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Abstract. The study of paramedial groupoids (with emphasis on the structure of simple
paramedial groupoids) was initiated in [1] and continued in [2], [3] and [5]. The aim of the
present paper is to give a full description of finite simple zeropotent paramedial groupoids
(i-e., of finite simple paramedial groupoids of type (II)—see [2]).

A reader is referred to [1], [2], [3] and [7] for notation and various prerequisites.
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1. INTRODUCTION

Let G be a transitive permutation group on a non-empty finite set G* and let G
be generated by elements f and g, i.e. such that G = (f,g). Let o be a symbol not
in G* and G = G* U {o}. Now, define a multiplication on G as follows:

(a) oo = o;

(b) ox = 0 = zo for every x € G*;

(c) zy = o for all x, y € G*, f(x) # g9(y);

(d) zy = f(x) = g(y) for all x, y € G* such that f(z) = g(y).
Then we denote the groupoid G defined in this way by G = [G, G*, f, g, 0].

1.1. Proposition.
(i) G is a simple balanced groupoid.

While working on this paper, the first author was supported by the Academic Research
Fund, Ministry of Education, Korea, Project No. BSRI-97-1433, and the second author by
the Grant Agency of the Czech Republic, Grant # 201/96/0312, and by the institutional
grant MSM113200007.
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(ii) G is zeropotent if and only if f(a) # g(a) for every a € G*.
(iii) If f # g and f? = ¢ then G is zeropotent.
(iv) G is paramedial if and only if f? = g*.

Proof. (i)and (ii) See [7, Prop. 3.1].

(i) The set I = {a € G*; f(a) # g(a)} is non-empty. If a € I, then
f%(a) = ¢*(a) # gf(a), so that f(a) € I. Quite similarly, g(a) € I and we
conclude that I = G*.

(iv) Assume that G is paramedial and a € G*. Then there are b, ¢, d € G* such
that f*(a) = g(b), f(a) = g(c) and f(d) = g(b). Now, 0 # f*(a) = g*(b) = ac-db =
be - da, and so be # o, f(b) = g(c) and @ = b. Thus f2(a) = g*(a).

For the converse, assume f2 = g2 and let a, b, ¢, d € G. Suppose first that ac-db #
0. Then none of a, b, ¢, d, ac and db is 0 and f(a) = g(c) = ac, f(d) = g(b) = db and
f(ac) = gldb). Thus g2(a) = f3(a) = fg(c) = f(ac) = g(bd) = g*(b), and s0 a = b.
Then obviously ac - db = bc - da. This argument also shows that if ac - db = o, then
bc - da = o as well, which completes the proof. O

Let Appm denote the class of all ordered quadruples (4, B, a,b), where A is a
finite group, B a corefree subgroup of A and A = (a,b), a # b, a®> = b*. Now, define
an equivalence relation ~ on A,ppm by (A1, B1,a1,b1) = (Asz, B2, az, be) if and only
if there is a (group) isomorphism A: A; — As such that A(a1) = ag, A(b1) = bs and
the subgroups A\(By), B2 are conjugate in As.

For (A, B,a,b) € A.ppm, let A/B denote the set {xB; = € A} of all left cosets
of B in A. For every x € A, the equality n(z)(yB) = xy(B) defines a permutation
n(x) of A/B. Thus n(A) is a subgroup of the symmetric group on A/B and n(A) is
clearly transitive. Now, we put ®((4, B,a,b)) = [n(A), A/B,n(a),(b),0], o ¢ A/B,
the groupoid defined above.

Let G be a finite simple zeropotent paramedial groupoid (i.e., a finite simple
paramedial groupoid of type (II)—see [2]) containing at least three elements. Now,
G is balanced by [3, Theorem 2.1] and for every a € G* = G\ {o} there exist uniquely
determined elements b, ¢ € G such that f(a) = ab # 0 # ca = g(a). Furthermore,
the mappings f, g are permutations of G*, f2 = g2, f # g, and G = (f, g) operates
transitively on G*. If u € G* and H = Stabg(u), then ¥(G) = (G, H, f,9) € A.ppm.-

1.2. Theorem. There exists a one-to-one correspondence between isomorphism
classes of finite simple zeropotent paramedial groupoids containing at least three
elements and equivalence classes of quadruples from A pp,. This correspondence is
given by ® and V.

Proof. Combine 1.1 and [7, Theorem 4.1]. O
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2. AUXILIARY RESULTS ON GROUPS (A)

Throughout this section, let A be a finite non-commutative group generated by two
elements a, b such that a? = b?; obviously, a # b. We put A; = (a), m = ord(a) =
card(A;), ¢ = a='b, C = (c), n = ord(c), D = {a?), E = A; N C, k = card(E) and
F = Z(A) N C, where ord(a) is the order of a, card(A) is the cardinality of A and
Z(A) is the centre of A.

2.1. Lemma.
(i) A= {a,c),c=a"tb=ab"l.
(ii) Foru € C, we have a=*ua = b~ ub = aua™! = bub~! =
(iii) For u € C we have u € Z(A) if and only if u* = 1.

uwl.

Proof. (i) and (ii) are trivial and (iii) follows by (ii). O

2.2. Lemma

(i) A’ = (c?) C C, where A’ is the commutator subgroup of A.
(i) A = A;C and every subgroup of C' is normal in A.

(iii) D € Z(A) = DF.

(iv) If n is odd, then k =1 and Z(A) = D C A;.

(v) Ifn is even, then k = 2 and F is a unique minimal 2-subgroup of C.

Proof. (i) We have ¢ = a=tbab~! € A/, and so K = (¢?) C A’. On the other
hand, K < A and A/K is abelian. Thus K = A’.

(ii) Easy.

(iii), (iv) and (v). Obviously, D C Z(A). If u € C, then u € Z(A) iff a~tua =
u = b~ lub, ie., iff > = 1. Further, if u € C, a € 7 and a®u € Z(A), then
a“u = a 1aaua =aul u? =1, u € Z(A), a® € Z(A). Since a® € Z(A) and
a (A), a is even and a* € D. O

‘I‘PL:

2.3. Lemma.
(i) m > 2 is even and m = ord(b).
(ii) n > 3.
(iii) E=CN(b) and ECF.
(iv) k| m and k | n.
(v) If either n is odd or 4t m, then E =1 and k = 1.

(vi) card(A) = mn/k is even.

Proof. (i) If misodd, then a € D C Z(A), which is not true. Hence m is even
and card(D) = m/2.
(ii) If n < 2, then C' C Z(A), which is again not true.
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(iii), (iv) and (v) If a®E = A; NC, then, by 2.1(ii), a® = a 'a%a = b~ 1a“b = a™°.
Thus a® € Z(A)NC = F and a®** = 1. Similarly, C N () C F. In n is odd, then
F =1by 2.2(iv), and so E = 1 = CN(b). Now, let n be even and 1 # a® € E. Since
E C Z(A), a is even and, since a>* = 1, n dividss 2a. Consequently, m = 2a and
4 | m. Moreover, b® = a® € F and E = (a™/2) = C' N (b).

(vi) We have A = A;C. If n is odd, then F' =1 by 2.2(iv). Since £ C Z(A), « is

2c

even and, since a*® = 1, m divides 2«. Consequently, m = 2« and 4 | m. O

For a prime p > 2, let S, and 7}, denote the Sylow p-subgroup of A; and C,
respectively. Then T}, < A and we put R, = 1,,5).

2.4. Lemma. Let p > 3. Then S, C Z(A), S,NT, =1, R, C DC, S, xT), =
R, < A and R, is a unique Sylow p-subgroup of A.

Proof. Clearly, S, C D C Z(A) and S, NT, = 1 by 2.2(iv),(v). The rest is
clear. O

2.5. Lemma. R, is a Sylow 2-subgroup of A.

Proof. Wehave Ry C K for a Sylow 2-subgroup K of A. Now, ifu = a®c’ € K,
then there is v > 0 such that a®? e AyNC=E (since C' < A), and hence a® € Sy,
A eKNC=T,and u € R,. O

For a prime p, let m = p™ - my,, p{ mp, n = p* - ny, p{ ny. Then S, = (a™»)
and T, = (c"»). For a subgroup B of A, we denote by Cena(B) and Nor4(B) the
centralizer of B in A and the normalizer of B in A, respectively.

2.6. Lemma.
(i) Cena(C)=DC = Z(A)C and [A: Ceny(C)] = 2.
(ii) If L is a subgroup of DC and L £ A, then Nora(L) = DC and L is conjugate
to only one subgroup of A other than L.

Proof. (i) Clearly, DC C Z(A)C C Cena(C) and a ¢ Cena(C). Thus
2<[A:Ceny(C) K [A:Z(A)C) < [A: DC]=2.

(ii) Since L C Cenys(C), we have C C Cena(L), and so DC = Ceny(C) C
Cena(L). But Cena(L) # A, and therefore Ceny(L) = Nora(L) = DC. O

2.7. Lemma. Let B be a corefree subgroup of A. Then
(i) B is cyclic,c BNC =1= BN D and B is isomorphic to a subgroup of A;/E.
(ii) card(B) < m/k and [A: B] > n.
(iii) If BZ DC, then4{m, ro =1 and B = Z.
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Proof. (i) and (ii) First, BNC = 1= BN Z(A), since all subgroups of C' and
Z(A) are normal in A. Further, B is isomorphic to a subgroup of A/C' = A;/FE and,
in particular, B is cyclic.

(iii) For every prime p > 3, the Sylow p-subgroup B, of B is contained in R, C DC,
and hence B, ¢ DC.

However, By = (u) for some u = a“c® ¢ DC, where « is odd, 1 < a < m and
0 < B < n. Now, u? = a?®a=*cPa*c® =a?* € D C Z(A). Since Bj is corefree, we
have u> =1, m = 2a, 4 m and B & 7. O

2.8. Lemma. Suppose that 41 m, n is odd and put By = (a™2) = (a™/?). Then
(i) By = Sz = Ry is a corefree two-element subgroup of A and [A : B1] = m/2.
(ii) If B is a corefree subgroup of A such that B ¢ DC, then B and By are conjugate.

Proof. (i) We note that my = m/2 and the rest is clear by 2.3.
(ii) By 2.7(iii), B = Zy and B = (u), u = a™?.¢%, 0 < B < n. Further,
¢ Yue = uc?, and hence v~ tuv = a™/2, where v = ¢ 8)/2 for 4 odd and v = ¢ F/2

for (3 even. O

2.9. Lemma. Suppose that 4 { m, n is even and put By = (a™?) = (a™/?) and
B} = (a™/? - ¢"). Then
(i) By = S2 C Ry, Bf C Ry, By & B} = 74, both By and Bj are corefree and
[A: B1] =[A: Bf] =mn/2.
(ii) B; and Bj are not conjugate.
(iii) If B is a corefree subgroup of A such that B ¢ DC, then B is conjugate either
to By or to Bf.

Proof. (i) Clear.

(ii) For 0 < a < n we have c=®a™/2¢* = a™/2 . 2@ and ¢* # "2, since n is even
and ng odd.

(iii) By 2.7(iii), B = Z2 and we can assume without loss of generality that B C R.
Then B = (u), u = a™/?-¢*™, 0 < a < 2%2. Again, ¢ luc = uc?, and so u is
conjugate to a™/2 for a even and to a™/2 - ¢"2 for a odd. O

Put @ = DC. Then Q = Z(A)C = Cenyu(C) is an abelian group, [A: Q] =2 and
Qp = R, = S, x T}, is the Sylow p-subgroup of @) for every prime p > 3. Further,
Q2 = S3T5, where Si = (a®™2) C Z(A). If k = 1, then S5NTy = 1 and Q2 = S5 x 1.

Now, suppose that k£ = 2. Then o > 2, so > 1, a™/2 = ¢"/2, SsNTy=E%=17,
and card(Q2) = 2721272, Further, let 1 # u = a?¥™2 . F"2 € Q,, 0 < a < 27271
0 < B < 2%. Then u?® = 1 iff either o™ = 1 = 27" or ¢**™ = ¢"/? and
22 = ¢"/2 In the former case, u = a”/? = ¢"/2. In the latter case, 1o > 3, 55 > 2

m/4 . Cn/4 3m/4

and either u = a oru=a ¢"/*; these two elements are conjugate but

different. The following lemma is clear.
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2.10. Lemma. Suppose that k = 2. Then Qs is cyclic if and only if either 8 m
or4tn.

3. AUXILIARY RESULTS ON GROUPS (B)

This section is an immediate continuation of the preceding one.

For I > 1, let mo(l) denote the number of corefree subgroups B of A such that
card(B) = I. Further, let s(I) denote the number of conjugacy classes of such sub-
groups.

3.1. Lemma. Let ! > 3 be odd. Then () # 0 if and only if | divides both m
and n. In that case, w(l) = () and s(I) = ¢(I)/2 (¢ denotes the Euler function).

Proof. Let B be a subgroup of A, card(B) = [. Then B is corefree iff B is
cyclic, B C @ and no minimal subgroup of B is normal in A (see 2.7). In particular,
B is corefree iff all Sylow subgroups of B are so. Henceforth, there is no loss of
generality in assuming that | = p’, p > 3 prime and ¢ > 1.

Now, let B C R,,, B a corefree subgroup of order p‘. We have B = (u), u = a®c?,
0<a<m0<B<n,a*e 8P €T, p' = ord(u) = max(ord(a®), ord(c?)).
Since B is corefree, we have BN S, = 1 = BNT,, and so ord(a®) = ord(c’)
showing that p' divides both m and n. Note that S, = (a™?), T, = (c") and
B C Ry = (aP""" " ey x (@77 ¢, = min(ry, s,). Now, Ry is the product of
two cyclic groups of order p’».

Conversely, if B is a cyclic subgroup of Ry, card(B) = p' and if BNS, =1 = BNT,,
then B is corefree and it is easy to see that the number of such subgroups is just
p' —p'~t = (p"). Consequently, ro(l) = ¢(1) and s(I) = ¢(1)/2 (by 2.6(iii)). O

3.2. Lemma.

(i) If 4¢m and n is odd, then s(2) = 1.

(ii) If41m and n is even, then s(2) = 2.
(i) If 4 | m and n is odd, then s(2) = 0.

(iv) If4 | m, n is even and k = 1, then s(2) = 0.

(v) If4| m, 8¢ m, n is even and k = 2, then 5(2) = 0.
(vi) If 8| m, 4t n, n is even and k = 2, then s(2) = 0.
(vii) If8 | m, 4 | n and k = 2, then 5(2) = 1.

Proof. See 2.9 and 2.10. O

3.3. Lemma. Suppose that either k = 1 or 8 { m or 4 { n. If B is a corefree
subgroup of A with at least three elements, then card(B) is odd.
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Proof. By 2.7, B C DC, and so By C Q2 = S3T> (see 2.10). Now, suppose
that B # 1 and let L be a (unique) minimal subgroup of Bs. If k& = 1, then
Q2 = S5 x T, the socle of Q3 is contained in Z(A), L is contained in the socle and
L < A, a contradiction.

If Kk = 2 and either 8 { m or 4 { n, then Q5 is cyclic by 2.10 and again L = E =
F < A, a contradiction. O

3.4. Lemma. Suppose that k =2, 8 | m and 4 | n. Ift > 1, then to(2!) # 0
if and only if t < tp = min(ry — 1,52 — 1). In that case, w(2') = 2' = ¢(2*1) and
s(2f) = 2071 = p(2%).

Proof. Letu € Qa = S3T% be an element of order 2° and such that (u) is
corefree. Then E = (a™/?) = (c"/?) ¢ (u), and hence u = a,cg, where a, = a’,
Go = 272771 omy 1 < aodd, cg = 8, wg = B2%27171 . ny, 1 < B odd. We have
t <ty and we can assume that o, 3 < 2!71. Now, ancs = aycs iff either o = v and
B =6 or|a—~|=2"=|3—4|. Consequently, w(2') = ((2"-2%)/2)/2"t =2/, O

3.5. Lemma. Let ! > 4 be even. Then w(l) # 0 if and only if k =2, 8 | m, 4 |n
and 2l divides both m and n. In that case, w(l) = ¢(21) and s(I) = ©(21)/2 = (I).

Proof. Using 3.3 and 3.4, we can proceed similarly as in the proof of 3.1. [

4. AUXILIARY RESULTS ON GROUPS (C)

This section also continues the preceding two sections. We will assume that a,
b € A are such that A = (a, b) and a® = b%. We put A; = (a), ¢ = a~'b, C = (),
D=(a?), E=CnA, F=CnZ(A), m=ord(d), i =ord(é), k = ord(E), etc.

4.1. Lemma. Let 2=k and k = 1. Then 4 | m, m = 1, n = 27 and 7 is odd.

Proof. Suppose that 8 | m and 4 | n. Then 16 | card(A) and s(2) = 1 by
3.2(vii). Now, using 3.2 again, we get that either 4 {m and 2t 7 or 8¢, 417 and
k = 2. In the first case, 4 f card(A), a contradiction.

Now, assume that either 8 { m or 4 { n. By 2.3, 4 | m and 2 | n and we have
5(2) = 0 by 3.2. Further, D = Z(A) = D x F, card(D) = m/2, card(D) = 7,/2 and
card(F) = 2 for 71 even and card(F) = 1 for 7 odd.

Let 7 be even. Since D is cyclic, D is a cyclic group of odd order, m /2 is odd and
4} 7, a contradiction with §(2) = 0 and 3.2(i), (ii). Thus 7 is odd, D = D, m = 7,
mn/2 = card(A) = mn, i = n/2. O

4.2. Lemma. Eithern =17 orn =27 orn = n/2.

Proof. We have (c?) = A’ = (¢%). O
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4.3. Lemma. Ifk = l~c, then m = m and n = n.

Proof. First, let K = 1 = k. Then mn = card(A) = mn and D x F =
Z(A) = D x F, card(D) = m/2 and card(D) = 7/2. If both n and 7 are odd, then
F:1:F,m:fnandn:fz. Ifbothnandﬁareeven,thenF%Zz’éﬁand
m = m, n = n again.

Now, suppose that n is odd and 72 even (the other case being similar); then m = 2m
and n =7/2. Let @ = a®c®, 0 < a <m, 0< B <n. If a is odd, then % = a?* and
m/2 = ord(a®) = ord(a®*) = ord(a?) = m/2, m = 1, a contradiction. Consequently,
« is even and, similarly, b = a’c®, where v is even. However, then ab = 5&, a
contradiction.

Finally, let k =2 = k. Then F C D, F C D, m/2 = m/2 and the rest is clear. O

4.4. Lemma.
(i) m=m.
(i) If k =k, then n = 7.
(iii) Ifn =7, then k = k.
(iv) If k # k, then 4 | m and either k = 2, n = 27 and 7 is odd or k = 1, n = 71/2
and n is odd.

Proof. Combine 4.1, 4.2 and 4.3. O
4.5. Remark. Let k =2, 4| m, 2| n, n/2 odd. Put @ = a and b = ac®. Then

b =actac® =a? and ¢ =a ‘b= 2 If K = (a, b) = (a, ), then ¢"/? = a™/? ¢ K
implies ¢ € K and K = A. Clearly, k= 1,m=mand i =n/2.

4.6. Remark. The elements a, b are conjugate in A if and only if n is odd.

[e3 (63

If n = 2a — 1, then a~'c®ac = ¢t = ¢® and b = ac = ¢ “ac®. Conversely, if

au = uac, u = a®c?, then a®tc¢? = a®cPac = a®t1e! =P, 2#~1 =1 and n is odd.

5. A FEW CONSTRUCTIONS

5.1. Let m > 2 be even and let n > 3 be arbitrary. Put A = A(m,n,1) = Z,, X2,
Z;={0,1,...,i— 1} being the ring of integers modulo ¢ and define a multiplication
on A by (a, 3)(7,0) = (a+~,(—=1)73+35). Then A becomes a group, a®> = b?, where
a=(1,0), b= (1,1), ¢ = (0,1) and we have A = (a,b). Moreover, (a) N {(c) = 14,
ab # ba and card(A) = mn.

Suppose finally that 4 | m, 2 | n and put £ = {(0,0),(m | 2,n | 2)}. Then E is
a normal subgroup of A and we denote by A(m,n,2) the factor-group A/FE; clearly,
card(A/E) = mn/2.

5.2. Proposition. Let m > 2, n > 3, m even.
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(i) The group A(m,n, 1) is given by two generators u, v and by the relations u? = v?

and u™ =1 = (u=tv)".
(ii) If A is a group such that A = (a,b), a® = b2, ord(a) = m, ord(a~'b) = n and
{(a)N{a~'b) = 1, then there exists an isomorphism f: A(m,n,1) — A such that

f((1,0)) =a, f((1,1)) = b and f((0,1)) = a~'b.
Proof. See 5.1 and the preceding sections. O

5.3. Proposition. Let m > 4 and n > 4 be such that 4 | m and 2 | n.
(i) The group A(m,n,2) is given by two generators u, v and by the relations u
v, u™ =1= (u"'v)" and u™/? = (uflv)”/Q.
(ii) If A is a group such that A = (a, b), a®> = b%, ord(a) = m, ord(a~'b) = n and

am/2

2:

= (a='b)™/?, then there exists an isomorphism f: A(m,n,2) — A such
that f((1,0)/E) = a, f((1,1)/E) = b and f((0,1)/E) = a™'b.

Proof. See 5.1, 5.2 and the preceding sections. O

5.4. Proposition. Let m, m > 2, n, n > 3, m and m even. Then
(i) A(m,n,1) = A(m,n,1) if and only if m = m and n = 7.

(ii) If4 | m, 4 | m, 2 | n, 2 | 7, then A(m,n,2)=A(m,n,2) if and only if m = m
and n = n.

(iii) If4 | m and 2 | n, then A(m,n,2) = A(m,n,1) if and only if m = m, n/2 =
and n is odd.

(iv) If4 | m and 2 | i, then A(m,n,1)=A(m,n,2) if and only if m = m, 2n = n and
n is odd.

S

Proof. Use4.4 and 4.5. O

5 5. Prop051t10n Let m > 2, n > 3, m even, and let A be a group such that
= (a,b), where a® = b?, ord(a) = m and ord(a~'b) = n. Further, let A = (a,b),
Where a? = b%, m = ord(a) and 7 = ord(a~'b).

(i) If either (a) N {a=1b) =1 = (@) N (a~'b) or (a)N(a~1b) # 1 # (a)N (a~'b), then
m = m, n = N and there exists an automorphism f of A such that f(a) = a
and f(b) =

(ii) If (a) N (a'b) # 1 = (@) N (a~'D), then m = 1, 4 | m, n = 27, 7 is odd and
there exists no automorphism f of A such that f(a) = a, f(b) = b

(i) If (a) N (a=tb) = 1 # (a) N (a~'b), then m = 7, 4 | m, i = 2n, n is odd and
there exists no automorphism f of A such that f(a) = a, f(b) = b

Proof. (i) By 4.4(i), (ii), we have m = /m, and n = 7. The result now follows
from 5.2(ii) and 5.3(ii).
(ii) and (iii). See 4.1. O
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5.6. (i) Let m > 2 be even and A(m,3) = Zu(+) X Z2(+). Then A(m,3) is a
non-cyclic abelian group of order 2m, A(m,3) = (a,b) = (a,c), where a = (1,0),
b=(1,1), c=(0,1), 2a = 2b, ord(a) = m = ord(b).

(ii) Let A be a non-cyclic abelian group (written multiplicatively) such that A =
{a,b), a®> = b*, m = ord(a), c=a"tb. Then 2 =1, c# 1, A = (a,c), (a) N {c) = 1,
so that A = (a) x (¢) and, since A is not cyclic, m is even. Further, there exists an
isomorphism f: A(m,3) — A such that f((1,0)) =a, f((1,1)) =band f((0,1)) =
c. Moreover, if A = (a,b), a> = b?, then g(a) = a and g(b) = b for an automorphism
g of A.

5.7. (i) Let m > 3 be odd and A(m,3) = Z,,(+) x Z2(+). Then A(m,3) is a
cyclic group of order 2m, A(m, 3) = (a,b) = {(a, c) = (b), where a = (1,0), b = (1,1),

= (0,1), 2a = 2b, ord(a) = m and ord(b) = 2m.

(i) Let A be a cyclic group (written multiplicatively) such that A = (a, b), a®
A # (a) and ord(a) = m > 2, ¢ = a~'b. Then ¢ = 1, ¢ # 1, {a) N (c)
A = (a) x {¢) and, since A is cyclic, m is odd. Further, ¥™*! = a, ord(b) =
A = (b) and there exists an isomorphism f: A(m, 3) — A such that f((1,0)) =
f((1,1)) =band £((0,1)) = c. Moreover, if A = (a, b), then a2 = b? and if A # (Zz ,
then g(a) = a and g(b) = b for an automorphism g of A. If A # <~> then A
and there exists no automorphism ¢ of A with g(a) = a and g(b) = b.
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Finally, suppose A = (@) = (b). Then b = @' for some i > 0, a*> = a*, m | i — 1,
i =am+1, a >0, and either a is even and & = b or « is odd, 5— a1 and (b) # A,
a contradiction. Thus @ = b and there exists no automorphism g of A with g(a) = @,

g(b) =b.

5.8. (i) Let m > 4 be such that 4 | m and A(m,4) = Z,,(+). Then A(m,4) =
(1) =((m+2)/2),2-1=2-((m+2)/2) (mod m) and 1 = (m + 2)/2 (mod m).

(ii) Let A be a cyclic group (written multiplicatively) such that A = (a) = (b),
where a # b and a? = b2. Then ord(a) = ord(b) = card(A) = m, 4 | m, b = a(m+2)/2
a = bm*2)/2 and there exists an automorphism f: A(m,4) — A such that f(1) = a
and f((m +2)/2) = b. Moreover, if A = (a, b), where a # b, a*> = b, then g(a) = a
and g(b) = b for an automorphism g of A (use 5.7(ii) to show that A = (@) = (b)).

5.9. A(2,5) = Z5(+) ={0,1) =(1,0) and 2-0 =0 =2 -1 (mod 2). There exists
no automorphism f of A(2,5) with f(0) =1 and f(1) =0

6. THE NUMBERS OF ISOMORPHISM CLASSES OF FINITE SIMPLE
ZEROPOTENT PARAMEDIAL GROUPOIDS

First, let us recall some results from elementary number theory. For a positive
integer n, let 4(n) = card({m; 1 < m < n,m |n}) and g(n) = > m. Then

1<m<n,m|n
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g(n) = > d(m)p(n/m) and n = 3 p(n/m)e(m), p being the Mobius function. If

ny, ngy are relatively prime, then d(n; - ne) = §(n1)d(n2) and g(n; - n2) = £(n1)e(ne).
If n = p" is a power of a prime, then §(n) = r+1and g(n) = 1+p+...+p" = (p" ! -

t
1)/(p—1). If n=pi*...p;* is a prime decomposition of n, then §(n) = [[(r; + 1)

ande(n) = 1159 = 5 st epl = (65 = /s - D). -

i=1j= 0<ji<r; i=1

For a non-negative integer n, let g(n) = Z 2m(n —m) =2""1 —n — 2.

6.1. Remark. Let ¢ = 2w+ 1 > 3 with » > 0, w odd. Then g(w) = > I

llg—1

and 2"¢(w) = > [. Further, > 1 = 4d(¢q—1) = (r + 1)d(w) and
llg—1,(g—1)/l odd l|lg—1

fw)= ¥ L

llg—1,l odd
For ¢ > 2, let stmMzP(pm, ¢) denote the number of isomorphism classes of simple
zeropotent paramedial groupoids of order q.

6.2. Theorem. Let g =2"w+ 12> 2, r > 0, w odd. Then
(i) smmzp(pm,2) =1 and smmzp(pm, 3) = 2.
(ii) If q is even with ¢ > 4 (i.e., r = 0, w > 3), then siMzP(pm, q) = é(w) — 1 =
dg—-1)—1.
(iii) Ifq is odd with q > 3 and4 1 q—1 (i.e.,, r = 1 or, equivalently, ¢ = 3, 7 (mod 8)),
then stzp(pm, q) = (=(w) + 56(w) — 2)/2 = (=((a—1)/2)+58((a— 1)/2) ~ 2)/2.
(iv) If ¢ is odd with ¢ 2 5,4 | g—1 and 84 ¢ — 1 (i.e., r = 2 or, equivalently, ¢ = 5
(mod 8)), then smzp(pm, q) = (3e(w) + 70(w))/2 = (3e((q — 1)/4) + 75((q —
1)/4))/2
(v) If ¢ is odd with ¢ > 9 and 8 | ¢ — 1 (i.e.,, 7 > 3 or, equivalently, ¢ = 1 (mod
8)), then stuze(pm, g) = (21 — 5)z(w) + (4r — 1)8(w)/2 = (2" — H)=((g -
1)/8)/(272 — 2) + (4 — 1)a((q — 1)/8)/(r — 2))/2

(Notice that 2" 7! —5 =3 and 4r — 1 =7 for r = 2 — cf. (iv).)

Proof. (i) One checks easily that ssmMzp(pm,2) = 1 and siMzP(pm, 3) = 2.

(ii) Suppose that ¢ > 4 is even, and so 7 = 0 and w = ¢ — 1 > 3. We shall use 1.2.

Let (A,B,a,b) € A.ppm be such that [A : B] = w. Then card(4) = lw, | =
card(B). If A is abelian, then [ = 1 and this is a contradiction with a=b # 1 and
(a=1b)? = 1. Hence A is non-abelian and (keeping the notation from the preceding
sections) we have either £ = 1 and mn = lw or k = 2 and mn = 2lw.

First, assume k = 1. Then [ is even (since 2 | m) and | = 2 by 3.5, i.e., mn = 2w,
w = (m/2) - n and both m/2 and n are odd. We must have n > 3, and so we have
just §(w) — 1 possibilities for m/2 (use 3.2, 5.1, 5.2 and 5.5).
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Next, let k = 1. Then 4 | m, 2 | n, hence 4 | [ and 21 | m, 2] | n by 3.5. From this,
2l | w, a contradiction.

(iii) Suppose that g > 5 is odd, so that » > 1. Again, let (4, B,a,b) € A.ppm be
such that [A: B] = ¢—1=2"w. Put | = card(B), card(A) = [2"w

(iii1) Let A be abelian. Then I = 1 and card(A) = 2"w. If A is not cyclic,
then r > 2, A = A(2" 'w,3) and, by 5.6, there is just 1 equivalence class for
(A, B,a,b). If Ais cyclic and either A # (a) or A # (b), then r = 1 and the number
of the corresponding equivalence classes is 2 (see 5.7). Finally, if A is cyclic and
A = (a) = (b), then r > 2 and the number of the equivalence classes is 1 (see 5.8).

(iii2) Let I = 1 and let A be not abelian, card(A) = 2"w. If k = 1, then 2"~ tw = n-
m/2,n > 3, and so the number of the corresponding equivalence classes is (2"~ 1w)—
1=rd(w)—1 (use 5.1, 5.2, 5.5 and other results from the preceding sections).

(iii3) Let I > 3 be odd. Then card(A) = 2"lw, lw odd. If k = 1, then 2"lw = mn,
m=2al,n=pl,2""tw=afl,l|wand 2" 'w | | = af (see 3.1). In this case,
the number of the equivalence classes is §(2"'w/1)p(1)/2 = rd(w/1)p(l)/2 (see 3.1,
5.1, 5.2 and 5.5). Now, the sum over all [ > 3 dividing w makes (r/2)26(w/l) (1) —
(r/2)6(w) = r=(w)/2 — ré(w) /2.

If kK = 2, then 2"tHw = mn, m = 4al, n = 281, r > 2, 27"_2 = afl and
2" 2w/l = af (see 3.1 and 2.3). Now, we get 0(2"2w/1)p(1)/2 = (r—1)8(w/1)¢(1) /2
equivalence classes and the sum is equal to ((r —1)/2)> dp(l) = ((r — 1)/2)d(w) =
(r — De(w)/2 — (r — 1)8(w)/2 (5.1, 5.3 and 5.5). tw

(iii4) Let [ = 2. Then card(A4) = 2" 1w. If k = 1, then 2" 'w = mn, m = 2a, «
odd, n > 3, 2"w = an, a | w, n = 2"w/a, n even (see 3.2). If r = 1, then we get
20(w) — 2 equivalence classes (3.2, 5.1, 5.2 and 5.5). If r > 2, we get 20(w) classes.

If k = 2, then 2" 72w = mn, m = 8a, n = 46, r > 3, 2" 3w = af and we get
3(273w) = (r — 2)d(w) classes (3.2, 5.1, 5.3 and 5.5).

(iii5) Let [ > 4 be even. Then card(A) = 2"[w = 2" "% - ww, where | = 25u, s > 1,
uwodd. By 3.5, k =2, 8| m, 4| n, 21 = 25F1y divides both m and n, m = 25! - uaq,
n = 25+ 1.yg, card(A) = mn/2. Consequently, 2" s 1.qw = 225+2.42a 3, 275~ Lap =
uaB, 1< s<r—1Lu|w,af =2""*"1w/u. If s =1, then a is even, a = 2a1, a1 8 =
2r—3 w/u, r > 3 and we get just §(2" 3 w/u)p(2u) = (r—2)8(w/u)p(u) equivalence
classes (see 3.5, 5.1, 5.3 and 5.5). If s > 2, then r» > 3 and the number of the

equivalence classes is (2" 5~ L w/u)p(2%u) = (r—s)d(w/u)2° 'o(u). The sum is now
r—1

>, 277 (r—s)e(w) —g(w) = (e(r)e(w) — (r+2)e(w))/2 = 2" —2r—4)g(w) /2. O
s=1
Combining 6.1 and 6.2, we get the following results:

6.3. Corollary. Let q > 3.
(i) If ¢ =0, 2 (mod 4), then smmzp(pm,q) = -1+ > 1.
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(ii) If ¢ =3 (mod 4), then stmzp(pm,q) = -1+ > 5/4+ > /6.
llg—1 l|lg—1

(iii) If g =1 (mod 4), then

siMzp(pm, q) = Z 2— Z 5/2+ Z l— Z 51/2.

llg—1 llg—1,1 odd llg—1, (g—1)/l odd llg—1,1 odd

6.4. Remark.
(i) If ¢ > 4 is such that ¢ — 1 is a prime, then siMzpP(pm, ¢) = 1.
(ii) If ¢ > 5 is such that g—1 is a power of 2, then stmMzP(pm, ¢) = ¢—4+2logy(¢—1).

6.5. Remark. For ¢, let stmzp(md, ¢) denote the number of isomorphism classes
of simple zeropotent medial groupoids of order ¢. By [4, Prop. 7.5.10], stMmzp(md, 2) =
1 and stmzp(md, ¢) = —14+¢(¢—1) = —1+ > [for ¢ > 3. Now, we have the following
table: ta—1
q 21 3| 45| 6| 7| 8| 9| w| 11| 12| 13| 14| 15| 16

smmzP(pm,q) | 1| 2| 1| 5| 1| 6| 1| 1| 2| 7| 1] 13 1| 8| 3
ssmzp(md,q) | 1| 2| 3| 6| 5| 11| 7| 14| 12| 17| 11| 25| 13| 23| 23
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