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Abstract. For an order embedding G M rofa partly ordered group G into an l-group I’

a topology TW is introduced on I' which is defined by a family of valuations W on G. Some

density properties of sets h(G), h(X¢) and (h(X¢) \ {h(91),-..,h(gn)}) (X¢ being t-ideals
in G) in the topological space (T, T/VI\/) are then investigated, each of them being equivalent
to the statement that h is a strong theory of quasi-divisors.
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1. INTRODUCTION

L. Skula [22] introduced the notion of a theory of divisors for a partly ordered
group (po-group) (or, equivalently, for a semigroup with a cancellation law) as a
very natural generalization of a theory of divisors for rings and derived an extensive
theory of these po-groups.

A step towards further generalization of a divisor theory was done by K. E. Aubert
in [3], where for the first time the notion of a quasi-divisors theory was introduced.
Recall that a directed po-group (G, -) has a theory of quasi-divisors if there exists an
l-group (T',-) and a map h: G — I such that

(i) his an order isomorphism from G into T,

(ii) Vo el'1)(3g1,---,9n € G)a=h(g1) A...Ah(gn).
The principal tool for an investigation of these properties in po-groups seems to be
the notion of an r-ideal. We recall here that by an r-system of ideals in a directed
po-group G we mean a map X — X, (X, is called an r-ideal) from the set of all
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lower bounded subsets X of GG into the power set of G which satisfies the following
conditions:

(1) X C X,,

(2) XCY, =X, CY,

(3) {a}, =a-Gt = (a) forall a € G,

(4) a- X, =(a-X), forall a € G.

One of the first characterizations of po-groups with a theory of quasi-divisors was

established by P. Jaffard [12]. He proved that a directed po-group G has a theory of

)

quasi-divisors if and only if the semigroup (It(f , X) of finitely generated t-ideals is a

group, i.e. if and only if G is a t-Priifer group. (For comprehensive description see
e.g. [3].)

In [14] we introduced a stronger version of po-groups with a theory of quasi-
divisors. Recall that a theory of quasi-divisors h: G — T is called a strong theory of
quasi-divisors, if

(va,ﬂ € F+)(37 € F+)a AS h(G), ﬂ/\'y =1

It may be proved that any strong theory of quasi-divisors is also a theory of quasi-
divisors.

It was again L. Skula [22] who proved for the first time that a theory of divisors
can be characterized by some density property. For an o-embedding G 2T ofa
po-group G into an {-group I' (I" = Z(P) in his approach) he introduced a short exact
sequence

0—-G LAY AN Cr,—0

and proved that h is a strong divisor theory if and only if a map ¢}, has some algebraic
density property. Namely, he proved the following theorem.

Theorem ([22]). Let G be a po-group and let h: G — 7 () be an o-isomorphism
into. Then the following conditions are equivalent.
(1) h is a strong theory of divisors.
(2) Forpi,...,pn € P (n > 1), the set on(P\{p1,...,pn}) is a semigroup generator
of a divisor class group Cy,.

In this paper we want to investigate some density properties of po-groups with a
strong theory of quasi-divisors which can be expressed not by using a map ¢ from
the above short exact sequence but directly by a map h. To do it we have to change
this notion of density used by Skula—instead of the density in an algebraic sense
(i.e. X C T is dense in Cp, if 5 (X) is a semigroup generator of Cp,) we will use the
density in a topological sense, i.e. we will define a topology 73 on I' and investigate

596



conditions under which for a set X C G, h(X) is topologically dense in (I', 75;;). The
principal result of this paper will be then Theorem 2.9 which introduces nine new
density conditions, each of them being equivalent to the statement that h is a strong
theory of quasi-divisors.

In this paper all po-groups are assumed to be abelian and directed. As we have
mentioned in the introduction, ideal systems are the principal tools for an investiga-
tion of po-groups with various divisors theory. Among these ideal systems, t-ideals
play the principal role. Recall that an r-system is called a v-system, if

Xy = m (y),

XC(y),yed

and it is called a t-system, if

X, = U Y,.

YCX,Y finite

An r-system r is said to be of a finite character, if

Xx.= J v

YCX,Y finite

An r-ideal X, is finitely generated if X, = Y, for some finite subset Y. Clearly,
any t-system is of a finite character and for any r-system r of a finite character
on G, X, C X; (r < t, in symbols). An o-homomorphism ¢ from a po-group Gy
with an r-system r; into a po-group G2 with an r-system ro is an (r1, r2)-morphism
if o(X;,) C (p(X))r, for any lower bounded subset X. If G2 is totally ordered
(i.e. an o-group) and ¢ is surjective, then ¢ is called an ri-valuation if it is an (r1,t)-
morphism. Sometimes ¢-valuations will be simply called valuations. Moreover, an
o-homomorphism ¢: G1 — G2 is called essential if it is an o-epimorphism and ker ¢
is a directed convex subgroup of G; (i.e. an o-ideal of G1). In [8, Theorem 3.8],
it is proved that the existence of a theory of quasi-divisors of a finite character is
equivalent to the existence of a family W of essential ¢-valuations such that

(1) Vge G, g>1& (Ywe Ww(g) = 1,

(2) Vg e G, g#1, {we W: w(g) # 1} is finite.

In this case W is called a defining family of a finite character. If G M lisa theory
of quasi-divisors then any ¢-valuation G = @G, from a defining family W can be
uniquely extended onto a t-valuation I' > G, such that the diagram

GL»F
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commutes. The set of these extended t-valuations will be then denoted by W. It is
clear that in this case W is a defining family of ¢-valuations for I'.

Let (G, -, <) be a po-group and let W be a defining family of valuations w: G —
Gy for G. Let r be an ideal system in G. Recall that r is then said to be defined
by W, if for any finite subset X C G,

(Vg € G)g € X, & (Yw € W)w(g) € (w(X)):

holds. Moreover, it was proved by Jaffard [12] that, conversely, any defining family of
valuations W defines in this way an ideal system. In both these cases, any valuation
w € W is then an r-valuation. Now, if r is defined by W and for any lower directed
subset X C G we set X, = UKCX’X finite Fr, then we obtain an ideal system of a
finite character in G and any w € W is also r-valuation.

For our purposes various types of approximation theorems for valuations are of
principal importance. Let w, v be valuations of G with value groups G, Gy,
respectively. Then the canonical o-homomorphism G — G/[ker w, kerv], where
[ker w, ker v] is the smallest o-ideal generated by the corresponding kernels, is a val-
uation and there are o-homomorphisms d,.,, dy. such that dy, - v = dy, - w. This
common valuation will be denoted by v A w. Now, elements (g1,92) € Gy X G,

are called compatible, if dyy(91) = duw(g2). Moreover, if W is a set of valu-
ations, an element (gu)w € [] Guw (where W C W) is called compatible if
weWw’

any pair (gw,gy,) from this element is compatible. Finally, we say that an ele-
ment (gy)w € [I Guw is W'-complete for W/ C W, if |J W(gw) C W/, where

weW weW’
Wi(gw) ={v € W: dyy(gw) # 1}. We set W(1) = 0.
Then we say that G with a defining family W of valuations satisfies Positive
Weak Approximation Theorem (P.W.A.T.) if for any finite subset F C W and any

compatible system (a,) € [[ G there exists g € G4 such that w(g) = a,, for all
weF
w € F. Further, we say that G with W satisfies the Weak Approximation Theorem
(W.A.T.) if for any finite subset F' C W and any compatible system (ay)w € [] Guw
weF
there exists g € G such that w(g) = a,, for all w € F. Finally, we say that G with

W satisfies the Approzimation Theorem (A.T.), if for any finite subset FF C W and

any compatible and F-complete system (ay,), € [] Gy, there exists g € G4 such
weF
that w(g) = au, for all w € F and w(g) > 1 for all w € W\ F.
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2. TOPOLOGIES DEFINED BY 7-VALUATIONS

At the beginning of this section we introduce the notion of a topology defined by
a defining family of valuations in a po-group.

Definition 2.1. Let G be a po-group with an ideal system r and let W be a
defining family of r- valuations for G. By 7y we denote a topology on G such that
{kerw: w € W} is a subbase of neighbourhoods of 14.

Clearly (G,7w) is a topological group and if G,, is considered to be a discrete
space, then w is a continuous map. By X we denote the closure of a set X C G in
this topology 7w . It is clear that for any X C G we have

X ={geG: (YF CW, F finite)(Ja € X)(Vw € F)w(a) = w(g)}.

First we summarize some simple relationships between this topology and the ideal
systems in G.

Lemma 2.2. Let G be a po-group with a defining family of r-valuations W,
where r is an ideal system defined on G. Further, let s be the ideal system in G
defined by W. Let X be a lower bounded subset in G.

(1) For any w € W we have w(X,) C (w(X)):.
(2) For any w € W we have X C X, = (X)s = X,.

Proof. (1) Let g € X,. Then for F = {w} there exists a € X, such that
w(g) = w(a). Since w is a (r, t)-morphism, we have w(g) = w(a) € w(X,) C (w(X));.

(2) Let g € X and let w € W. Then there exists a € X such that w(g) = w(a)
and it follows that w(g) € w(X) C w(X,) C (w(X)):. Since s is defined by W, we
have g € X,. Further, let g € X, and let us suppose that g ¢ X,. Then there exists
w € W such that w(g) & (w(X)):. On the other hand, there exists a € X, such that
w(g) = w(a) and it follows that w(g) = w(a) € w(Xs) C (w(X)):, a contradiction.
Hence, X, = X,. Finally, since X C X, it follows that X is lower bounded. Then
we have X, C X, = X C X.. O

It is clear that any topology 7y defined on G by a defining family of valuations
is a Th-topology.

Let G and G’ be po-groups, h: G — G’ an o-homomorphism, and let W and W',
respectively, be defining families of valuations of G and G’. Then W’ is said to be
coarser than W (with respect to h), in symbols W’ <, W, if there exists an injective
map o: W' — W such that for each w’ € W’ there exists an o-homomorphism 5.,
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such that the following diagram commutes:

¢ - ¢
wl L
Go(w) T G

In the next proposition we investigate some relationship between topologies (defined
by families of valuations) on a po-group G and its factor po-group G/ H, respectively.

Proposition 2.3. Let W be a defininig family for a po-group G, let H be a
convex subgroup in G, h: G — G/H a canonical o-epimorphism and W a defining
family of G/H such that Wy <, W. Then (G/H,Tw,) is a factor topological group
of the topological group (G, Tw).

Proof. Tt is clear that Ty, is a factor topology if and only if for any A C G/H,
h~=1(A) is closed in 7y,. Hence, let g € h~1(A) and let us assume that g ¢ h~1(A).
Then there exists a finite subset F' in W; such that for any x € A there exists

wx € F such that wyx(x) # wx(h(g)). Since W <p W, there exists an injective map
o: W1 — W such that for any w € Wj there exists an o-homomorphism h,, such
that the following diagram commutes:

¢ — Gg/H

o) | &

Gg(w) — Gy

w

Since g € h=1(A), for a finite set o(F) C W there exists b € h~!(A) such that
a(w)(g) = o(w)(b) for all w € F. Further, since h(b) € A, there exists ¢ € A such
that w(c) = w(h(b)) for all w € F. Especially, for any we € F, ¢ € A, we have

we(h(g)) # we(c) = we(h(b)). From the commutativity of the above diagram we

);
)

then obtain

we(€) = we(h(b)) = hue (7 (we)(b) = huwo(we(g) = we(h(g)),
a contradiction. Therefore, g € h~!(A) and Ty, is a factor topology. O

Corollary. Let W be a defining family of valuations for G of a finite character
and let H be an o-ideal of G. Then there exists a defining family W, of valuations
for G/H such that (G/H, Ty, ) is the factor topological group of (G, Ty ).
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Proof. According to [18, 2.7], there exists a defining family W; for G/H such
that Wy <; W, where h: G — G/H is the canonical o-epimorphism. The rest
follows from 2.3. O

The following proposition is also corollary of the above proposition.

Proposition 2.4. Let G be a po-group and let W be a defining family of
valuations of GG of a finite character. Let H be an o-ideal in G. Then H is closed in
the topology Ty .

Proof. According to [17, Proposition 2.7], there exists a defining family Wy
of G/H such that Wy <, W, where h is a canonical o-epimorphism. Hence, ac-
cording to 2.3, the topological group (G/H, Ty, ) is a factor topological group of the
topological group (G, 7y ). Since any topology defined by a family of valuations is a
Ti-topology, we obtain that H has to be closed in Ty . O

Let wy, we be valuations of G. Then we set w; > ws if there exists an
o-epimorphism d such that we = d - wy.

Lemma 2.5. Let W be a defining family of a po-group G and let W be such
that for any w € W there exists w' € Wi with w’ > w. Then W is a defininig family
of G and TW = TW1-

Proof. The lemma follows directly from the fact that for any w € W there
exists an o-homomorphism h,,: G, — G, such that w = h,, - w’. O

Lemma 2.6. Let W be a system of valuations in a po-group G and let (3y,)wew €
Il Gu be a compatible system. Let W1 = {w € W: B, # 1}. Then (By)wew- Is
weW
W'-complete for any W' such that W, C W' C W.
Proof. Letw e W'. If 8, = 1, then W(5,) = {w} C W'. Let 8, # 1, and
let v € W(By). Since 1 # dyy(Bw) = dvw(By), we have 3, # 1 and it follows that

veWL CW'. Hence |J W(By) =W’ and (By)wew: is W’-complete. O
weWw’

The next theorem is the first example of topological density properties of po-groups
with a strong theory of quasi-divisors. In some aspect it represents a topological
analogue of Skula’s algebraic density property.

Theorem 2.7. Let G be a po-group with a strong theory of quasi-divisors of
a finite character and let W be its infinite defining family of t-valuations of finite
character. Let X be a lower bounded subset in G. Then for any ¢1,...,g9, € X, the
set X¢ \ {g1,-..,9n} is dense in X, in the topology Ty, i.e.

Xt\{gla"'agn}:Xt~
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Proof. We suppose first that X is a finite subset in G. According to 2.2,
X; = X, since the t-system is defined by any defining family of valuations. To prove
the theorem it suffices to show that g; € X; \ {91,...,9n}. Hence, let FF C W be a
finite subset. Since g1 # g, j = 2,...,n, for any j > 2 there exists v; € W such
that v;(g1) # v;(g;). Let X = {x1,..., 2} and let BX = w(z1) A ... Aw(z.y,) for
any w € W. Since a t-system in G is defined by any defining family of valuations

in G, we obtain
(Va € Ga € X; = (Yw € Ww(a) € (w(X))y = {y € Gu: 7= X}

Moreover, according to [18, Lemma 2.9 and Lemma 2.6], (3.X),, is a compatible and
Wh-complete system, where Wy, = {w € W: X # 1}. We put

Wy =FU{vg,...,un} U{w € W: w(g1) # 1} U Wh.

Since W is of a finite character, W is a finite set.

Now, let wy € W \ Wy be an arbitrary valuation. Then for any w € W; and
the o-homomorphism dygw: Guw, — Guoaw We have wo A w = dyy,w - wo in the
A-semilattice of valuations over G. Without any loss of generality we can require
that elements from W are pairwise incomparable. Hence, for any w € W; there
exists 1 < 0y € (kerdy,,w)+ € Gy, Let 6 = min{d,: w € W1} > 1. Since 1 <4 <

0w € kerdyg,w, we have § € [ kerdy,,. and it follows that (1,0) € Gif x G is
weW
a compatible system for all w € Wj. Since G has a strong theory of quasi-divisors

of a finite character, a defining family W of valuations satisfies the Positive Weak
Approximation Theorem (see [17, Theorem 3.3]). Then for a compatible system
cd=(1,...,1,8) € J] Guw x Gy, there exists an element e € G such that
weWy
w(e) =cyw; we Wy U{wo}.
Now we set We = {w € W: w(e) # 1} U Wj. Further, let us denote

a= (wg))wewe: b= (B2 )wewe; €= (w(e)wew..

Then a, b and ¢ are compatible systems and according to Lemma 2.6, these systems
are We-complete, since Wy, C W7 C We. Hence according to [18, 2.9], it follows that
(aVb)-cis a compatible and We-complete system as well, where the operations are
done pointwise. Then according to the Approximation Theorem which holds for any
po-group with a strong theory of quasi-divisors of a finite character (see [17, 3.5]),
there exists a € G such that

(a) =((aVvb)-c)y; we W,

w
w(a) > 1, we W\ We.

WV
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Hence a € X;. In fact, let w € W. If 3X = 1, then in the case w € W, we have

and in the case w € W\ W, we have w(a) > 1 = X. If 3X > 1, then w € W; C W,
and we have w(a) = (a, Vby) - cw = (w(g1) V BX) - w(e) = BX. Hence w(a) > BX
for any w € W and it follows that a € X;.

Further, for any w € F C W} we have w(a) = (a, Vby)-c,, = w(g1)VEX = w(g),
since g1 € X; and w(e) = 1 for any w € Wi.

Finally, for any j > 2 we have v;(a) = ((aVb)-c),;, = v;(g1)V 55 =vj(g1) # v,(g;),
since again g1 € X; and v; € W;. Hence a # g;, 7 > 2. Moreover, we have
wo(a) = ((@aVb)-c)y, =0 #1=wo(g1). Hence a # g;.

Therefore, we conclude that g1 € X¢ \ {¢1,-..,9n}

Now, suppose that X is any lower bounded subset in G and let g1,...,9, € X;.
For any i, i = 1,...,n, there exists a finite subset K* C X such that g; € K}. Let
K =|JK". Thengy,...,g, € K; and according to the first part of this proof we have

i

gi € Ki\ {9119} C Xi\ {91, - 9n}. Therefore, X;\ {91, -9} = Xp. O

Corollary. Let g1,...,9n € G4. Then G4\ {g1,...,9n} = G+.

The proof follows directly from 2.7, since {1}; = G.

Let G be a po-group with an ideal system r of a finite character and let H be
an o- ideal of G, h: G — G/H a canonical o-homomorphism. Then for any lower
bounded subset A C G/H we can find a lower bounded subset A C G such that
A/H = A. Then we set A,, = A,/H. In [17] it was proved that ry is an ideal
system in G/H.

Lemma 2.8. Let G be a po-group with a defining family W of valuations, let
r be an ideal system of a finite character defined by W and let H be an o-ideal in G,
h: G — G/H a canonical o- homomorphism. Let Wy be any defining family of G/H
such that Wy <, W. Then any valuation in Wy is an rg-valuation.

Proof. Leto: Wy — W be an injective map such that h-w = h,,-o(w) for any
w € Wy, where hy: Gy — Gy is an o-homomorphism. Let A C G/H be a lower
bounded set and let A be a lower bounded set in G such that A,, = A,/H. Let
a € A,. Then we have w(h(a)) = hyo(w)(a) € hy((c(w)A)):) C (hwo(w)(4)): =
(wh(A)): = (w(A)):. Hence w(A,,) C (w(A))s. O

Now, let h: G — D be an o-embedding of a po-group G into another po-group D
and let W (W) be a defining family of valuations for G' (D, respectively). Then we
say that W is an extension of W, if there is a bijection o: W — W such that
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(1) (Yw e W)Gy = Gg(w),

(2) Vw e W)o(w) - h =w.

The next theorem is the principal result of the paper and it presents some topological
characterizations of po-groups with a strong theory of quasi-divisors.

Theorem 2.9. Let G be a po-group with an infinite defining family of valua-
tions W of a finite character and let h: G — T be an o-embedding of G into an
l-group. Let r be an ideal system in G defined by W. Finally, let W be a defining
family of valuations for I' such that W is an extension of W. Then the following
statements are equivalent.

(1) h is a strong theory of quasi-divisors of a finite character.
(2) h(G) is a dense set in I in the topology T;.
(3) h(Gy) is a dense set in 'y in the topology Ts;.
(4) For any finite set X C Gy, h(X,) is a dense set in (h(X)); in the topology T5;.
(5) For any finite set X C G, h(X,) is a dense set in (h(X)); in the topology T
(6) For any lower bounded set X C G, h(X,) is a dense set in (h(X)); in the
topology T .
(7) For any finite set X C G and any elements g1, ...,gn € Xp, H(Xr\{91,---,9n})
is a dense set in (h(X)); in the topology Tg;.
(8) For any elements g1, ...,9n, € G4+, h(G+ \ {g1,...,9n}) is a dense set in '} in
the topology T
(9) For any elements g1,...,9n € G, h(G\ {g1,-..,9n}) is a dense set in I" in the
topology T .
(10) For any lower bounded set X C G and any elements ¢1,...,g, € Xy, h(X, \
{91,...,9n}) is a dense set in (h(X)); in the topology T;.

Proof. The proof will be done according to the following scheme.
(8) (10)

! I

(6) (5) (4) (3) (2) (1) (6)

I | I

(9) (10) (7)

(2) = (1): We prove that W satisfies the Weak Approximation Theorem

(W.A.T.). Let F' C W be a finite set and let (a,)w € [] Guw be a compatible sys-
weF
tem. Since 1p: I' — I' is a strong theory of quasi-divisors of a finite character (I" is

—~

defined by W), according to the W.A.T. (see [17, Theorem 3.3 and Theorem 3.4])
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applied to this system there exists a € I" such that w(a) = a,, for all w € F. Since
h(G) is dense in T', there exists g € G such that w(g) = w(a) for w € F. Hence
W satisfies the W.A.T. and it follows that (1) holds (see [17, Theorem 3.5]).

(3) = (2): Leta €T, a=a;-a,’, wherea, > 1. Let F C W be a finite
set. Then there exist g1,g2 € G4 such that w(g;) = w(a;) for all w € F. Hence
w(gy - g5 ) = @(a) for all w € F and (2) holds.

Implications (4) = (3), (5) = (4) and (6) = (5) are clearly trivial.

(1) = (6): Let X C G be a lower bounded set. Since h is an (r, ¢)-morphism, we
have h(X,) C (h(X)):. Let a € (h(X)):. Then there exists a finite subset K C X
such that a € (h(K)); and it follows that a > Agexh(k). For any w € W we set
Bw = Ngexw(k). Let F C W be a finite set. Then we put

Wi={weW: B, #1}UFU{w e W: w(a) # 1}.

Since W is of finite character, W7 is a finite set. Further, we put a = (@W(a))wew, -
According to Lemma 2.6, o is a compatible and Wj-complete system. Since G sat-
isfies the Approximation Theorem ([17, Theorem 3.5]), there exists g € G such that

w(g) =w(a), we W,
]., ’U}GW\WL

Then g € K,. In fact, let w € W. If 8, # 1, then w € W and it follows that
w(g) = ?a) > By. If By = 1 then in the case w € Wi we have w(g) = w(a) > By
and in the case w ¢ Wi we obtain w(g) > 1 = ,,. Hence, for any w € W we have
w(g) = Pw and it follows that g € K,.. Further, since F' C W1, we have

w(h(g)) = w(g) = w(a), weF,

and it follows that a € h(K,) C h(X,).
(1) = (10): Let X C G be a lower bounded subset and let g1, ..., g, € X;. Then
in the topology 7j; we have

h(Xr \{g15-- -5 9n}) = (R(X))e \ {R(g1); - - -, h(gn)}-

In fact, since h is an (r,t)-morphism, we have h(X, \ {g1,..-,9n}) € (R(X)): \
{h(g1),...,h(gn)} and it follows that in the above statement the inclusion C holds.
Conversely, let x € (h(X)); \{(g1),-.-,(gn)} and let F C W be a finite set.
Then there exists a € (h(X)): \ {h(g1),.-.,h(gn)} such that w(a) = W(x) for all
@ € F. Since the implication (1) = (6) has been proved, we have a € h(X,).
Then for the same subset F there exists b € h(X,) such that @(b) = @(a) for all
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@eF. Weset b= h(g) for some g € X,. Then according to Theorem 2.7, we have
g€ X, =X, \{g1,...,9n} in the topology Tyy. Let F C W be a finite set such that
F = {@: w € F}. Then there exists ¢ € X, \ {g1,...,gn} such that w(c) = w(g) for
all w € F. Finally, we obtain

w(h(c)) = w((h(g)) = w(b) = w(a) = w(x), (Ve F),

and the other inclusion holds in the above statement, as well. Now, since 1p: I' = T’
is a strong theory of quasi-divisors of a finite character, as well, and W is a defining
family of I, according to Theorem 2.7 applied to this theory of quasi-divisors we
obtain

(h(X))e \ {h(g1); - - h(gn)} = (R(X)):

in the topology 7y;;. Therefore, we obtain

X\ g1, 9n}) = (R(X))e \ {h(g1), -, h(gn)} = (A(X)):.

7): It is trivial.

8): It follows directly from (h({lg})): =T'+.
) and (10) = (8) are trivial.

9): The following inclusion holds:

(h(X))t = h(X'r \ {91,- . agn}) - h(G\{gl,- . agn}) Cr.

Again, since 1p: I' — T' is a strong theory of quasi-divisors of a finite character and
W is a defining family of I, according to Theorem 2.7 applied to this I-group I" we
obtain that (h(X)); is a dense set in I" in the topology 75;;. Therefore, we have

I'= (h(X))e = h(Xr \ {91, -, 9n}) S R(G\{g1,...,9n}) CT.

(9) = (2): It is trivial.
(7) = (6): Let X C G be a lower bounded set and let a € (h(X));. Then
there exists a finite set K C X such that a € (h(K)); and according to (7), we have

a € h(K,) C h(X,). Hence h(X,) = (h(X)):. O
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