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Abstract. Fraissé introduced the notion of a k-set-homogeneous relational structure. In
the present paper the following classes of monounary algebras are described: Zha(S),
Fha(S€), Sha(P°) —the class of all algebras which are 2-set-homogeneous with respect
to subalgebras, connected subalgebras, connected partial subalgebras, respectively, and
H5(S), H#5(S°), #5(P°) —the class of all algebras which are 2-homogeneous with respect
to subalgebras, connected subalgebras, connected partial subalgebras, respectively.
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Several authors have investigated the notion of homogeneity for various types of
algebraic structures (cf. [13], [11], [8], [1], [2], [3], [12]).

Further, Fraissé [7] introduced the notion of a k-set-homogeneous relational struc-
ture (where k is a positive integer). Some questions on k-homogeneous and k-set-
homogeneous graphs have been studied by Droste, Giraudet, Macpherson, Sauer
[4]-[6]; their main results concern the cases k = 1,2, 3.

Homogeneous monounary algebras were investigated in [9]. 1-homogeneous mo-
nounary algebras were characterized in [10].

We will apply the following definition (cf. [1]): An algebra A will be called homo-
geneous if for each x,y € A there is an automorphism ¢ of A such that ¢(z) = y.

Let A = (A, F) be an algebra, k a positive integer and Sj;(A) the system of all
k-element subalgebras of A. Let ) # B C A and let B = (B, Fg) be a partial algebra
such that whenever fp € Fp, fpisn-ary, 1,...,2, € B, then (z1,...,2,) € dom fp
if and only if f(z1,...,2,) € B, and then fp(x1,...,2,) = f(a1,...,2,). We will
say that B is a partial subalgebra of A and the system of all k-element partial
subalgebras of A will be denoted by the symbol Py(A).
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The algebra A is said to be k-set-homogeneous if, whenever U,V € Sy (A), U 2V,
then there is an automorphism ¢ of A with ¢(U) = V. Also, A is called k-
homogeneous if every isomorphism between U,V € S;(A) can be extended to an
automorphism of A.

These definitions of k-homogeneity and of k-set-homogeneity are in accordance
with [5] and [7].

We will say that A is k-set-homogeneous with respect to partial subalgebras, if an
analogous condition as above is valid, with the distinction that we take U,V € Py(A)
instead of Sk (A).

Similarly we define the notion of a k-homogeneous algebra with respect to the
partial subalgebras.

Further, if A is a monounary algebra, then we denote by S5 (A) (P¢(A)) the system
of all k-element connected monounary algebras (connected partial monounary alge-
bras) belonging to Si(A) (or Py(A), respectively). Then, analogously as above, we
introduce the notions of the k-set-homogeneous (k-homogeneous) algebra with respect
to the connected subalgebras or with respect to the connected partial subalgebras.

Let us denote by

¢ —the class of all homogeneous monounary algebras;

2:(S)—the class of all k-homogeneous monounary algebras;

. (P)—the class of all monounary algebras which are k-homogeneous with re-
spect to partial subalgebras;

:(S¢)—the class of all monounary algebras which are k-homogeneous with re-
spect to connected subalgebras;

;(P°)—the class of all monounary algebras which are k-homogeneous with re-
spect to connected partial subalgebras.

The symbols Zhi(S), Lhi(P), Lhip(S°) and .Zhi(P°) will have an analo-
gous meaning with the distinction that instead of “homogeneous” we take “set-
homogeneous.”

In the present paper we will describe the following classes: .7 ha(S) (cf. Thm. 5.3),
H5(S) (cf. Thm. 5.4), Sho(S¢) (Thm. 5.5), 55(5¢) (Thm. 5.6), Zho(P°) (Thm. 4.1)
and J%(P¢) (Thm. 4.2).

The remaining classes for k = 2, i.e., the classes . ha(P) and % (P) will be dealt
with elsewhere.

1. PRELIMINARIES
First we give three lemmas which immediately follow from the above definitions.
1.1. Lemma. IfkeN, K € {S, P, S¢ P}, then 4.(K) C ./hy(K).
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1.2. Lemma. LetkeN, K € {S, P}. Then

Shi(K) © Shie(K°),  H(K) C A (K°).

1.3. Lemma. Ifk €N, then J4,(P) C J4,(S) and Shi(P) C S hi(S).

Thus we obtain the following partially ordered set (ordered by inclusion of classes):

Shi(P°)

Shy(S) Shi(S€)

Hi(S) Hy,(P°)

Hy(P)
Fig. 1

1.4. Notation. For a € N let (Z,, f) be a monounary algebra such that Z, =
{0,1,...,a—1}, f(i) =i+ 1 (mod «) for each i € Z,.

1.5. Notation. Let A, @ be cardinals, A > 0. We denote by My, = (Mxa, f) a
fixed monounary algebra such that
(a) there is ¢ € M), with f(c) = ¢,
(b) if x € Mya, then f2(z) = c,
(c) card f~(c) — {c} = A,
(d) if a € f~1(c) — {c}, then card f~!(a) = .

We will write also M) instead of Myg.

1.6. Definition. Let A = (A, f) be a connected monounary algebra possessing
a 2-element cycle {ci,c2}. For i € {1,2} let A, = {zr € A: thereisn € NU
{0} such that f"(z) = ¢;, f™(x) ¢ {c1,ce} for each m € NU {0}, m < n}. Then
the partial subalgebras (A1, f) and (As, f) of (4, f) will be called the ears of A.
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1.7. Notation. Let a be a cardinal, « > 0. We denote by K, = (K, f) a fixed
connected monounary algebra such that K, contains a cycle {c1, ca} with 2 elements
and with ears C7, C such that f(z) = ¢; for each x € Cy, f(x) = ¢ for each x € Cy,
card C7 = card Co = o + 1. Further, we put Ko = Zs.

If @ > 0, then we denote L, = K, — (C1 — {c1}).

1.8. Remark. Let o > 0 be a cardinal. In [9] a connected monounary algebra B,
without a cycle and such that card f ~!(z) = « for each € B, was constructively
described.

For a cardinal v, let I(y) be a set of indices such that card I(7y) = ~.
1.9. Notation. Let « be a cardinal, v > 0 and let (4, f) be a monounary algebra.
We denote by « - (A, f) a monounary algebra (B, f) such that

B={(\a): AeI(y), a€ A},
f((N @) = (A, f(a)) for each X € I(7), a € A;

ie., v (A4, f) consists of v copies of (A, f).

1.10. Lemma. Let ¢ be an automorphism of a monounary algebra (A, f),
let B,C be connected components of (A, f). If p(u) € C for some u € B, then
p(B) =C.

Proof. Suppose that p(u) € C. Since ¢ is a homomorphism, we obtain that
@(B) C C. Notice that ¢(B) is a connected subalgebra of C. Let ¢ € C. Then
there is n € N such that f™(c) € ¢(B) and there is b € B with ¢(b) = f"(c¢). The
mapping ¢ is bijective, thus there is d € A such that ¢(d) = c¢. We have

p(f*(d)) = ["(p(d) = ["(c) = ¢(b).

Hence f"(d) =band d € B, i.e., c € p(B), C = ¢(B). O

We will apply the following result proved in [9]:

1.11. Theorem. Let (A, f) be a monounary algebra. Then (A, f) € J# if and
only if there are cardinals o > 0, v > 0 such that either
(i) «eNand (A, f) 2~ (Za, f),
or

(ll) (Aaf) =7 (Bouf)'
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2. THE CLASS .#ha(P°)

In this section we suppose that A = (A4, f) is a monounary algebra belonging to
the class Sha(P°).

2.1. Lemma. Let B, C be connected components of A, let b € B, ¢ € C' be
such that f2(b) = f(b) # b, f*(c) = f(c) # c. Then B = C.

Proof. Let U = {b, f(b)}, V = {c, f(c)}. Then U,V € P§(A), U =2 V. This
implies that there is ¢ € Aut A such that ¢(U) = V. Then ¢(B) = C by 1.10,
therefore B = C. d

2.2. Lemma. Let B,C be connected components of A, let b € B, ¢ € C be such
that b= f2(b) # f(b), c = f2(c) # f(c). Then B=C.

Proof. PutU=1{b,f(b)}, V ={c f(c)}. Then U,V € P5(A), U =V, which
yields that there is ¢ € Aut A such that o(U) = V. Hence ¢(B) = C according
to 1.10 and B= C. O

2.3. Lemma. Assume thata,b,c € A aredistinct and such that f(a) = b= f(c),
f(b)y=c. Ifz € A, f*(z) # x, then either f(z) = f(z) or f3(x) = z.

Proof. Supposethat thereisz € Asuchthatx # f2(z) = f(z). Let U = {a, b},
V = {z, f(z)}. Then U,V € P§(A), U = V, thus there is ¢ € Aut A such that
©(U) =V. Then ¢(a) = 2 and we obtain

(@) = f2(e(a) = o(f3(a) = o(b) = ¢(f(a) = flp(a)) = f(z).

2.4. Lemma. Let B be a connected component of A such that B possesses
neither 1- nor 2-element cycles. Then B € J7, i.e., either B = B) for some \ > 0 or
B = Z for some A € N — {1,2}.

Proof. We have f(z) # x # f2(x) for each x € B. Let a,b € B. Then
U={a, f(a)}, V =1{b, f(b)} are isomorphic members of PS5, thus there is ¢ € Aut A
with ¢(U) = V. This implies ¢(a) = b. Therefore for each a,b € B there is
v € Aut B with ¢(a) = b and hence B € . According to 1.10, either B = B) for
some A > 0 or B = Z) for some A € N. The assumption yields that if B = Z), then
Aé {1,2). O
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2.5. Lemma. Let B, C be connected components of A such that they possess
neither 1- nor 2-element cycles. Then B = C.

Proof. Letb € B,ce C,U = {a,f(a)}, V = {b, f(b)}. Then U,V €
P§(A),U =V, thus there is ¢ € Aut A such that ¢(U) = V. Then ¢(B) = C and
B=C. ]

1

2.6. Lemma. Let B be a connected component of A possessing neither 1- nor
2-element cycles and let C' be a connected component with a cycle having at most
2 elements. Then either card C' < 2 or C' = M, for some o > 0.

Proof. By way of contradiction, assume that card C' > 2 and that C' 2 M,
for a > 0. Then there is u € C such that the elements u, f(u), f?(u) are mutually
distinct. Take v € B, U = {u, f(u)}, V = {v, f(v)}. Then U,V € P§(A), U 2V,
but for no automorphism ¢ of A we have p(u) € B, which is a contradiction. O

2.7. Lemma. Let B be a connected component of A such that B has a 2-element
cycle and ears C1, Co with cardC; > 1, cardCy > 1. Then B = K for some A > 0.

Proof.

Let C be the cycle of B. The assumption yields that there are a € C7 — C,
b € Cy — C such that f(a) € C, f(b) € C. Put U = {a, f(a)}, V = {b, f(b)}.
Then U,V € P5(A), U = V, thus there is ¢ € Aut A such that o(U) = V. This
implies that the ears C; and Cy are isomorphic. According to 2.3 we obtain that
there is A > 0 such that B = K. O

2.8. Lemma. Let B be a connected component of A such that B contains
a 2-element cycle, card B > 2, and let C' be a connected component such that
cardC > 1, C 2 B. Then there is o > 0 with C = M,.

Proof. Suppose that C' contains neither 1- nor 2-element cycles. Since B
possesses a cycle with 2 elements, we obtain by 2.6 (if we take B, C instead of C, B)
that card B < 2, which is a contradiction. Then 2.2 and the assumption C' 2 B
yields that there is ¢ € C' with f(c) = ¢. Next, according to 2.3, f(z) = f?(x) for
each x € C, therefore there is o > 0 such that C' = M,,. O

2.9. Lemma. Let B be a connected component of A, let ¢ € B satisfy f(c) = c,
card B > 1. Then there are cardinals A > 0, a > 0 such that B = M.

Proof. If f(x) = cfor each x € B, then B = M) = M. Let there be a,b € B
such that f(a) =b+# ¢ = f(b). By way of contradiction, suppose that B 2 M, for
any A > 0, o > 0. First let there be d € B such that f2(d) # c¢. Put U = {a, b},
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V={d, f(d)}. ThenU,V € P§(A),U 2V, but there is no ¢ € Aut A with p(a) = d,
a contradiction. Thus f?(z) = ¢ for each z € B. Denote A\ = card (f ~*(c) — {c}).
The assumption B % M), now yields that there are u,v € f~!(c) — {c} such that
card f~1(u) # card f~1(v). Take U = {u, f(u)}, V = {v, f(v)}. Then U,V € P§(A),
U =V, but there is no automorphism of A mapping u into v, which is a contradiction.

O

3. THE CLASS 4 (P°)

Let A = (A, f) be a monounary algebra. In 3.1-3.4 we prove some sufficient
conditions under which A belongs to the class 7% (P¢). Next we deal with a condition
under which A € Shy(P°) — 54 (P°).

3.1. Lemma. Let there be cardinals k, A\, > 0, I, m,n > 0 such that
AZk-Bx+1-Zyo+m-Zy+n-M,.

Then A € J4(P°).

Proof. Let UV € P§(A), U 2 V. Let ¢ be an isomorphism of U onto V,
¢ # idy. One of the following conditions is satisfied:
(1) U, V are 2-element cycles,
(2) U={u, f(w)}, V ={v, f(v)}, f2(u) = f(u), f*(v) = f(v),
B)U = {u,f(u)}, V = {v, f(v)}, U, V are subsets of connected components

without cycles.

If (1) is valid, then U and V are connected components of A and it is obvious that
 can be extended to an automorphism of A.

Let (2) hold. Then ¢(u) = v, ¢(f(u)) = f(v). If f(u)= f(v), then put

u if x =,
P(x)=<q v if x =u,

x otherwise.

The mapping @ is an extension of ¢ and g € Aut A. Suppose that f(u) # f(v). Since
the connected components B, C containing u, v, respectively, are both isomorphic to
M,,, hence obviously there exists ¢ € Aut(BUC) such that ¥(u) = v, ¥(f(u)) = f(v).
Moreover, 1) can be extended to an automorphism 1 of A, thus ¢ can be extended
to ¢ € Aut A.
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Let (3) hold. Then ¢(u) = v, ¢(f(u)) = f(v). By the assumption, the connected
components B, C' containing u, v, respectively, are isomorphic to B). Then 1.10 im-
plies that BU C € ¢, thus there is ¢ € Aut(B U (') such that ¢(u) = v. Then
¥(f(u)) = f(v). Further, 1 can be extended to @ € Aut A, therefore A € 54 (P°).

0

Repeating the steps of the proof of 3.1, only with the distinction that we take Z
instead of B), we obtain

3.2. Lemma. Let there be cardinals k,« > 0, I,m,n > 0, A € N — {1,2} such
that
Ak -Zy+1-Zo+m-Zi+n-M,.

Then A € J4(P°).
3.3. Lemma. Let there be cardinals k,a, A > 0, m,n > 0 such that
A=2k-Ky+m-Z;+n-M,.

Then A € J4(P°).

Proof. Let UV € P§(A), U 2 V. Let ¢ be an isomorphism of U onto V,

¢ # idy. We have the following possibilities:

(1) U, V are 2-element cycles,

(2) U={u, fu}, V={v, f(v)}, f(u) = f(u), f2(v) = f(v),

3) U=Au, f(u)}, V={v, f(v)}, u,v do not belong to cycles, f(u), f(v) belong to
2-element cycles.

Let B and C' be connected components containing U, V, respectively. Let (1) hold.
There are u € U, v € V with ¢(u) = v, ¢(f(u)) = f(v). The assumption yields
that B & K, = C, thus there is ¢y € Aut(B U C) such that ¢(u) = v. Then
P(f(u)) = f(v). Further, ¢ can be extended to $ € Aut A, therefore § € Aut A is
an extension of ¢.

For the case (2) the same steps as in the proof of 3.1 can be applied.

Suppose that (3) is valid. We have C' & B = K, thus there is an automorphism
of B U C such that ¢¥(u) = v, ¥(f(f(u)) = f(v). Then ¢ can be extended to
© € Aut A, hence ¢ can be extended to p € Aut A.

Therefore A € 74 (P°). O

3.4. Lemma. Let there be cardinals k,\ > 0, m,n, 3 > 0 such that
Ang)\ﬁ+mZ2+7'LZl
Then A € 74(P°).
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Proof. Let UV € P§(A), U 2 V. Let ¢ be an isomorphism of U onto V,
¢ #idy. Then U = {u, f(u)}, V ={v, f(v)}, p(u) = v, o(f(u)) = f(v) and one of
the following conditions is satisfied:

(1) f2(w) = fu), f2(v) = f(v),

(2) fP(u) = f2(u) # f(w), fP(v) = f2(v) # f(v),

(3) U, V are 2-element cycles.
Let B, C be connected components containing U, V', respectively. First suppose that
either (1) or (2) is valid. Then B = M)z = C. This implies that in the both cases
¢ can be extended to € Aut A. Now suppose that (3) holds. Then it is obvious
that ¢ can be extended to @ € Aut A. Therefore A € J4(P°). O

3.5. Lemma. Let there be cardinals k, A\, > 0, m,n > 0 such that
A=k-Lyx+m-Z1+n-M,.

Then A € Shy(P°) — H4(P°).

Proof. We have k > 0, thus there is a connected component D = L,,
i.e., D contains a 2-element cycle {d1,ds} such that f(z) = d; for each x € D—{d; },
card (D — {d1,dz2}) = \. Put Uy = {d1,d2} = Vo, ¢(d1) = da, ¢(d2) = di. Then
© is an isomorphism of Uy onto V; and Uy, Vo € P5(A). Since A > 0, ¢ cannot be
extended to an automorphism of A, therefore A ¢ 74 (P¢).

Let U,V € P§(A), U 2V and U # V. We have (1), (2) or (3) as in the previous
proof. Let (1) hold and let B and C be connected components containing U, V|
respectively. Then B = Ly = C and there are u € U, v € V such that f(z) = u
for each z € B — {u}, f(z) = v for each x € B — {v}, card (B — {u, f(u)}) =
A = card (C — {v, f(v)}). Then there is vy € Aut(B U C) such that ¢(u) = v,
P(f(u)) = f(v). We can extend v into @ € Aut A, therefore (U) = V.

If (2) is valid, then there is ¥ € Aut A with $(U) = V analogously as in 3.1.
Further, if (3) holds, then we can proceed similarly as in the case (1). Hence A €
S ha(PC). O

4. CHARACTERIZATION OF THE CLASSES .%hg(P°) AND J4(P¢)

4.1. Theorem. A monounary algebra A belongs to the class .#ho(P°¢) if and
only if there are cardinals k,\,a > 0, [,m,n, 3 > 0 such that one of the following
conditions is satisfied:

(i) AZk-Byx+1l-Zo+m-Z1+n-M,,
(ii) AZk-Zx+1-Zo+m-Zy+n-M,,
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(iii

1%

) A2 Ek-Kx+m-Z1+n-M,,
(iV)A k-Myyg+m-Zy+n- 2,
(v) A¥m-Zy+n-Zy, (m,n) #(0,0),
(vi) AZk-Ly+m-Z1+n-M,.

1%

1%

Proof. I Let A€ Shy(P°).

(1) First let there be a connected component B of A such that B contains neither
1- nor 2-element cycles. Then 2.5 implies that each connected component which
possesses neither 1- nor 2-element cycles is isomorphic to B; let k be the number
of such components. By 2.4, there is a cardinal A > 0 such that either B = B) or
AeN-—{1,2}, B> Z,. We obtain in view of 2.6 that if there is a connected com-
ponent having a 2-element cycle, then it is a cycle; let [ be the number of 2-element
cycles. Then 2.6 and 2.1 imply that either the remaining connected components are
1-element or there is o > 0 such that the remaining connected components with
more that one element are isomorphic to M,. Hence either (i) or (ii) is valid.

(2) Suppose that each connected component of A possesses a cycle with at most
two elements.

a) Let there be a connected component B with a 2-element cycle and with
ears C1,C5 such that cardCy > 1, cardCy > 1. By 2.7, B = K for some A\ > 0
and 2.2 implies that any two connected components which possess 2-element cycles
are isomorphic to K. Let k be the number of such components. Then 2.8 and 2.1
imply that (iii) is valid.

b) Now suppose that there is a connected component B with a 2-element cycle
and with ears C7, Cs such that cardC; > 1, cardCs = 1. By 2.3, B =& L, for
some A > 0 and in view of 2.2, any two connected components with a 2-element
cycle are isomorphic to Ly. Then 2.8 and 2.1 yield that (vi) is valid.

¢) If each connected component of A contains a cycle with one element, then
2.9 and 2.1 imply that either (iv) or (v) is satisfied.

II. Conversely, suppose that some of the conditions (i)—(vi) is fulfilled. If (i), (ii),
(iii) or (iv) is valid, then A € J4(P°) by 3.1-3.4, thus A € Sho(P¢). The case (v)
is trivial, A € 6 (P°). If (vi) holds, then 3.5 implies that A € S ha(P°). O

4.2. Theorem. A monounary algebra A belongs to the class 7% (P¢) if and only
if some of the conditions (i)—(v) of 4.1 is satisfied.

Proof. The assertion follows from the relation % (P°) C .#hy(P°), according
to 4.1 and 3.5. O
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5. CHARACTERIZATION OF Yhs(S), 74(S), .-#ha(S¢) AND J4(S°)

The aim of this section is to find necessary and sufficient conditions under which
a monounary algebra belongs to the classes mentioned.
Let A = (A4, f) be a monounary algebra.

5.1. Lemma. Let B and C be connected components of A such that B and C
contain 2-element cycles. If A € #ho(S€), then B = C.

Proof. Let A € %hy(S¢). Assume that U, V are cycles of B, C, respectively.
Then U,V € S§(A), U 22V, therefore there is ¢ € Aut A with ¢(U) = V. By 1.10
this yields that ¢(B) = C, hence B = C. O

5.2. Lemma. Let a,b,c be distinct elements of A with f(a) = a, f(b) = b,
fle) =c. If A € Shs(S), then all connected components with a 1-element cycle are

isomorphic.

Proof. Let A € Shy(S). Take U = {a,b}, V = {a,c}. Then U,V € S3(A),
U =V, thus there is ¢ € Aut A with p(U) = V. Denote by C7, Ca, Cs the connected
components containing a, b, ¢, respectively.

First assume that ¢(a) = a, ¢(b) = ¢. Then Cy = C5. Consider U’ = {a, b},
V' = {b,c}. We have U, V' € S3(A), U =2 V', hence there is ¢ € Aut A with
»(U’") = V'. This implies that ¢(a) € {b,c} and ¥(C1) = Cy or (Cy) = C3, thus
Ch =2 Cy 2 (Ch.

Now let p(a) = ¢, p(b) = a. Then C; =2 C5 and Cy =2 C;. Thus C; =2 Cy = Cs.

If d e A—{a,b,c}, f(d) = d, then we can consider a, b, d to prove that any two
connected components which possess 1-element cycles are isomorphic. (Il

5.3. Notation. For distinct b,c € A with f(b) = f(¢) = ¢ we denote
C(b,c) ={x € A: thereisn e NU{0} with f"(z) = b} U {c}.

Let Q(A) be the system of all subalgebras of A of the form C(b,c) and Q(A) be the
system of all connected components K such that K N Q(A) # 0.

5.4. Lemma. Let A € .#hy(S¢). Then any two elements of Q(A) and of Q(A),
respectively, are isomorphic.

Proof. Let C(b,c) and C(a,d) be distinct elements of Q(A4). Then f(b) =
fle) = ¢, f(a) = f(d) = d. Take U = {b,c}, V = {a,d}. We have U,V € S5(A),
U 2V, thus there is ¢ € Aut A with ¢(U) = V; then ¢(b) = a, ¢(c) = d. We obtain
that C(b,c) = C(a,d). If ¢ # d, then obviously the corresponding components are
isomorphic, i.e., any two elements of Q(A) are isomorphic. O
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5.5. Theorem. A monounary algebra belongs to .#hs(S) if and only if it
satisfies the following conditions:
(a) any two connected components which have 2-element cycles are isomorphic,
(b) if there are at least 3 distinct connected components which possess 1-element
cycles, then all connected components with 1-element cycles are isomorphic,

(c) any two elements of Q(A) and of Q(A), respectively, are isomorphic.

Proof. Let A € Sha(S). Then A € Shy(S°), thus we obtain by 5.1 and 5.4
that the conditions (a) and (c) are satisfied. Further, (b) is valid in view of 5.2.
Assume that (a)—(c) are valid. Let U,V € S3(A) be distinct, U =2 V. Then we
obtain one of the following cases:
(1) U, V are 2-element cycles,
(2) U and V consist of two 1-element cycles,
3) U={bc}, V=A{a,d}, f(b) = f(c) = ¢, f(a) = f(d) = d.
In the first case, (a) implies that there is ¢ € Aut A with p(U) = V. In the second
case there are at least three connected components with 1-element cycles, thus we
can apply (b) and then there is ¢ € Aut A with o(U) = V. If (3) is valid, then
C(b,c¢) and C(a,d) belong to Q(A), thus they are isomorphic by (c) and then there
is p € Aut A with p(U) = V. Therefore A € .hs(S5). O

5.6. Theorem. A monounary algebra belongs to the class 75(S) if and only if
it satisfies the following conditions:
(a) any two connected components with 1-element cycles are isomorphic,
(b) any two connected components with 2-element cycles are isomorphic,
(c) the two ears of a connected component with a 2-element cycle are isomorphic,
)

(d) any two elements of Q(A) and of Q(A), respectively, are isomorphic.

Proof. Let A€ J4(S). Then A € .#hs(S), hence 5.5 implies that (b) and (d)
are valid.

First let us prove (c). Let B be a connected component possessing a 2-element
cycle {c1,co} and let Cp, Cy be the ears of B. Take U = {c1,c2} = V and let
p(c1) = ca, p(ca) = ¢1. Then ¢ is an isomorphism of U onto V and U,V € S3(A4),
hence ¢ can be extended to an automorphism @ of A. We obtain p(Cy) = Co,
therefore Cy = Cy, i.e., (c) is valid.

Now let a,b € A, f(a) = a, f(b) =b. Put U’ = {a,b} = V', ¥(a) = b, ¥(b) = a.
Then U’,V’ € Sy(A) and 1 is an isomorphism of U’ onto V', thus there is ¢ €
Aut A such that ) is an extension of ¢. This yields that the connected components
containing a and b are isomorphic, thus (a) holds.
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Conversely, assume that the conditions (a)—(d) are satisfied. Let U,V € S2(A)
be such that there is an isomorphism ¢ # idy of U onto V. One of the following
possibilities occurs:

(1) U =V is a 2-element cycle,

(2) U#V and U, V are 2-element cycles,

(3) U, V consist of two 1-element cycles,

(4) U = {b,eh, V = {a,d}, f(b) = f(c) = ¢, f(a) = £(d) = d.
If (1) is valid, then (c) implies that ¢ can be extended to @ € Aut A. If (2) is valid,
then (b) and (c) yield that ¢ can be extended to @ € Aut A.

Let (3) hold, U = {uy,us}, V = {v1,v2}, p(u1) = v1, p(uz) = va. Denote by Uy,
Vi, Us, Vo the connected components containing wuy, v, ug, va, respectively. By (a)
there exist isomorphisms ¢y, v, , Yu,—v,, etc. Put

() if z €Uy,
() if z eV,
?(x) = § Pra—1p(x) if x €Uy,
(x) if z € Vs,

x otherwise.

Then P is an extension of ¢ and @ € Aut A.

Suppose that (4) holds. Then ¢(b) = a, ¢(c) = d. Further, (d) implies that
C(b,c) = C(a,d), thus there is ¢ € Aut A such that ¢(C(b,c)) = ¥(C(a,d)). We
have ¥ (b) = a, ¥(c) = d, i.e., 1 is an extension of ¢.

Therefore A € 74(S). O

5.7. Theorem. A monounary algebra A belongs to #ho(S¢) if and only if
any two connected components with 2-element cycles are isomorphic and any two
elements of Q(A) and of Q(A), respectively, are isomorphic.

Proof. If A€ .%ho(S), then the above condition is satisfied according to 5.1
and 5.4. The converse implication is obvious. O

5.8. Theorem. A monounary algebra belongs to #(S¢) if and only if the
conditions (b)—(d) of 5.6 are satisfied.

Proof. It is analogous to 5.6. O
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