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1. INTRODUCTION

We give explicit expressions for several Stiefel-Whitney classes of the real flag

manifold

O(n)
O(1) x O(1) x O(n — 2)’

RF(1,1,n —2) = n =3,

which is a smooth connected compact homogeneous manifold of dimension 2n — 3.
Then we deduce upper bounds for the span of RF(1,1,n—2), where the span of a
manifold M is the maximal number of linearly independent tangent vector fields of
M. The upper bounds are found by using the fact that if the k-th Stiefel-Whitney
class wi (M) # 0, then span M < m — k, where m is the dimension of M (cf. [9]).
This was used in [3] to obtain upper bounds for the span of the real Grassmannians.
The only known result on the span of RF(1,1,n — 2), n > 4 is the lower bound
obtained for the general flag manifold in Theorem 1.3 of [2] in which it is proved that
provided n = (2a + 1)2¢*44 is even with a,c,d > 0, ¢ < 3 and v(n) = 2¢ + 8d — 1,

span RF'(1,1,n — 2) > v(n).

Let v, and 72 be the canonical line bundles over F' = RF(1,1,n — 2) and let
w1(y1) and wq(7y2) be their first Stiefel-Whitney classes. According to [1], H*(F; Z3)
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is generated by z = w1(y1) and y = w1(72) subject to the relations 5,1 =0 = &,
so that 2™ = 0 = y”, where

i
7, = ai(z,y) = in_kyk, 1>1
k=0

denotes the i-th complete symmetric function in x and y.
‘We shall prove

Theorem 1. We have the following Stiefel-Whitney classes for F = RF(1,1,
n — 2), where we put o1 = x + y, 02 = zy and wy, = wi(F):
() wF)=1+401+0?+... 407 % ifn=2",r>2.
) wargs = CT%TJFS, fF0<s<2", n=0mod2 ! and r > 0.
iii) worys =0,if0<s<2", n=2"mod2 ™! and r > 0.
)
)

’r' . —+1 .
w2r+szaf +s—27 03, if0<s<2,n=2"mod2"t, 0<p<randr>1.

r—

Woryos = 03 1+S, f0<s<2, n=2""1+smod2"t! and r > 1.
Theorem 2. The following are upper bounds for the span of RF(1,1,n — 2):
(i) spanRF(1,1,n —2) < n—1, if n is even or n = 1 mod 4.
(ii) span RF(1,1,n —2) < n if n = 3 mod 4.
Theorem 3.

(i) spanRF'(1,1,4) = 1.
(ii) spanRF(1,1,6) = 1.

2. PROOF OF THEOREM 1
If v; and ~» are the two canonical line bundles, £ is the complementary (n — 2)-

plane bundle and v; @2 @£ is an n-plane trivial bundle, all over F' = RF(1,1,n—2),
then by [6], the tangent bundle of F is given by

TE)=m®72) Mmoo (rel).
If n¢ stands for the n-fold Whitney sum of £, we have that
T(F)® (11 ®@7)DnEd (11 ®7) @ (72 @2)

is an n2-plane trivial bundle.
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If @ is the dual total Stiefel-Whitney class to w, taking the total Stiefel-Whitney
classes and using the Whitney product formula, we have w(F') = @(n&)@(y1 ® v2).
Then
(1) wF)=1+01+02)"(1+01)""

(i) Ifn=2",then (1+01+02)"=1+0] +08 =1+2a" +y"+2"y" =1, since
" =0 = y”. Hence

WF)=0+o) ' =1+0+oi+... 40772

since J{L_l =6&p_1=0.
(ii) If 0 < s < 27, then 2" + s < 2"+, Let n = 2"+*'m, m € N. Then

WF) =1+l 4o M1t o+ ot 4ol o+
Hence wor4s = 01 ,if0<s <2, r>0.

(iii) Let n = 2" 4+ 2’"+1m, m € N. Then

+1 grtl

w(F):(1+JfT+0§T)(1+02 402 Y"1 +o+0i+0d4..).

Hence war4s = a% T4 UZUFS =0,if0<s< 2.
(iv) Let n =27 +2""m, m € N, 0 < p < r. Then

+1 27+1

wF)=1402" 4062 )"A+02 +0¥) 1401 +02+..)).

Hence if 0 < s < 27, the result follows.
(v) IF0 < s <2771 then 2" 4+ 25 < 2"+L Let n = 2" "1 + s+ 2"Fm, m € N,
0 <s< 2L Then
w(F) = (L+o1+02) (1407 +03 >u+02“+ o)

r+1 or+1

=140 402 )™ (1+0%7 +o02 <> (1+o1) Loy "

r—1
Hence war 495 = 05 +s, ifog<s<2m L
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3. PROOF OF THEOREM 2
Note that according to [1], an additive basis for H*(F; Z2) is {z'y’ |0 <i<n—1,

0<j<n-—2}sothatof #0,1<s<n—2and ok #0,1<k<n—2.
(i) From (1) in Section 2 above we have

m—1 m—i—z '
zz:( 1@)( % )U%zaénll» if n = 2m is even,

wn,g(F) = )
m—1 .
4 1 2 1 ) .
Z m + - m+ + 1 O_%Hrla_gmflfz, 1fn:4m+1
s 2m—1—1 21+ 1
2m—2
Also w, o(F) = Y. apa®m27kyk if n = 2m where ay, is either 0 or 1 and
k=0
2m —1
ag = coefficient of z>™ ™2 = m =1 mod2.
2m — 2

Hence w,,—2(F) # 0, if n is even and so

spanRF(1,1,n —2) < 2n—3)— (n—2)=n—1, if niseven.

4m—1
If we put w, o(F) = > bpaz*™ 17%y* where n = 4m + 1, then b; = coefficient

4m A1 dm 41\ [4m — 1\ 4.3
(4m—1>01 A am—3)7t 7

is04+ (4m+1)(4m —1)(4m —2)/2 = 1 mod 2.
Hence w,,—2(F) # 0, if n = 1 mod4, and so spanRF(1,1,n —2) < n — 1, if
n =1 mod4. This completes the proof of (i).

2m .

.. dm+3\ [2m + 2+ ’ L

(i) wn—s(F) =2 (Qm—i>( 2 )"f 3™ i n = 4m + 3.
i=0

4m
If w, 3(F) = cra*™ *y* then
k=0

4Am—2

of z y in

4m + 2

A ) =([4m+2)(4m+1)/2 =1 mod 2.

¢o = coefficient of z*™ = (
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Hence w,_3(F) # 0, if n = 3 mod 4, and so
span RF(1,1,n —2) < (2n —3) — (n — 3) = n,

if n = 3 mod 4. This proves (ii).

4. PROOF OF THEOREM 3

(i) w(RF(1,1,4)) = (1+01+02)°(1 + 01 +0f+ 03 +...). Then wg(RF(1,1,4)) =
o5 # 0, since n = 6. Thus span RF(1,1,4) < 1. But by Theorem 1.3 in [2],
span RF'(1,1,4) > 1. Hence the result follows.

(ii) From Theorem 2 (i), span RF'(1,1,6) < 7, when n = 8. The result now follows
since by Theorem 1.3 in [2], span RF'(1,1,6) > 7.

Remark. Korbas in [2] obtained span RF'(1,1,2) to be 3.
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