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Abstract. Let Q be a bounded domain in R" with a smooth boundary I'. In this work
we study the existence of solutions for the following boundary value problem:

o2 )
(L1) G ([ wuas)ay- Zay=s) inQ=ax (0.

y=0 inX; =Ty x (0,00),

M(/ |Vy|2dx)@+2(@) =g in 3o =Ty x (0,00),
Q

ov Ot \ov
=y, 2=y in O
) = Yo, ot =Y s

where M is a C''-function such that M(A) > Ao > 0 for every A > 0 and f(y) = |y|*y for
a>0.
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1. INTRODUCTION

Let Q be a bounded domain in R” with a C?-boundary I'. Let (Iy,I7) be a
partition of I', both parts having positive measure and Ty NI} = ¢. Let v be the unit
normal vector pointing toward the exterior of  and let aa—y be the normal derivative.
Let M € C*(]0,00); R) be a function such that M(X\) > Ao > 0 for every A\ > 0.
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Our model was inspired by the problem

(1.2) ye — M(|Vyl>)Ay = f(y) in Q=Qx(0,T),
y=0 inTy x (0,7),

y(0) =yo, w:(0) =91 in Q.

This problem has its origin in the canonical model of Kirchhoff and Carrier which
describes small vibrations of an elastic streched string. More precisely, we have

92 Eh (Y /oy\? | o2
(1.3) th—tg:{po—i——/ (6—2) dz a—xg—i—f for O0<z<L, t=>=0,
0

where y is the lateral deflection, = the space coordinate, t the time, E the Young
modulus, ¢ the mass density, h the cross section area, L the length, pg the initial
axial tension and f the external force. Kirchhoff was the first to introduce (1.3) in
the study of oscillations of stretched strings and plates, so that (1.3) is called the
wave equation of Kirchhoff type after him. Moreover, we call (1.3) a degenerate
equation when py = 0 and a nondegenerate one when py > 0. In this paper, we show
the existence of a unique weak and strong solution of problem (1.1). The works
related to those kinds of problems treat homogeneous boundary conditions. In order
to obtain the existence of solutions the authors employ the Galerkin method and
make use of a special basis, that is, the basis formed by the eigenfunctions (w;);en
which possess the property

(1.4) —ij = )\jwj.

In this paper, we use Galerkin’s approximation and take into account nonhomoge-
neous boundary conditions but we cannot use the basis (1.4). Hence, we can not
pass to the limit using the standard argument of compactness and so we have to find
an other argument.

Our paper is organized as follows. In Section 2, we give the notation and main
result. In Section 3 we prove the existence and uniqueness of a weak and strong
solution of problem (1.1).
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2. NOTATION AND MAIN RESULT

In this section we present some notation that will be used throughout the paper
and we state the main result. Let V = {v € H}(Q): v =0 on I} be endowed with
the topology given by the norm ||V - ||12(q). Note that V' is a Hilbert subspace of
HY(Q).

We first prepare the following well known lemma which will be needed later.

Lemma 2.1 (Sobolev-Poincaré [4]). If either 1 < ¢ < +oo (N = 1,2) or
1<qg< ﬁ—g (N > 3), then there is a positive constant C, such that

llullg < CillVull2 for weV.

We write
(u,v) = /Qu(x)v(x) dz and (u,v)r, = /FO u(z)v(x)dr.

We define the energy and the potential including the nonlinear terms associated with
equation (1.1) by

(2.1) B) = I+ ), ) = MOVI?) - —— Iyl

where M(s) = [ M(r)dr.
We define a modified potential well by

W={yeV|I(y) =M(Vyll*) - llyll513 > 0}.
Now we are able to state the main result.

Theorem 2.1. Let {yo,y1,9} € Wx L?(Q) x L2(0,00; L?*(Iy)). If0 < o < 725
(0<a<ooif N<4) o1‘0<04<NL_2 0<a<ooif N=1,2) and

o

1 3 o a+ 2 2
{W} Cy +2[TE(?JO)+C§H9||%2(O,T;L2(Fg))} <1,

then there exists T = T(||Ayol|, |Vy1l|) > 0 such that the problem (1.2) admits a
unique weak solution y in the class

C([0,7); V)N CH([0,T); L*()) N C*([0,T); L*(2)).
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3. EXISTENCE AND UNIQUENESS OF STRONG AND WEAK SOLUTIONS

In order to obtain strong solutions, let us consider {yo,y1,9} € W N H2(Q) x
V N H?(Q) x HY(0,00; L?(Iy)). The variational formulation associated with the
problem (1.1) is given by
(3.1) (y" (1), w) + (M(|[Vy(®)[*)Vy(t), Vw) + (Vy' (), V)

= (f(y(@®),w) + (9(t), W),
where f(y) = |y|*y for o > 0.

We represent by (w;)jen a basis in V N H?(Q) which is orthonormal in L?(Q2), and
by Vi the subspace of V N H?(Q) generated by the first m vectors wy, wa, . .., Wn,.

We define y,, (t) = Y. gim (¢)w;, where y,,(t) is the solution of the Cauchy problem
i=1

(3.2) (Y (), w;) + (M ([[Vym (D1*) Vym (t), Vw;) + (Vy, (1), Vaoy)
= (f(ym (1)), w;) + (9(t), wj)r,

with the initial data
Ym(0) = Yom — yo in VN H*(Q),
Y0 (0) = y1m — 31 in VN H(Q).

The approximate system is a system of m ordinary differential equations. It is easy
to see that (3.1) has a local solution in [0,¢,,). The extension of the solution to the
whole interval [0,7] is a consequence of the first estimate we are going to obtain
below.

A priori estimates

The first estimate. Multiplying both sides of equation (3.2) by 2gj,,(t) and
summing over j we have

1d _ ) N
3 55 (10001 + FTAT0n 1) — 5 i O173) + 1934, 01

= (g(t)7 y;n(t))rov

(3.3)

where M(s) = [; M
Let Cy be a posmve constant such that ||v||r, < Col|Vo|| for every v € V. Then

B0 3 (WO + MOV @) - 25 lum @I ) + 195012

c? 1
< Collg(®) I I VY (B[] < fllg(t)ll%o + §Hvyin(t)l\2-
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Thus

33 g (WO + AV OIP) - Tl I8 ) + 19, 01
< GBllo(0) 13,

Integrating (3.5) over (0,t), we get

195 17 + MV (OI) = —=5llym (?) §i§+/||Vym (s)[I ds

— 2 o
< Iyl + FT(1Tg0m1?) ~ 25 lwonl333 + €3 [ (o)1, as.
0

Using (2.1), we obtain

t
(3.6) E(ym(t)) +/0 IVym (s)II? ds < E(yo) + Cg |9l Z2(0,7522(r0))-
To proceed in the estimation, we observe that the following lemma holds:

Lemma 3.1. Ifa < 325 (a < oo for N = 1,2) then W is a neighborhood of 0

in V and it is an open set.
Proof. Using the theory of imbedding and the assumption on M, we get
(3.7) lym (D313 < C2F2 [ Vym (8)]|*F2

= CIP2AG IVym (BN [ Vym ()12
< CEEA IVYm O M ([ Vym (8)]).

If we choose sufficiently large \g such that C2*2||Vy,, ||* < Ao, then
(3-8) lym (O1512 < M Vymll*)-

Thus I(ym) = M(|Vym||?) = lyml|553 > 0if || Vyy | is sufficiently small and y,,, # 0.
Hence W is a neighborhood of 0 in V' and it is an open set. 0

To get an a priori bound on ¥,,, we shall show that y,, € W.

Corollary. We assume that o < 5 (o < oo if N = 1,2), yo € WN H} ()
and y; € H}(Q). If

[Nfe)

1 H ato |+ 2
(3.9) {W} cot? |:—E(y0)+00|g”L2 oricam) | <L
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then the solution y,,(t) of (3.1) is contained in W, that is,

I(ym) = M(IIVyml*) = lym 552 >0 on [0,+0c0).

Proof. Since I(yg) > 0, it follows from the continuity of y,,(t) that
(3.10) I(ym(t)) > 0 for some interval near ¢ =0.

Let tmax be a maximal time (possibly tmax = Trn) when (3.10) holds on [0, tax)-
Note that

(3.1) Tn(®) = MV O]~ —— (lym (D313)
= 1) + = MV O)])
> =M ([Vyn@I?) on [0, fma)

y (3.6), (3.11) and (2.1), we have

(312) M(I9yn(0)?) < 27 (0) < T2 Blyn(0)

«
a+2
—{E(?JO) +C3 H9||L2(0 rir2myt on [0, tmax).

N

It follows from the Sobolev-Poincaré inequality, (3.9) and (3.12) that

3:13) IO < O Tt
« ‘1+2
= 2 O o [Ty F?
Ao’
1 . a+2 g
<m0 { 2B + Rl ) V0 0)
0
SM([Vyn@)]*) on [0, tmax)-

Therefore we get I(y,(t)) > 0 on [0, tmax). This implies that we can take timax = T
This completes the proof of Corollary. O

Using Corollary, we can deduce an a priori bound for y,,:

(3.14)  E(ym(1) = lym @Ol + T (ym (1))

= llym @13 + oo m®) + ?M(I\Vym( )3)

> |y 2, @ g7 )
> [y, (D)3 + a+2M(HVym(t)||z)
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Thus, (3.6) and (3.14) imply

(3.15) I\yin()l\2+—M(HVym %) /I\Vym )|I* ds

< E(yo) + Co H9||L2(0 T;02(Lp)) < L,

where L is a positive constant independent of m € N and ¢ € [0, T.

The second estimate. Multiplying both sides of equation (3.1) by 2¢7,,(¢) and
summing over j, we have

(3.16) [lym@I? + M(IVym(®)I*) (Vym (t), Vi (1) + %EIIV m(®]?

= (lym (D) “ym (), ym (1)) + di(g(t),yin(t))n, = (¢'®), Y (),

t

On the other hand, we have

(317) M7 0) ) (T (1), V1)
= STy (I (Vi (6, Vi (1))}

= 2M'(|Vym O (Vym (2), Vi, ()
= M([Vym @) VY O

Thus (3.16) and (3.17) imply

(3.18)  lym®)I* + i{M(IIVym(lt)||2)(Vym(t)»Vyin(t))} + §E||Vym( )
= 2M'([Vym (0)*) | (Vym (1), Vg (1))
+ M(IVym )V O + (g (6] ym (1), 9 (£)

000, U (), — (0'(0) (),

Now, since o < the Sobolev-Poincaré inequality implies

N2’

(3.19) 19 ()1 a0, (1)) < g (D555 I O]
ClI Ty O™ [y ()]

1
< Ca+ 5lynOI,

<
<

where C\, is a positive constant.
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Also, the first estimate implies

(3.20) 2M' ([ Vym O (Vym (1), Vi, ()12 < Cil[Vyy, (1)1
M([Vym @O VY 0] < Col|Vyr, ()]

and

(3:21) (9" (1), Y ()| < Allg" (D) I [ Vyma (D)

<
< Calllg' NI, + 1Yy O1%)-

Thus (3.18)—(3.21) imply
(322) LI+ STy O (To(2), T )] + 5 V1,0

L o), (),

< Ca+ Gl DI, + Gl Vs (O +

Integrating the inequality (3.22) over (0,t), we obtain
1 ! " 2 1 ! 2
623 5 [ @I ds + 5 Vu, 0]
0
M(HvyOmH2)(vy0mvvylm)

+ %IIVylmll2 + M([Vym ) (Vym (1), Vi, (£))]

t
T / (Ca + Callg ()13 + |V (5)]12) ds
0
+ (g(t)vy;n(t))ro - (g(O), yl’m)ro
1

+Cs [ UG + 190,017 ds + ol
+ 2194 17 + Collg ), IV
< Out o [ 1906017 ds + IV 017
Thus
(3:24) W as + LIV OFF < o [ (14 193, as

Using Gronwall’s lemma, we have

(3.25) [ o)1 s + 190,017 < 2,

where Lo is a positive constant independent of m € N and ¢ € [0, T].
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The third estimate. Let msy > my be two natural numbers and consider z,, =
Yms — Ym,- LThen we can write

(3.26) %”z;n(tm? + 2V, @ = = 2M ([ Vyma 0*) (Vms (£), Vap, (1)
+ 2M (Vi (D) (Vi (2), Vo (1))
+ (FWma () = f Ym, (£)), 23, (1))

On the other hand, we note that

(s ()) IV 2 (1))

= 2M" (VY (O 1*) (Vymy (), Vi, O V2 (1)1
+ 2M ([ VY, (D) (Vzm (t), Ve, (1))

= 2M" (| VY, (O 11*) (Vymy (), Vi, O Vzm (1)1
+ 2M (VYo (D) (Vs (8) = Vg, (1), Vi, (2)).

(3.27)

Then (3.26) and (3.27) imply

(3.28) %(I\Zin(t)l\2 + M Vyms OV zm(O1%) + 211V 27, (2]
= 2{M ([VYm, OI%) = M(IVma O)I*)}H(Vymy (£), V2, ()
+ 2M (| Va0 (Vs (t), Vi, OV 2 (8)]12
+ (f(y’mz (t)) - f(y’ml (t))a Z:n(t))

We note that the first estimate (3.15) yields

(3:29) M ([ Vym, (OI) = MV yma (1)]])]

VYo (£)112 / 2 2
/IV @2 [MA()]dE < Cur[ [Vyma (DI = [[Vyma (O]
Ymq

(VY Ol + VY, DIV zm (D)]]

<C
< O Vam (8],

where C1; and Ci5 are positive constants.
From (3.15) and (3.29) we get

(3.30) 2IM (Vi (0)1%) = M IV, (O (Vym, (£), Vap (1)
< 2002 [Vam (O Vym, OV 2, @)
< Cus|[Vam @)l + V2, ()],

where C13 is a positive constant.
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Again from (3.15) and (3.25), there exists a positive constant C14 such that

(3.31) 2M(|[Vma (O17) (Vs (), Vi, O IV 2m (D)7 < Cral[Vzm ()]

We note that for some constant Ci5 we have

(3.32) 1 Wma (8) = F (Wma ED] = [[Yma (0" Yo (8) = [Ym ()] Yrm, (£)]
< O ([ym, (D% =+ [yms (0)|%) |2 (2)]-

Thus (3.15) and the Sobolev imbedding imply

|(f(ym2 (t)) - f(y’ﬂn (t))a Z;n(t)”
(3.33) < Cw/g(lyml(t)la + [Yma ()| ) 2m ()| |2, (£)] d

< Cus([[ym, (Ollan + lyms Ollan)12m O 2, 127, (1)l
< Cr6(1VYmy O + 1 VYma OV 2m (@) |27, (D)
< Crr([Vam @I + [z, (0)]1%)-

Combining the inequalities (3.30), (3.31) and (3.33), we have

(3.34) %(HZ&(UIV + MV Y O IV2m(O]1?) + 1V 27, ()]
< Crs{llzm O + V2 (1)1}

Integrating the inequality (3.34) over (0, t), employing the Gronwall lemma we obtain
the third estimate

t
(3.35) 127 O + 1V 20 ()7 +/ V25, (s)II? ds < Ls,
0

where L3 is a positive constant.
Due to the estimates (3.15), (3.25) and (3.35), we can extract a subsequence (y,,)
of (ym) such that

(3.36) Yy, — y strongly in CY([0,T]; V),
y, —y strongly in C°([0, T); L*(2)),
y, —y strongly in L2([0,T); V),
y, — Yy weakly star in L>([0,T]; V),
y, —y"  weakly in L2([0, T); L*(2)).
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Now (3.36) implies
IVyul* = [VylI* in C°([0,T]).

From the above result and M € C*([0,00); R) we obtain
M([IVy,l*) — M(|Vyl*) in C°([0,T]).
Thus
M(IVyull*)y — M(IVy)y i C([0,T];V).

Applying a method similar to (3.33), we get for every ¢ € L%(Q)

[(yu 1%y (®) = ly@Oy(1), )| < Cro([[Vy O + [[Vy(@®)[F)
X IVyu(t) = Vy@ll @)l — 0.

Thus the function y : Q — R satisfies
yee — M(||Vy[I*)Ay — Ay’ = [y|*y in L*(0,00; L*(2)).

Also, taking into account that A{M(||Vy|]?)y + v’} € L*(Q) and M(|Vy|*)y +
y') € V by the generalized Green’s formula, we infer %(M(|Vy|2)y +y)=g¢€
L?(0, 00; L3(T})).

This completes the proof.

Remark. We observe that for a.e. t > 0 the function y: €2 — R is the weak
solution to the elliptic problem

~AM([VylP)y+y'} =lyl*y —y" in L*(Q),
M(|Vyl*)y+y =0 inTy,

T M(IVyIP)y + 1) = g € (0,003 L2(Th).

Since Iy N I is empty, the theory of elliptic problems gives y € L2(0, oo; H%(Q))
Now we can consider g € H'(0,00; HZ (I},)), hence one has y € L2(0, c0; V N H2(RQ)).

Uniqueness. Let y and § be two solutions of the problem (1.1). Then defining
z = y — § and repeating the same argument already used in the third estimate we
obtain ||Vz| = ||2’|| = 0.

Existence of weak solution. We have just the existence of solutions to prob-
lem (1.1) when the initial data is smooth. However, when {yo,y1,9} € W X
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L%() x L?(0,00; L*(Iy)), there exist {yuo,yu1,9.} € W N H*(Q) x VN L*(Q) x
H'(0,00; L?(T})) such that

{yuo, Y1, gut — {yo, y1, 9} € W x L*(Q) x L*(0, 00; L*(T}))

and using the density argument and proceeding analogously to the first and second
estimates we can find a sequence {y,} of solutions to problem (1.1) such that y, €
C([0, 71 V), y,, € C°([0, T); L*()) and yj; € L*([0,T]; L*(%)),

(3.37) Yy — Y strongly in C°([0,T]; V),
Yy, =Y strongly in C°([0, T]; L*(Q2)),
Y, =Y strongly in L%([0,T]; V),

([0,
Yul®yu — ly|*y  weakly  in L*(Q),
yp —y"  weakly in L*([0,T]; L*(2)).

The above convergences are sufficient for passing to the limit in order to obtain a
weak solution of (1.1) which satisfies

y" — M(|VylI>)Ay = |y|*y  in L},.(0,00; V).

Moreover, we obtain

0 p ,
(3.38) 5, MUVyIMy +y) =g i Li (0,00 L*(Ty)).

Indeed, let us consider the problems

(3.39) —Ap=lyl*y inQ,
p=0 on I,

10)
8—5 =0 on F(),
(3.40) ~Ag=1 in Q,
q=0 on I}

0
a—z =g on Ip,

which admit unique solutions

(3.41) p,q € L2 (0,00, 1), where H={ucV; Auc L*(Q)}.
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On the other hand, we can write
—A{M(IVyl?)y +y'} = lyl*y —y"  in L, (0,00V")
and considering (3.39) and (3.40) we conclude
~A{M([Vyll*)y +y'} = —Ap+ Aq" in Dj(0, 003 V).

Then we deduce

- [ st s vy oo = [ apoomat- [ sqor o

in V' for all 6 € D(0,T).
Consequently,

T T T
| v+ o e = [ pwoedes [ e o
0 0 0
in V. The last equality combined with (3.41) allows us to conclude that
M(IVyllP)y +y' =p—q in Hp(0,00H).

In the same way, considering for each € N

(3.42) —Apu = [Yu|yp  inQ,
pu=0 on I,
0
% =0 on Ip,
and
(3.43) —Agu =y, in Q,
g, =0 on I,
9q
8—: =gy on I,

we have pu,qu € Lf,.(0,00; H) and —A{M(|Ay.[*)y. + v} = |yul®yu — v, in

loc(0 S V/)
Next we are going to prove that

(3.44) ¢ —q in LY (0,00;H).
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Indeed, first taking into account the generalized Green’s formula and consider-
ing (3.40) and (3.43), we infer

/|V(q#*Q)|2dx:/ =) ae — e+ [ (g — 9)(gp — @) L.
Q Q

|
To
Integrating it over [0, T, we obtain

T T
(3.45) / Vg (t) — Va(t)P dt < C / () — 5 () + lgu(t) — g(D), dt.

However, (3.40) and (3.43) yield

(3.46)  llgu — dllzzor0) = /OT V4, (t) = Va(t)]? +Aqu(t) — Aq(t)* dt
T
= [ 1940 = TaOF + a0~ O ar

Combining (3.37), (3.45) and (3.46), we conclude

g — q in L}, .(0,00;H).

Analogously, we get
(3.47) Pu— P in Lige(0, 00, ).
Thus from (3.44) and (3.47) we have
/

Pu—¢q,—p—q in H; (0, 00; H).

loc

Therefore
a / a / . —1 _1
(3.48) Iu = E(p“ —q,) — E(p —q') in Hy (0,00; H 2 (Iy)).
On the other hand
(3.49) gy — g in L (0, 00; L*(T})).

Then combining (3.48) and (3.49), we deduce the desired result

0 :
5, MUVyIMy +y) =g i Li (0,00 LA(Ty)).
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Uniqueness. Let y; and y2 be two weak solutions to problem (1.1). Then defining
zZ = Y1 — Y2, one has

2" = AM(|Vyr|*)ys + v — M(IVy2l*)y2 + y5)} = |y1|*y1 — [y2|y2
in L0, 00; V'),

z=0 1in Eo,
0 .
5{M(I\Vy1\\2)y1 + 45— (M(IVy2l®)y2 +95)} =0 in L,.(0, 00; L*(Tp)),
2(0)=0, 2'(0)=0.

Then noting that 2’ € L?(0,00; V) we see that the duality (z”,z), . makes
sense. Consequently,

YL @12 + 1V @) = MOV )2 (Vo (1), V(1))

2dt
= M([Vil*) (Vi (t), V2 (1))
+ (1Y) — g2 “y2(t), 2'(2))-

From the above equality and making use arguments analogous to those in the third
estimate we deduce that ||2/(t)||? = |[Vz(#)||> = 0. This completes the proof. O
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