b—t  t—a
=—— [ P,i(t— (n) (—— b)dt
n(bfa)/a it =a)k(t, ) f (bfaa—i_ b—a )

S ﬁsn(w) C(B2) F P (B) 4+ (1 — () f ™ (a)),

which proves our assertion in this case. If the reverse inequality holds in (5.1), apply
the same calculations to —.J,(x) and —S,,(z). If f) is concave on [a, b], apply the
above arguments to — f (). O

The important case of the harmonic sequence of polynomials Py (t) = %tk, k>0,
admits explicit calculations. In this case we have

. b
) = 0 [ @)+ S B - 2 [ s,
k=1 @
Rle) = V@) e = )t = S 0w~ )]
and .
Sn(z) = m[(a — )" —(b—a)" .

If n is odd, then P,_1(t — x)k(t,z) changes its sign on [a,b] (except for z = a or
x =10b). If n is even, then

P,_1(t —2)k(t,z) <0 forallt € [a,b],
Sn(r) = m[(fﬂ —a)™ 4 (b —2)" ]

and

a —a)"t!
5.(57) =~

and the above theorem applies. If x = a or z = b the theorem applies for every n.
For every n we have

(b—a)"t!

_ —7(1)_ a)"™ and S, (a) = —W.
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Corollary 5. Let f(") be convex on [a,b] and let n be even. Then
F™@()b + (1 - a(z))a)
n(b—a)(n+1)! 1 n-l 1 b
< (.’L’ _ a)n+1 + (b _ m)n_i,_l [E |:.f(SC) + ]; Fk(il?):| — b—a /a f(t) dt:|

< a(@) f" ) + (1 - a(@) ™ (a)

where a(x) is defined in Corollary 3.

1]

Proof. The result follows by putting Px(t) = %tk, k > 0, in Theorem 5. O

Corollary 6. Let f(™ be convex on [a,b] and let n be even. Then

CI RN HIED

Ly )k —
+ 30 O R e ) (e
k=1 )

bia/abf(t)dt]

S RUE )

Proof. The result follows by putting # = %(a + b) in Corollary 5. O
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