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Abstract. Examples of non-finitely generated function algebras on planar sets with small
maximal ideal spaces are given.
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1. INTRODUCTION

In this paper we are interested in function algebras on a compact Hausdorff
space X, i.e. subalgebras of the Banach algebra C(X) (provided with the supre-
mum norm on X) of continuous complex-valued functions on X which separate
points of X, contain the constant functions and are closed in C'(X). If f1,..., f, are
continuous on X, then [fi,..., fn; X| denotes the smallest uniformly closed algebra
of functions on X generated by fi,..., f, and the constant functions. Note that
[f1,--., fn; X] is a function algebra on X if fi,..., f,, separate the points of X. The
finitely generated function algebras are (isomorphic to) the algebras of uniform lim-
its of analytic polynomials on compact subsets of C". As far as we know, not much
is known about non-finitely generated algebras. For instance one might think that
the maximal ideal space of such an algebra should be big. This is not necessarily
the case. We give examples of infinitely generated algebras which have a disk as its
maximal ideal space.

By D we denote the closed unit disk in the complex plane and by IT' its boundary.
The algebra A(D) is the disk algebra and counsists of all continuous functions on D
which are analytic on the interior of D.

For more facts on function algebras, consult [1] and [5].
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The main idea for our examples is the simple linear algebraic proof of the following

two propositions.

2. PROPOSITIONS

Proposition 1. Let B = {f € A(D): f'(0) = ... = f")(0) = 0}, which is a
function algebra on D. Then the number of generators of B is at least n + 1.

Proof. Let fi,...,f, be elements of B, let C = [f1,..., fn; D] and define a
linear map A: B — C"*! by

A(f) = (F(0),..., FE(0)).

Note that A(C) equals the linear span of A(f1),...,A(f,). Also A(B) equals C**1.
2n+1

This can be seen using elements of B of the form Y «2*. Hence C # B. O
k=n+1

Proposition 2. Let aj,...,a,+1 be different points of the interior of D. Let

B ={f € AD): f(a1) = ... = f(ant1)} (which can be considered as a function

algebra on T'). Then the number of generators of B is at least n + 1.

Proof. Let fi,...,f, be elements of B, let C = [f1,..., fn; D] and define a
linear map A: B — C"*! by

A(f) = (f'(a1), -, f(anta))-

Again A(C) equals the linear span of A(f1),...,A(fn).
Using elements of B of the form p(z)II}1](z — ax) where p is a polynomial it
follows that A(B) equals C"!, hence C # B. O

3. AN EXAMPLE

The maximal ideal space AB of the algebra B in Proposition 1 coincides with
D. This follows from the fact that the kernel of a continuous point derivation of a
function algebra is a function algebra itself with the same maximal ideal space. The
maximal ideal space AB of the algebra B in Proposition 2 is gotten from the disk D
by pinching together the points a1, ...,a,+1 (see [3] for a discussion on these facts).

Theorem. There exists a function algebra on the unit disk D in the complex
plane with maximal ideal space D which is not finitely generated.
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Proof. Choose a sequence of closed disks Dy, Ds,... (with centres aj,as,...)
in the interior of D, mutually disjoint, which converge to a point. Let B, be the
function algebra on D,, consisting of all functions in the disk algebra on the disk D,
with vanishing derivatives of order up to n at a,,. Let B consist of all continuous
functions f on D such that its restriction f|p, belongs to B, for all n.

The maximal sets of antisymmetry of B are the disks D,, and the singletons outside
the sets D,,. Also, if ¢ € AB, then |o(f)| < ||f||z for all f € B and for some maximal
set L of antisymmetry. Since B|p, = B, and A(B,) = D, it follows that AB = D.

Suppose that B has N generators f1,..., fn, i.e. B ={[f1,..., fn; D], then

By = Bipy = [f1,---, fni Dlipy C [f1iDn>--+» INDNi DN] C By

in contradiction with Proposition 1. O

4. MORE EXAMPLES

Using Propositions 1 and 2 we can give two more examples of non-finitely generated
function algebras.

Example 1. Suppose aj,as,... form a sequence of points in the interior of D
converging sufficiently fast to 1 so that the corresponding Blaschke product g con-
verges. Note that by [2, page 75] the function (z — 1)g(z) belongs to A(D) and it
follows that

B ={f € A(D): fis constant on the sequence a1, as, ...}

is a function algebra on I'. Now let fi,..., f, belong to B and C = [f1,..., fa; D].
The map A: B — C"*! defined as in the proof of Proposition 2 is surjective (use
elements of B of the form p(z)(z — 1)g(z) where p is a polynomial) but on the other
hand A(C) # C"!. Hence C # B, so the algebra B is not finitely generated.

Note that the maximal ideal space of B is the disk D in which the points
1,a1,as,... are identified.

Example 2. Next, consider the Blaschke product h with zeroes of order n+ 1 at
the points a,, (of course assuming the sequence a1, as, ... converges sufficiently fast
to 1). Again H(z) = (2 — 1)h(2) belongs to A(D). Let

B={fecAD): fFla,)=0,1<k<n, n=12,...}.
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If f1,..., fn are functions in B, we define C = [f1,..., fn; D]. As in Proposition 1
we define a map A: B — C**! by

A(f) = (F" D (an), ..., F2 D (an)).

One can prescribe the values q(k) (an), 0 < k < 2n+ 1, of the functions

2n-+1

q(z) = (z—Dh(2)(z — an)_"_l Z apz”
k=0

at will. This implies that B is a function algebra on D and that A is surjective. But
A(C) # C**1| so the algebra B is not finitely generated.

We will show that the maximal ideal space of B is the disk D. Let ¢ € AB. If
©(H) # 0 for the function H above, we define ® on A(D) by ®(f) = %. It is
easily seen that ® € AA(D), so its action on A(D) is point evaluation at some point
z of D. In particular, o(f) = f(z) for all f € B.

Let U = AB\ D and suppose U is non-empty. Let ¢ € U, then ¢(H) = 0. By
Rossi’s local maximum modulus principle it follows that |p(f)| < ||f||F for all f € B
where F is the set {1,a1,a2,...}. So ¢ determines a homomorphism of [B|g; F].
From [5, page 119] it follows that [Bp;F] = C(F). This also follows from the
Stone-Weierstrass theorem since [B|g; F] is conjugate-closed (just apply Mergelyan’s
theorem to g(F) if g € [Bjp; F]). So A[B|p; F] = F. As a consequence U is empty,
hence AB = D.

Remark. See [4] for another use of Blaschke products in a function algebra
problem.

Postscript by the author. In Applied Mathematics and Computation 130
(2002), 1-4 has appeared an article Non-finitely generated function algebras by Laila
E. M. Rashid, a publication which is practically identical to the preprint version of
my paper.

Examples of infinitely generated function algebras appeared (electronically) in
the (University of Amsterdam) Korteweg-de Vries mathematical preprint series on
December 16, 1999 (number 99-22), was submitted to Czechoslovak Mathematical
Journal (received by the journal December 27, 1999) and was accepted for publication
March 29, 2000. A revised version was sent April 25, 2000.

In Rashid’s version the changes due to the revision do not appear. Also there are
(in comparison with the preprint) only some minor changes (the title for instance).
For reviews of Rashid’s “papers” see Mathematical Reviews or Zentralblatt.
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