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Abstract. Here we consider the weak congruence lattice CW (A) of an algebra A with the
congruence extension property (the CEP for short) and the weak congruence intersection
property (briefly the WCIP). In the first section we give necessary and sufficient conditions
for the semimodularity of that lattice. In the second part we characterize algebras whose
weak congruences form complemented lattices.
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0.

For a given algebraA, let Con(A) and Sub(A) be the lattices of all congruences and
subalgebras of A, respectively. CW (A) is the lattice of all weak congruences on A,

i.e., symmetric and transitive binary relations on A, satisfying the usual substitution
property extended to the nullary operations of A. It is obvious that CW (A) coincides
with the set of all congruences on all subalgebras of A, i.e., α ∈ CW (A) if and only

if there is a (unique) B ∈ Sub(A) such that α ∈ Con(B). It was proved in [9]
that CW (A) is an algebraic lattice. We know (see [1], p. 14) that every algebraic

lattice is weakly atomic (a lattice L is weakly atomic, if for every pair of elements
a, b ∈ L with a < b, there exist elements u, v ∈ L such that a � u < v � b and

{x ∈ L : u < x < v} = ∅).
The diagonal relation ∆ = {(a, a) : a ∈ A} is a codistributive element in CW (A),

i.e., for all α, β ∈ CW (A),

(α ∨ β) ∧∆ = (α ∧∆) ∨ (β ∧∆).
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It is well known that Con(A) = [∆) (a filter in CW (A) generated by ∆) and Sub(A)

is isomorphic with (∆] where (∆] is an ideal in CW (A) generated by ∆.

For B ∈ Sub(A), let
∆B = B2 ∧∆.

We check at once that if B, C ∈ Sub(A), then

(1) ∆B∧C = ∆B ∧∆C and ∆B∨C = ∆B ∨∆C .

If α ∈ CW (A) and α � B2, then we put

αB = α ∨∆B.

An algebra A has the CEP if every congruence on a subalgebra of A is a restriction
of a congruence on A. We recall the following characterizations of the CEP.

Proposition 1 (see [5], Lemma 8). The following statements are equivalent for
an algebra A:

(i) A has the CEP.

(ii) If α, β ∈ Con(B), B ∈ Sub(A), then α ∨∆ = β ∨∆ implies α = β.

(iii) For all α, β ∈ CW (A), α ∨ (∆ ∧ β) = (α ∨∆) ∧ (α ∨ β).

(iv) If B, C ∈ Sub(A) (B � C), then for α ∈ Con(B), α = αC ∧B2.

A is said to have the WCIP ([4], [6] and [7]) if for all α ∈ CW (A) and β ∈ Con(A)

(α ∧ β)A = αA ∧ β.

It is easy to see that every simple algebra has the WCIP. Consequently, each field

satisfies the WCIP. Fields also have the CEP (see [2]). We know that unary algebras
(see [7]) and Hamiltonian groups (see [3]) belong to the class of all algebras which

satisfy the CEP and the WCIP.

Proposition 2 (cf. [8], Theorem 5). An algebra A satisfies the CEP and the

WCIP if and only if the mapping

hB : β ∈ Con(A)→ β ∨∆

is an isomorphism from Con(B) onto (B2∨∆], where (B2∨∆] is an ideal in CW (A).

As a preparation we also need the following statement.
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Proposition 3. If an algebra A has the CEP, then it has the WCIP if and only

if for every α ∈ Con(B), β ∈ Con(C) (B, C ∈ Sub(A) and B � C),

(2) (α ∧ β)C = αC ∧ β.

�����. Let A have the WCIP and let B and C be subalgebras of A such that
B � C. Let α ∈ Con(B) and β ∈ Con(C). By Proposition 1, β = βA ∧ C2. Hence

α ∧ β = α ∧ βA. Since A has the WCIP, we have

(α ∧ β)A = (α ∧ βA)A = αA ∧ βA.

Therefore,

(3) (α ∧ β)A ∧ C2 = αA ∧ βA ∧ C2.

Proposition 1 now gives

(4) αC = αA ∧ C2 and (α ∧ β)C = (α ∧ β)A ∧ C2.

Applying (3) and (4) we obtain

(α ∧ β)C = (α ∧ β)A ∧ C2 = αA ∧ βA ∧ C2 = (αA ∧ C2) ∧ (βA ∧ C2) = αC ∧ β.

Thus (2) holds. The converse is obvious. �

1.

Let L be a lattice and let a, b ∈ L. We say that b covers a if a < b and {x ∈ L : a <

x < b} = ∅; in this case we write a ≺ b. Recall that a lattice L is semimodular if

whenever a and b are elements of L and a ∧ b ≺ a we have b ≺ a ∨ b.

Proposition 4. Let A be an algebra such that for every α, β ∈ CW (A), if

α ∧∆ = β ∧∆, then

(5) α ≺ β implies αA ≺ βA.

Then A has the CEP.

�����. If A does not satisfy the CEP, then by Proposition 1 there are γ, δ ∈
Con(B) (B ∈ Sub(A)) such that γ �= δ and γA = δA. Without loss of generality
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we can assume that γ < γ ∨ δ. Since CW (A) is a weakly atomic lattice, there exist

α, β ∈ CW (A) with γ � α ≺ β � γ ∨ δ. We have

γ ∧∆ � α ∧∆ � β ∧∆ � (γ ∨ δ) ∧∆.

Since ∆ is a codistributive element of CW (A), we obtain

(γ ∨ δ) ∧∆ = (γ ∧∆) ∨ (δ ∧∆) = γ ∧∆.

Therefore, α ∧∆ = β ∧∆. From (5) it follows that αA ≺ βA. On the other hand,

γ ∨∆ � α ∨∆ � β ∨∆ � (γ ∨ δ) ∨∆ = γ ∨∆,

and hence αA ≺ βA. This contradiction shows that A has the CEP. �

Remark 1. The assumption of finite length of CW (A) can be dropped in Theo-
rem 4 [7].

As a preparation we need the following lemma.

Lemma 1. Let A be an algebra satisfying the CEP and let B, C ∈ Sub(A),
B �= C. If α ∈ Con(A) and β ∈ Con(C), then α ≺ β if and only if B ≺ C and

β = α ∨∆C .

�����. Let α ≺ β. It is easily seen that B < C. Assume that there exists a

subalgebra D such that

(6) B < D < C.

From this we deduce that

α � α ∨∆D � α ∨∆C � β.

If α = α ∨∆D, then ∆D � α � B2, and therefore D � B, contrary to (6). Thus

α ∨∆D = α ∨∆C = β.

Hence ∆C = α ∨∆D � D2. Consequently, C � D. This contradiction shows that

(7) B ≺ C and β = α ∨∆C .

Now, let (7) hold. We prove that α ≺ β. On the contrary, suppose that there is a
weak congruence γ ∈ CW (A) with α < γ < β. Let γ ∈ Con(E) for some E ∈ Sub(A).
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It is easy to check that B � E � C. Since B ≺ C, we have B = E. Therefore,

α, γ ∈ Con(B) and hence

α ∨ (∆ ∧ γ) = α ∨∆B = α.

By Proposition 1, α ∨ (∆ ∧ γ) = (α ∨∆) ∧ γ. Then

α = (α ∨∆) ∧ γ.

Since γ < β = α ∨∆C � α ∨∆, we see that (α ∨∆) ∧ γ = γ. Thus α = γ, contrary

to our assumption that α < γ < β. Consequently, α ≺ β. �

Theorem 1. Let A be an algebra satisfying:

(i) Sub(A) is a semimodular lattice;
(ii) Con(A) is a semimodular lattice for every B ∈ Sub(A);
(iii) for all B, C ∈ Sub(A), B � C, if α, β ∈ Con(B) with α ≺ β, then αC ≺ βC .

Then the lattice CW (A) is semimodular.

�����. Take α ∈ Con(B), β ∈ Con(C) (B, C ∈ Sub(A)) and assume that
α ∧ β ≺ α. We shall consider two cases.

Case 1. B � C.
It is clear that α ∧ β ∈ Con(B). By assumption (iii),

(8) (α ∧ β)C ≺ αC .

Observe that αC � β. Indeed, if αC � β, then α ∨ β = αC ∨ β = β and hence
α ∧ β = α, a contradiction. We have

(α ∧ β)C � αC ∧ β < αC ,

and from (8) it follows that

(9) αC ∧ β ≺ αC .

By (ii), Con(C) is a semimodular lattice. Since αC , β ∈ Con(C), (9) gives β ≺
αC ∨ β = α ∨ β.

Case 2. B � C.
We have α ∧ β ∈ Con(B ∧ C) and α ∧ β ≺ α. By Proposition 4, A has the CEP.

From Lemma 1 we conclude that B ∧C ≺ B and

(10) α = (α ∧ β) ∨∆B .
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By (i), Sub(A) is a semimodular lattice. Then

C ≺ B ∨ C.

Lemma 1 now shows that
β ≺ β ∨∆B∨C .

Applying (1) and (10) we obtain

β ∨∆B∨C = β ∨∆B ∨∆C = β ∨∆B = β ∨ (α ∧ β) ∨∆B = α ∨ β.

Consequently, β ≺ α ∨ β.

Thus CW (A) is a semimodular lattice. �

Lemma 2. If A has the CEP and the WCIP, then condition (iii) of Theorem 1
is satisfied.

�����. Let B, C ∈ Sub(A), B � C and let α, β ∈ Con(B) such that α ≺ β.

Suppose that there exists a weak congruence γ with αC � γ � βC . Obviously,
γ ∈ Con(C). From Proposition 1 it follows that

α = αC ∧B2 � γ ∧B2 � βC ∧B2 = β.

If α = γ ∧B2, then by Proposition 3,

αC = (γ ∧B2)C = γ ∧ (B2)C .

Since γ � βC � (B2)C , we have γ = αC . Similarly, if β = γ ∧ B2, then γ = βC .
Hence αC ≺ βC , and thus (iii) holds. �

Theorem 2. If an algebra A satisfies the CEP and the WCIP, then CW (A) is
semimodular if and only if the lattices Con(A) and Sub(A) are semimodular.

�����. Let Con(A) and Sub(A) be semimodular lattices. By Proposition 2,
Con(B) ∼= (B2 ∨ ∆] for every B ∈ Sub(A). Theorefore Con(B) is a semimodular
lattice. Thus conditions (i) and (ii) (given in Theorem 1) are satisfied. From Lemma 2
we obtain (iii). Now, Theorem 1 shows that the lattice CW (A) is semimodular.

The converse follows from the fact that Con(A) and Sub(A) are convex sublattices
of CW (A). �

The following example shows that the assumption of the CEP cannot be dropped
in the previous theorem.
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Example 1. Let G1 = ({a, b, c, d}, ·) be the groupoid given by the Cayley table
below, with constant a. G1 has the lattice of weak congruences CW (G1) shown in
Figure 1.

· a b c d
a a b c c
b a b c d
c c c a c
d a b b d

∆

�
Fig. 1.

It is easy to see that the groupoid G1 satisfies the WCIP but fails on the CEP.

G1 has distributive lattices of congruences and subgroupoids but CW (G1) is not
semimodular.

Remark. Symmetric group S3 has a modular lattice of subgroups and a distrib-
utive one of normal subgroups. It satisfies the CEP, but fails on the WCIP (see

Example 4 of [9]). The lattice CW (S3) is not semimodular. This example shows that
the assumption of the WCIP cannot be dropped in Theorem 2.

2.

In this part we give necessary and sufficient conditions under which the weak

congruence lattice of an algebra is complemented. As a preparation we need the
following lemma.

Lemma 3. Let A satisfy the CEP and the WCIP and let B be a subalgebra of A
such that B2 ∨∆ = A2. Then

Con(B) ∼= Con(A)

under hB : β ∈ Con(B)→ β ∨∆.

�����. Since A has the CEP and the WCIP, Proposition 2 shows that hB is an

isomorphism from Con(B) onto (B2 ∨∆]. By assumption, B2 ∨∆ = A2. Therefore
Con(B) ∼= Con(A) under hB. �
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Proposition 5. Let A be an algebra satisfying:
(i) A has the CEP and the WCIP,

(ii) for every B ∈ Sub(A), B2 ∨∆ = A2,

(iii) Con(A) is a complemented lattice,

(iv) Sub(A) is a complemented lattice.
Then the lattice CW (A) is complemented.

�����. Let α be a weak congruence of A. Then there exists B ∈ Sub(A) such
that α ∈ Con(B). By (iv), there is C ∈ Sub(A) with B ∨ C = A and B ∧ C = M ,

where M is the least subalgebra of A. Since A satisfies (i) and (ii) we can apply
Lemma 3 and we get

Con(B) ∼= Con(A).
We conclude from (iii) that Con(B) is a complemented lattice. Let β be a complement

of α in Con(B). Lemma 3 now shows that

Con(C) ∼= Con(A)

under hC : γ ∈ Con(C) → γ ∨∆. From this we see that there is γ ∈ Con(C) such
that γA = βA. We shall prove that γ is a complement of α in CW (A). Indeed, we
have

α ∨ γ � ∆B ∨∆C = (by (1)) ∆B∨C = ∆A = ∆,

and hence

α ∨ γ = α ∨ γ ∨∆ = αA ∨ γA = αA ∨ βA = (α ∨ β)A = (B2)A = A2.

Thus

(11) α ∨ γ = A2.

Moreover,

∆M � α ∧ γ � B2 ∧ C2 = (B ∧C)2 =M2

and

α ∧ γ � αA ∧ γA = αA ∧ βA (by the WCIP)

= (αA ∧ β)A = (αA ∧B2 ∧ β)A (by the CEP and Proposition 1)

= (α ∨ β)A = (∆M )A = ∆.

Consequently, ∆M � α ∧ γ � M2 ∧∆ = ∆M . Then

α ∧ γ = ∆M .

From this and (11) we obtain that γ is a complement of α in CW (A). Thus CW (A)
is a complemented lattice. �
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Proposition 6. Let A be an algebra having the CEP and the WCIP. If CW (A) is

a complemented lattice, then the conditions (ii), (iii) and (iv) (given in Proposition 5)
are satisfied.

�����. Denote by M the least subalgebra of A. To prove (ii), let D ∈ Sub(A)
and let α be a complement of ∆ in CW (A). Then

α ∨∆ = A2 and α ∧∆ = ∆M .

Observe that α ∈ Con(M). Indeed, if

∆C � α � C2

for some C ∈ Sub(A), then ∆C = ∆C ∧∆ � α ∧∆ = ∆M . Consequently, C = M ,

i.e., α ∈ Con(M). From this we have α � M2, and hence

A2 = α ∨∆ � M2 ∨∆ � B2 ∨∆ � A2.

Therefore,

B2 ∨∆ = A2,

i.e., (ii) holds.
To prove (iii), let α ∈ Con(A). Denote by β a complement of α ∧M2 in CW (A).

Then

(α ∧M2) ∨ β = A2(12)

and

α ∧ β ∧M2 = ∆M .(13)

Since ∆ is a codistributive element of CW (A), we have

∆ = ∆ ∧A2 = ∆ ∧ [(α ∧M2) ∨ β] = (α ∧M2 ∧∆) ∨ (β ∧∆)
= ∆M ∨ (β ∧∆) = β ∧∆.

Therefore, ∆ � β, and hence β ∈ Con(A). From (12) we conclude that

α ∨ β = A2.

Applying (13) and the WCIP we get

∆ = ∆M ∨∆ = (α ∧ β ∧M2) ∨∆ = (α ∧ β) ∧ (M2 ∨∆).
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By (ii), M2 ∨∆ = A2. Consequently,

α ∧ β = ∆.

From this and (14) we obtain that β is a complement of α in CW (A). Thus (iii) is
satisfied.

To prove (iv), let B be a subalgebra of A. Denote by α a complement of ∆B in
CW (A), i.e.,

α ∨∆B = A2 and α ∧∆B = ∆M .

Let C be an subalgebra of A such that α ∈ Con(C). Since B2 ∨C2 � ∆B ∨ α = A2,
we have B ∨ C = A. Applying (1) yields

∆M = α ∧∆B � ∆C ∧∆B = ∆B∧C .

Hence B ∧ C =M . Consequently, C is a complement of B in Sub(A). �

Summarizing the results of this section we have the following theorem.

Theorem 3. An algebra A with the CEP and the WCIP has a complemented
lattice of weak congruences if and only if it satisfies conditions (ii), (iii) and (iv) from

Proposition 5.

Example 2. Let G2 = ({a, b, c, d}, ·) be the groupoid given by the Cayley table
below, with constants a and b. The weak congruence lattice of G2 is given in Fig. 2.
This lattice is complemented. Moreover, it is a Boolean lattice.

· a b c d
a a b a a
b a b c b
c b c c d
d d b c d

∆�
Fig. 2.
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