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Abstract. A construction of all homomorphisms of a heterogeneous algebra into an algebra
of the same type is presented. A relational structure is assigned to any heterogeneous alge-
bra, and homomorphisms between these relational structures make it possible to construct
homomorphisms between heterogeneous algebras. Homomorphisms of relational structures
can be constructed using homomorphisms of algebras that are described in [11].
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1. INTRODUCTION

The author has published some papers in which he presented methods of construct-
ing homomorphisms of algebraic structures using the construction of homomorphisms
of mono-unary algebras. This means that the construction of homomorphisms of gen-
eral structures may be reduced to the construction of homomorphisms of mono-unary
algebras. In this way, constructions of homomorphisms of relational structures and of
mono-n-ary algebras were published in [9] and [10], constructions of homomorphisms
of general algebras were published in [11].

In the present paper we prove that a construction of homomorphisms of a hetero-
geneous algebra into another algebra of the same type may be reduced to a construc-
tion of the so called strong homomorphisms of suitable relational structures. Since
the last construction is known for relational structures with a finite set of relations
(see [9]), we are able to construct homomorphisms of heterogeneous algebras with a
finite number of operations.
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2. SOME SET-THEORETIC CONSTRUCTIONS

Let I # () be a set, A; a set for any 7 € I. Let o be an element such that o & |J A;;
it will be regarded as zero. For any igp € I and a € A;, put s(a) = (2;)ier stilere
Zi, = a and x; = o for any ¢ € I with ¢ # 9. This means that we replace an element
in A;, by a sequence. Put S;c1A; = {s(a); a € |J A;}. Hence an element a € |J A;
may be replaced by several sequences; the nuirelll)er of these sequences equa{se Ithe
number of indices i € I such that a € A;.

Suppose that t = (t;);cr € SicrA;. Then there exists exactly one ig € I such that
ti, € Aj, while t; = o for any i € I with i # i9. We put j(t) = io, c(t) = tiy = L)
Hence the meaning of the mapping c is the following: The sequence t € S;c1A; is
replaced by its only nonzero coordinate. It is easy to see that the following holds.

Lemma 1. Let I # () be a set, A; a set for any i € I. Then the following
assertions hold.

(i) Ifi € I and a € A; then c(s(a)) = a.
(i) Ift € S;erA; then s(c(t)) =t.

Let I # () be a set, A;, A} sets for any ¢ € I, let 0, o' be elements such that

o U Ai, o € |J Al. We construct the sets S;c;A;, Sicr A} where o’ plays the same
rolelieli the con;ErIuction of S;cr A} as o has played in the construction of S;c;A4;.
A mapping h of the set S;c;A; into S;cr A} is called decomposable if there exists a
mapping h; of the set A; into A for any i € I such that h(t) = s(hj(c(t))) holds for
any t € S;crA;. These mappings h; are called components of h, the system (h;);cr
is referred to as the system of components of h.

Lemma 2. Let I # () be a set, (A;)icr, (A})icr systems of sets, h a decomposable
mapping of the set S;c1 A; into S;er A} whose system of components is (h;);er. Then
J(h(t)) = j(t), c(h(t)) = hj(c(t)) for any t € Sicr A;.

Proof. This follows directly by definitions. O

This lemma describes the way of constructing a decomposable mapping h if its
system of components (h;);cr is given. For any t € S;c;A; we find the only index
j(t) € I such that the only coordinate c(t) of ¢ different from o is in A;(;). Then we
use the mapping /() to obtain the corresponding element in A;.( £ and we construct
5(hj)(c(t))) by defining the ith coordinate of h(t) as o' for any i # j(t).

On the other hand, if (h;);cs is a sequence of mappings such that h; maps A; into
A} for any i € I, then for any ¢ € S;c1A; the objects j(¢t) and ¢(t) are correctly de-
fined. Hence, we put h(t) = s(h;q)(c(t))) and, clearly, h is a decomposable mapping
of the set S;crA; into S;crA;.
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In what follows we need a criterion of decomposability.

Lemma 3. Let I # () be a set, (A;)icr, (A})ier systems of sets. A mapping h
of the set S;crA; into S;cr A} is decomposable if and only if j(h(t)) = j(t) holds for
any t € SieIAi'

Proof. If his decomposable, then j(h(t)) = j(t) holds for any ¢ € S;c;A; by
Lemma 2.

Suppose that j(h(t)) = j(¢) is satisfied for any ¢t € S;c1A4;.

Let i € I, x € A; be arbitrary. Since j(s(z)) = i = j(h(s(z))), we obtain
c(h(s(z))) € A}. Thus the mapping co h o s restricted to A; is a mapping h; of the
set A; into Aj. Hence, for any t € S;crA; we obtain s(hj)(c(t))) = (so(cohos)o
e)(t) = (soc)(h((soc)(t))) = (soc)(h(t)) = h(t) by Lemma 1. This means that h is
decomposable. O

Example 1. Put I = {1,2}, A1 = {a,b}, A3 = {a,c}, A} = {d'}, A = {d/,'}.
Then S;crA; = {ao,bo,0a,0c}, S;crA; = {a'd’,0'a’,0'c’}. Let h be a mapping of
SicrA; into S;cr Al such that h(ao) = a'o’, h(bo) = a’'0’, h(oa) = o'd’, h(oc) = o'd’.
It is easy to see that j(h(t)) = j(¢) holds for any t € S;crA;. It follows by Lemma 3
that h is a decomposable mapping of the set S;crA; into S;cr A} where hq(a) = @/,
hi(b) = d', ha(a) = d’, ha(c) = d'.

3. RELATIONAL STRUCTURES

Let A be aset, n > 1 an integer. We denote by A™ the cartesian product Ax...x A
where A appears n times. An element of A™ will be denoted by (z1,...,z,) where
x; € A for any ¢ with the property 1 < ¢ < n. In particular, if € A then () is an
element in A

A subset r C A™ is called an n-ary relation on A.

Suppose that K # () is a set and that an integer e(k) > 1 is assigned to any k € K.
Let r, be an e(k)-ary relation on the set A for any k € K; the number e(k) is called
the arity of rr.. Then the set A provided with all relations of the system (rg)rex is
called a relational structure and is denoted by (A, (1x)kex ). Two relational structures
(A, (ri)ker), (A, (1,)kek ) are said to be similar if the arity of 7}, equals arity of 7y,
for every k € K.

Let (A, (7&)rer), (A, (7}.)kex) be similar relational structures.

A mapping h of the set A into A’ is called a homomorphism of the relational struc-
ture (A, (rx)rex) into (A’, (r},)rex ) if for any k£ € K and any elements x1,. .., Zc(x)
in A with the property (z1,...,%cx)) € 7 the condition (h(z1),...,h(2zew))) € 7
is satisfied. In particular, for e(k) = 1, the condition (z) € rj implies (h(x)) € 7).
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A mapping h of the set A into A’ is called a strong homomorphism of the relational

structure (4, (1x)rek) into (A, (r},)kex ) if it has the following properties.

(i) For any k € K with the property e(k) = 1 and any 2’ € A’ the condition
(') € 1), holds if and only if there exists # € A such that (z) € r, and
h(z) =a'.

(ii) For any k € K with the property e(k) > 1, for any elements 1, ..., Zcp)—1 in 4,
and for any element x7;, in A’ the condition (A(z1), ..., A(Te(k)—1): Te()) € 7
is satisfied if and only if there exists an element x.() € A such that (z1,...,
xe(k),l,xe(;@)) € r, and h(xe(k)) = .’L‘/e(k).

It is easy to see that the condition (i) can be considered to be an extension of (ii)

to the case e(k) = 1. Furthermore, any strong homomorphism of the relational
structure (A4, (rx)rer) into (A', (r},)kex) is a homomorphism. Cf. [9].

4. HETEROGENEOUS ALGEBRAS

Let I # () be a set and A; a set for any ¢ € I. Suppose that K # 0 is a set
and that for any k € K an integer a(k) > 0 and a finite sequence i(k) of elements
in I of length a(k) + 1 are defined where i(k) = i(0,k) if a(k) = 0 and i(k) =
i(0,k)i(1,k)...i(a(k), k) if a(k) > 1; here i(0,k),...,i(a(k), k) are supposed to be
elements of I. Furthermore, for any k € K an operation f is defined as follows.

(1) If a(k:) =0, then f; € Ai(O,k)-
(ii) If a(k) > 1, then f; is a mapping of the set A;;1 x) X ... X Aja(r),k) iNto Ao k)-

Then the ordered pair ((4;)icr, (fx)rex ) is called a heterogeneous algebra (cf. [1],
[3], [4], [5]). The number a(k) is called the arity of the operation fj, the finite
sequence i(k) its schema.

Heterogeneous algebras ((A4;)ier, (fe)rek ), ((A))ier, (f1)ker) are said to be simi-
lar if for any k € K the operations fy, f; have the same arity and the same schema.

Let ((Ai)icr, (fe)rer), ((A))icr, (fi)rker ) be similar heterogeneous algebras. Sup-
pose that h; is a mapping of the set A; into A; for any ¢ € I. The system
(hi)ier of mappings is called a homomorphism of the algebra ((4;)icr, (fx)kex) into
((AY)ier, (fi)kek) if the following conditions are satisfied.

(a) If k € K and a(k) = 0 hold, then h;i x)(fx) = f.-

(B) If k € K, a(k) > 1, i(k) = i(0,k)i(1,k)...i(a(k), k), and 21 € A p),---,
Ta(k) € Ai(a(k),k) hold, then fi(hi1x)(T1),- -, Pitak). k) (Tak))) = Pico) (fr(1,
N ,xa(k)))-

Example 2. Let I = {1,2}, Ay, Az, A}, A} be the same as in Example 1. Put
K = {1,2}; let the operations f1, fo be such that their arities and schemas are as
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follows: a(1) =1, i(1) = 21, a(2) = 0, i(2) = 1. Suppose that the values of these
operations are defined in the following way: fi(a) = a, f1(b) = ¢, f2 = a.

Let the operations f, f4 have the same arities and schemas as f1, fa, respectively;
their values are defined in the following way: fi(a’) =da’, f; =d'.
Then ((Ai)ier, (fe)rek ), ((A)ier, (fi)kek ) are similar heterogeneous algebras.

5. RELATIONS OF HETEROGENEOUS ALGEBRAS TO RELATIONAL STRUCTURES

Let ((A;)ier, (fx)kex) be a heterogeneous algebra. As above, a(k) is the arity
and i(k) is the schema of the operation fj for any k¥ € K. We assign a relational
structure on the set S;c;A; to this algebra by defining the relations 7y, for any k € K
as follows.

(a) If k € K and a(k) = 0, then ry = {(tx)} where j(tx) = i(0, k), c(tx) = fx.
(b) If k € K and a(k) > 1, then 7 = {(z1,..., Za(k)s Ta(k)+1); (T1) € Aj1r)- -+
c(Zawky) € Aiae),k)r (Tae)+1) = frlc(m1), ..., c(Tamry)) € Ajok) }-

Hence, (Sicr A, (ri)rek) is a relational structure where a(k) + 1 is the arity of ry,
for any k € K. We put

Fo((Ai)ier, (fi)kerx) = (SierAi, (") kek)

where (S;cr A, (Tk)kex ) has been constructed in the just described way.

Example 3. Let ((A;)icr, (fe)rer), ((A)icr, (fi)rekx) be the same heteroge-
neous algebras as in Example 2. Then Fo((A:)ier, (fx)ker) = (SierAi, (Tk)rek)
where S, A; was constructed in Example 1 and 71 = {(ao, 0a), (bo, 0c)}, ro = {(a0)}.
Similarly, S;cr A} was defined in Example 1 and } = {(a/0’,0'a’)}, 15 = {(a’0')}.

Lemma 4. Let ((A)ier, (fe)ker), ((A})ier, (fi)kex) be similar heteroge-
neous algebras, h a decomposable homomorphism of the relational structure
Fo((Ai)ier, (fu)rer) into Fo((A})ier, (fi.)kek). Then h is strong.

Proof. Put Fo((Ai)ier, (fr)rex) = (Sier, (re)rex), Fo((Aj)ier, (fr)rex) =
(Sicr Al (1),)kekx ) where the relations ry, 7}, are defined by conditions (a), (b). Let
(hi)ier be the system of components of the homomorphism h.

Let £ € K, a(k) = 0, i(k) = i(a,0), 2’ € S;crA] hold. By the definition of
Tk, T, we obtain rp = {(s(fx))}, 7. = {(s(f}))} using Lemma 1. Since h is a
homomorphism, (h(s(fx))) € 7}, holds, which entails s(f;) = h(s(fx)). Hence, (z’) €
r. means ' = s(f;). Putting z = s(fx) we obtain (z) € r and h(z) = h(s(fx)) =
s(f.) = a’. Thus (i) in the definition of a strong homomorphism is satisfied.
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Suppose k € K, a(k) > 0, i(k) = i(0,k)i(1,k)...i(a(k),k), let the elements
T1, .., Zepy 0 SierAi, @' € SierA] be such that (h(x1),...,h(z.w)),2") €
- By (b) we obtain c(h(z1)) € Aj 4, c(h(@aw))) € Az(a(k) gy c@) =
frle(h(z1)), ..., c(h(za@y))). Since h is a decomposable mapping with the sys-
tem of components (h;)ic;r we have j(h(z1)) = i(1,k) = j(w1),...,j(h(Tam))) =
i(a(k),k) = j(zqr)) by Lemma 3, which implies c(xz1) € Ajm,) = A,
c(zar)) € Aj(zagy) = Aifa(k)k)- 1t follows that the value Jrle(wr), ... c(zqry))
is defined and is in the set A;( ). Let € S;crA; be such that c¢(x) = fi(c(21),. ..,
c(Tary))- Tt follows that (z1,...,Zqx), ) € 7% and the fact that A is a ho-
momorphism implies (h(z1),..., M(xqm)), h(x)) € 7). By the definition of r} we
obtain ¢(h(z)) = fi.(c(h(z )), ( (Tq(ry))) = c(2’). By Lemma 1 it follows that
h(z) = s(c(h(z))) = s(c(a')) =

(x
Hence, condition (ii) from the definition of strong homomorphisms is satisfied. [

Theorem 1. Let ((A;)icr, (fx)ker), ((Af)icr, (fi.)kex) be similar heterogeneous
algebras, h; a mapping of the set A; into A’ for any i € I. Then the following
assertions are equivalent.

(i) The system of mappings (h;):cr is a homomorphism of the heterogeneous alge-
bra ((Ai)ier, (fx)ker) into ((A})icr(fi)rex)-

(ii) The decomposable mapping h of the set S;crA; into S;c;A; whose compo-
nents form the system (h;);c; is a homomorphism of the relational structure
Fo((Ai)ier, (fr)rex) into Fo((A})ier, (fi.)kex)-

Proof. (1) Let (i) hold.

We have Fo((Ai)ier, (fi)kex) = (Sierdi, (tk)rex), Fo((A})ier, (fi)kex) =
(Sicr A, (1),)kek ) and the system of mappings (h;)ics is a homomorphism of the first
algebra into the other. Furthermore, (h;);cs is a system of components of a decom-
posable mapping h that maps the set S;crA; into S;erA}. By the definition of the
operators c, j, s and of the mapping h we obtain c(t) € A;;) and h(t) = s(h;)(c(t)))
for any t € S;c1A;.

Let k € K be arbitrary. Two cases may occur.

(A) a(k) =0.

If (x) € 4, holds, then x = s(fy), fr € Ao,k by (a) and, hence, h(z) = h(s(fx)) =
s(hj(s(fk))(c(s(fk)))) = s(hio,k) (fx)) = s(f;,) by the definition of a decomposable
mapping and by Lemma 1. Since r}, = {(s(f}.))} by (a), we obtain (h(z)) € r}..

(B) a(k) > 1.

Let x1,...,%a(k)s Ta(k)+1 be arbitrary elements in the set S;c;A; and sup-
pose (T1,...,Ta(k) Ta(k)+1) € Tk Then c(z1) € A k), - ATak)) € Aialh),b)>
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c(ZTaky+1) = frle(@1), .- e(Tar))) € Aiqo,k) by (b). It follows that

c(h(@1)) = hj(z,)(c(z1)) = hiq ) (c(z1))

for any integer [ with 1 <! < a(k) and

c(M(Za(k)+1)) = Rj(zagy) (€ @am)+1)) = Ri.x) ((Za(r)+1))

by Lemma 2. Thus,

Fe(hic iy (€(@1)), -+ Pigary k) ((@ar))) = Pigo,e) (Fr(e(@1), - (o))
= hi(o,k) (c(Ta(r)+1))-

By (b), it follows that

(s(hi1,k)(c(1))); -+ 5 8(higa(r) k) (T ar)))), $(Rigo,k) ((Ta(r)+1)))) € 7

by virtue of Lemma 1. By the definition of a decomposable mapping we obtain

(h(.’L‘l), ey h(.’L‘a(k)), h(wa(k)+1)) S 7“;.

Thus, (i) implies (ii).

(2) Let (ii) hold.

Suppose that (h;);er is the system of components of a decomposable map-
ping h of the set S;crA; into S;erA. Let h be a homomorphism of the relational
structure Fo((A;)icr, (fi)vex) = (SierAi, (ri)rex) into Fo((A})icr, (fi)rex) =
(SicrAf (ri)kex)-

Let k € K be arbitrary. Two cases are possible.

(A) a(k) =0.

Then fr € Ajor) and r, = {(tx)} where j(tr) = i(0,k), c(tx) = fx by (a). Since
h is a homomorphism, we obtain (h(tx)) € 7}, i.e. h(ty) = t; for some t}, € S;erA;].
By Lemma 2 we have c(t;,) = c(h(tx)) = hjo,x) (c(tr)) = hio.x)(fr). By (a) there
exists f;, such that c(t}) = f;. Then j(t}) = j(tx) by Lemma 2, which implies that
T € Aoy hico) (fr) = fi.-

(B) a(k) > 1.

Let x1 € Aj(1,k)s -+ Tak) € Aifalk)k)s T = fe(T1,...,Tq(r)). Suppose that t; €
SicrA; is such that ¢(t;) = x; for any integer [ with the property 1 <1 < a(k), let t €
Sic1A; be such that c(t) = . By the definition of r, we obtain (t1,...,t.%),t) € k-
It follows that (h(t1),. .., h(tak)), h(t)) € 7}, which implies the existence of elements
i, ... ,x;(k),x’ such that f/(«7,... ,x;(k)) =a’, ¢(h(t;)) = ] for any [ with 1 <[ <
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a(k), and c(h(t)) = 2’ according to (b). By Lemma 2 we obtain hjq,(c(t)) = ]
for any I such that 1 <1 < a(k), hju(c(t) = 2/, i.e. hjq,)(z;) = 2] for any | with
1 <1 <a(k), hjg(x) =o', Clearly, j(t;) =i(l, k) for any I such that 1 < < a(k),
j(t) = i(0,k). Hence fi(hiq k) (1), -, hiak), k) (Tar))) = fr(@h, - 204,)) = 2" =
higo.k) (2) = hico.k) (fr(T1, - - - Ta(r)))-

It follows that the mappings h; of the system (h;);cs satisfy the conditions
formulated in the definition of a homomorphism of the heterogeneous algebra
((Ai)ier, (fr)er) into ((Af)ier, (ff,)ker ). Therefore, (ii) implies (i). O

6. CONSTRUCTIONS

We now describe a construction of all homomorphisms of a heterogeneous algebra

into a similar one.

Construction 1.
Let ((As)ier, (fe)ker), ((A})ier, (fi.)kex) be similar heterogeneous algebras.
Construct the relational structures

Fo((Ai)ier, (fr)ker) = (SicrAi, (Tk)re k),
Fo((A}ier, (fi)ker) = (SierAj, (r))kek)-

Construct all decomposable strong homomorphisms of the relational structure
(Sierdi, (Tk)rek) into (Sier A, (1) ek )-

For any constructed decomposable strong homomorphism of the relational structure
(SicrAi, (k) kek ) into (Sicr AS, (r,)ker) construct its system of components (h;)icr.

The system of mappings (h;)icr is a homomorphism of the heterogeneous algebra
((Ai)ier, (fe)rek) into ((AL)icr, (fi.)ker) and any homomorphism of the heteroge-
neous algebra ((As)icr, (fu)rer) nto ((A))icr, (f}.)kerx) may be constructed in the
just described way.

This follows from Theorem 1 and Lemma 4.

Our main problem is how to construct all decomposable strong homomorphisms
of the relational structure (S;erA;, (7x)rex) into (Sier A}, (r,)rex). This is solved
in [9]. We repeat here the definitions and results that are needed for this purpose.

Let n > 0 be an integer and (A, t) a relational structure where ¢ is an (n + 1)-ary
relation on the set A. Put P(A) = {X; X C A}. Furthermore, define

Rt] ={x € A; (x) € t} if n = 0;

R[t](X1,...,X,) = {zn41 € A; there exist z1 € Xq,...,2, € X, such that
(1, &n, Tny1) €t} if n > 1 and Xq,..., X, are in P(A).

Then R[t] is an n-ary operation on the set P(A), i.e., (P(A4),R]t]) is an algebra.
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Example 4. Let (S;crA;, (ri)rex), (Sierd}, (1,)kex) be the same relational
structures as in Example 3. We replace these structures by algebras with one unary
and one nullary operation; their carriers are P(S;crA;), P(SicrA}), respectively. The
unary operation o; = R[r1] defined on the set P(S;c;A;) has the following table:

0 {ao} {bo} {oa} {oc} {ao,bo} {ao,oa} {ao,oc} {bo,oa} {bo,oc}
0 {oa} {oc} 0 0 {oa,oc}  {oa} {oa} {oc} {oc}

{oa,oc} {ao,bo,0a} {ao,bo,oc} {ao,o0a,oc} {bo,oa,oc} {ao,bo,oa,oc}

0 {oa, oc} {oa, oc} {oa} {oc} {oa,oc}

The corresponding mono-unary algebra is represented by Fig. 1.

{ao, bo} {ao,bo,0a} {ao,bo,oc} {ao,bo,oa,oc}

{ao, oa, oc} {bo, oa, oc}
{ao, oc bo, oc}
{ao,0a bo, oa}

{ao bo}

Fig. 1.

The nullary operation o2 = R[rs] has the value {ao}.

Similarly, the unary operation o} = R[r}] on the set P(S;crA}) has the following
table:

0 {d'o'} {dd'} {dd} {dd,0a'} {a'd,oc} {dd,dc} {dd,dd, o}

0 {od} 0 0 {da’} {d'a’} 0 {d'a"}

The corresponding mono-unary algebra is represented by Fig. 2.

The nullary operation o = R[r}] has the value {a’0’}.

The main step in our Construction 1 consists in constructing all strong homomor-
phisms of one relational structure into another one. The solution of this problem
requires some further concepts.
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{d'0'} {d'0,da'}{a'o, o} {a'0,0d o}

Fig. 2.

Let A, A’ be sets. A mapping H of the set P(A) into P(A’) is said to be totally
additive if for any X € P(A) the condition H(X) = |J H({z}) is satisfied. The
reX

mapping H is called atom preserving if for any x € A there exists 2’ € A’ such that
H({x}) = {a'}.

Let H be a mapping of the set P(A) into P(A’). Put Q[H] = {(z,2') € A x A';
2’ € H({x})}. Tt is easy to see that Q[H] is a relation from the set A to A’; if H is
atom-preserving, Q[H] is a mapping of the set A into A’.

The construction of all strong homomorphisms of a relational structure into an-
other one can be reduced to a construction of homomorphisms of suitable algebras
as follows from

Construction 2.

Let (A, (1k)ker), (A, (r},)kek) be similar relational structures.

Construct the algebras (P(A), R[ri])rek), (P(A"), (R[] kex)-

Construct all totally additive atom preserving homomorphisms of the algebra
(P(A), (Rri))rex) into (P(A), (RIr}])ker):

For any constructed totally additive atom preserving homomorphism H of the
algebra (P(A), (R[ri])rek) into (P(A"), (R[r}.])rek) construct the mapping Q[H].

Then Q[H] is a strong homomorphism of the relational structure (A, (ri)rex ) into
(A, (r.)kek ) and any strong homomorphism of the relational structure (A, (7%)rek)
into (A, (1. )kek) may be constructed in the just described way.

This is a consequence of Corollary 2 of [9].

The construction of all homomorphisms of an algebra with a finite number of
operations into another algebra of the same type is described in the paper [11]. It is
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too complicated and, for this reason, it will not be presented here. In our example,
we will work with algebras having one nullary and one unary operation. Their
homomorphisms can be constructed using [7], [8]. The homomorphisms constructed
must be tested in order to choose only totally additive and atom preserving ones.

Example 5. Construct a total additive and atom preserving homomorphism H
of the algebra (P(S;crA;), (ox)rer) into (P(S;crAf), (0},)kek ) where these algebras
are the same as in Example 4.

Clearly, H(02) = 0h, i.e., H({ao}) = {a’0'}. Furthermore, the atoms {ao}, {bo} in
the set P(S;crA;) (which is ordered by inclusion) satisfy the conditions o;({ao}) =
{oa}, 01({bo}) = {oc}, i.e., their values are atoms. Since H is a homomorphism
preserving atoms, we obtain o (H ({ao})) = H({oa}), o} (H ({bo})) = H({oc}) where
H({ao}), H({oa}), H({bo}), H({oc}) are atoms in the set P(S;c1A}). Clearly, {a'0’}
is the only atom in the set P(S;c;A}) which is sent to an atom by the mapping of; the
other atom is {o’a’}. It follows that H({ao}) = {a’0'}, H({oa}) = {o'a’}, H({bo}) =
{d'0’}, H({oc}) = {0'a’}. Using the total additivity of H we may complete the values
of H as follows:

0 {ao} {bo} {oa} {oc} {ao,bo} {ao,0oa} {ao,oc}  {bo,oa}

@ {alol} {alol} {Ola/} {Ola/} {alol} {alol’ola/} {0/0170/0/} {alol’ola/}

{bo,oc} {oa,oc} {ao,bo,oa} {ao,bo,oc} {ao,o0a,oc} {bo,oa,oc}
{d'd’,0a’} {dd'} {d'o,0dd'} {d'd,0a'} {a'd,od'} {d'o,0a'}

{ao, bo, oa, oc}
{da'0’,0'a’}

It is easy to see that H is a total additive and atom preserving homomorphism of
the algebra (P(S;crAi), (ok)ker) into (P(SicrA}), (0})kek)-

Construct Q[H]; it is the mapping h of the set S;crA; into S;er A} such that
h(ao) = a’'d’, h(bo) = a’0’, h(oa) = o'd’, h(oc) = o'd’.

By Construction 2, h is a strong homomorphism of the relational structure
(SierAi; (re)rex ) into (Sier Af, (1)) ek )-

In this way we are able to construct all strong homomorphisms of the rela-
tional structure (S;erAi, (7x)ker) into (Sicr A}, (1).)ker ). Naturally, any constructed
strong homomorphism must be tested in order to state whether it is decomposable
or not. Any accepted mapping h of the set S;crA; into S;crA; must satisfy the
condition j(t) = j(h(t)) for any ¢t € S;c1A; according to Lemma 3.

Example 6. Let the relational structures (SicrAi, (rk)ker), (Sierdl, (r})rek)
and the mapping h be the same as in Example 5. In Example 1, we have stated

that h is decomposable with components hi, ho where hyi(a) = a', h1(b) = o,
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ha(a) = d’, ha(c) = a’. According to Construction 1, (h;);er is a homomorphism of
the heterogeneous algebra ((A;)icr, (fr)rex) into ((A))ier, (f})kek)-

7. CATEGORICAL FORMULATIONS

The fundamental notions of the theory of categories can be found, e.g., in [2] and
[6].

Let I # 0, K # 0 be sets. Suppose that for any & € K a nonnegative integer a(k)
and a finite sequence i(k) of length a(k)+1 formed of elements in I are given: i(k) =
1(0,k) if a(k) = 0 and i(k) = 4(0,k)i(1,k)...i(a(k), k) if a(k) > 1 where (0, k),
i(1,k),...,i(a(k), k) are elements in I. The sets I, K and the system of finite se-
quences (i(k))rek define the type 7 of heterogeneous algebras: 7 = (I, K, (i(k))rek)-
By a heterogeneous algebra of type 7 = (I, K, (i(k))rex) we mean a heterogeneous
algebra of the form ((A;)icr, (fk)kex) where the operation fi has arity a(k) and
schema i(k) for any k € K.

Denote by C(7) the class of all heterogeneous algebras of the given type 7. Let
((Ai)ier, (fe)rer), (Adier, (fr)rer), ((AY)ier, (fi)kex) be elements in C(7), let
(hi)ier be a homomorphism of the first algebra into the second, (h});cr a homomor-
phism of the second algebra into the third. Then, clearly, (h} o h;);cs is a homomor-
phism of the first algebra into the third. Furthermore, (id4,):cs is a homomorphism
of the algebra ((4;)icr, (fx)kex) into itself. It follows that the class C(7) equipped
with homomorphisms as morphisms is a category. It will be denoted by HET (7).

Let 7 = (I, K, (i(k))rex ) be a type in the above defined sense. Let D(7) denote
the class of all relational structures where any of them is defined as follows: We take
arbitrary sets A; where ¢ € I, construct the set S;c;A; and, for any k € K, define a
relation r of arity e(k) = a(k) + 1 in the following way:

(i) If a(k) = 0, we put 7 = {(s(fx))} where fj is an arbitrary element in the set
Aio,k)-

(ii) If a(k) > 1, we put rp, = {(s(21),...,8(Taw)), s(fe(®1,.. ., Zawy))); T1 €
Aik)s > Tak) € Ai(a(k),k)} Where fi is an arbitrary mapping of the set
Ai(l,k) X ... X Ai(a(k),k) into Ai(O,k)~

Then D(7) is the class of all relational structures of the form (S;crA;, (ri)kek)
constructed in the way just described.

Lemma 5. Let 7 = (I, K, (i(k))kex) be a type, (S;erAi, (rx)rex) an object of
the class D(7). Then there exists a heterogeneous algebra ((A;)icr, (fx)kek) In the
class C(7) such that Fo((A;)icr, (fi)kex) = (SicrAi, (k) kek)-

Proof. The sets A; can be reconstructed from S;c;A;.
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Let k € K be arbitrary.

If a(k) = 0, then the arity of r, is e(k) = a(k) +1 = 1, which implies the existence
of an element fi € A;q k) such that ry = {(s(fx))} by (i).

Let a(k) > 1; then there exists a mapping fi of the set A1 k) X ... X Aja(k),x) into
Aj(o,ky such that rp = {(s(z1),...,8@aw)), s(fu(@1,.- s Ta@r))); 21 € A )s-- s
Ta(k) € Ai(ar),k)} by (ii)-

In this way, a heterogeneous algebra ((A;):cr, (fi)rex ) is defined that is an element
in the class C(7). Put (Sicrdi, (r.)ker) = Fo((Ai)ier, (fi)rer)-

If a(k) = 0, then 7, = {(tx)} where j(tx) = i(0,k), c(tx) = fr according to (a).
By Lemma 1 we obtain ¢, = s(c(tx)) = s(fx) and, hence, 7, = {(s(fx))} = r&.

Suppose a(k) > 1. Then r, = {(z1,...,%ak), Tak)+1); c(®1) € Aiip),---»
c(Ta(r)) € Aifak).k)> C(Takyr1) = fr(c(@1),... c(@aw))) € Aiory} = {(s(¥1),-- -,
5(Ya(k))s SWaky+1)); (1)) € Airys > (8Wa))) € Aiath),k)> (8Wamy+1)) =
fk(c(s(yl))’ RN c(8<ya(k)))) € Ai(O,k)} = {(S(y1)> ) S(Qa(k))? S(Qa(k)+1)); Y1 €
Aik)s > Yak) € Aitak) k) Yatky+1 = kWi, Ya)) € Aior)} = & by (b),
Lemma 1, and (ii).

Thus, Fo((Ai)ier, (fr)kex) = (SierAi, (ri)rex) holds. 0

Let (Sicrdi, (k)kek), (SicrAl, (r})ker), (SierAY, (fi))ker) be elements of the
class D(7). If h is a decomposable homomorphism of the first structure into the sec-
ond with the system of components (h;);c; and i’ is a decomposable homomorphism
of the second structure into the third whose system of components equals (h})er,
then (R} o h;)icr is a decomposable mapping of the set S;crA; into S;erAY. It is
easy to see that it is a homomorphism of the relational structure (S;er4;, (Tk)kek)
into (S;crAY, (1} )kek ). Furthermore, (id 4, )ier is a decomposable homomorphism of
the relational structure (S;ecrA;, (1y)kex) into itself. It follows that the class D(7)
equipped with decomposable homomorphisms as morphisms is a category. It will be

denoted by REL(7).

Theorem 2. Let 7 = (I, K, (i(k))rex) be a type. Then the categories HET (1)
and REL(7) are isomorphic.

Proof. The mapping Fo defined in Section 5 maps the class of objects
of the category HET(7) into the class of objects of REL(7). By Lemma 5,
the mapping Fo is surjective. It is easy to see that it is injective, too: If
((As)ier, (fe)rek)s ((AY)icr, (fi.)kex) are different objects of the category HET(7),
then either (A;)ier # (A})ier which implies that S;erA; # Sier A} or (fy)kex #
(fr.)kek which entails (74 )rex # (7}, )ke k- Thus the mapping Fo is a bijection of the
class of all objects in the category HET(7) onto the class of all objects in REL(7).
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Let a morphism in the category HET(7) be given. It is a homomorphism (h;);er
of an object ((A;)icr, (fr)rer) into an object ((Af)icr, (fi)ker). By Theorem 1 it
is a decomposable homomorphism of the relational structure Fo((A;)cr, (fi)kek)
into Fo((A})ier, (fi.)ker). By the same theorem, a decomposable homomorphism
(hi)icr of the relational structure Fo((A;)ier, (fr)rek) into Fo((AL)icr, (f.)ker) is
a homomorphism of the algebra ((4;)icr, (fr)rek) into ((A})icr, (f1.)kek ). Thus, we
define the mapping F'm of the class of all morphisms in the category HET(7) into
the class of all morphisms in REL(7) to be the identity mapping.

It follows that the functor whose object mapping is F'o and whose morphism map-
ping is F'm is an isomorphism of the category HET(7) onto the category REL(T).

O
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