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1. INTRODUCTION

It is well-known that the ordinary differential equation

de(t) _
dt —b(t,x(t))

with initial condition #(0) = z¢ may have many solutions or may have no solution
at all if b is not Lipschitz continuous. It is also known that for any bounded Borel
function b one can regularize this equation by adding the white noise e dW (¢)/dt to its
right-hand side with any small constant € # 0 and d-dimensional Wiener process W.

The work of the first author was partially supported by OTKA T 032932. The work of
the second author was supported by the European TMR program “Harmonic Analysis”,
ERBFHRX-CT97-0159.
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Namely, for any bounded Borel function b: [0,00) x R — RY, vector 2y € R? and
d-dimensional Wiener process W, there exists a unique solution of the equation

(1.1) d)gt(t) =b(t, X(1)) + ad‘gt(t) :

for any € # 0. This result is proved in [24] for d = 1, and it is generalized in [22] to

X(O) =2

arbitrary dimension d > 1 for the stochastic differential equation
(1.2) dX(t) =b(t, X(t)) dt + o (t, X (t))dW(t), t >0, X(0) ==z € R?,

with a bounded Borel function b and a bounded Lipschitz function o, satisfying a non-
degeneracy condition. In these theorems the existence and uniqueness of the solution
is understood in the following sense. For any given probability space equipped with a
Wiener process W there exists a unique non-anticipative transformation X = F(W)
of the given Wiener process W, which satisfies (1.2). In this case one says that
equation (1.2) has a unique strong solution. We remark that by a recent result
of [2] for equation (1.1), the uniqueness holds also in the class of pathwise solutions,
obtained by solving (1.1) for (almost) every trajectory of W.

Equation (1.2) is often considered in a more general sense. We say that equa-
tion (1.2) has a solution in the wide sense if there exists a probability space (2, %, P)
equipped with a Wiener martingale (W(t), 3@) and an %;-adapted process X (¢) such
that equation (1.2) holds. This notion of solution is often called the weak solution
in literature. The existence of a solution in this sense is known from Skorohod [19] if
b and o are continuous functions of the space variable and satisfy the linear growth
condition. Moreover, the existence of such solutions and their uniqueness in law is
known from Stroock and Varadhan if b is a bounded Borel function and o is continu-
ous in z, uniformly in ¢, and satisfies a non-degeneracy condition. By Krylov [9], [11]
one knows that equation (1.2) always admits a weak solution when the coefficients b
and o are bounded measurable Borel functions and ¢ is nondegenerate.

In the present paper we are interested in solvability of equation (1.2) when b is lo-
cally unbounded. Such equations arise in stochastic mechanics, and have extensively
been studied in literature (see e.g. [1], [14], [15], [16], [17], [21] and the references
therein). Portenko [18] proves the existence and the uniqueness in law of the weak
solution if b € LP([0,T] x R?) for some p > d+2 and o is bounded, uniformly Holder
continuous and non-degenerate. This result is generalized in various directions in
3], 4], [21].

In this paper we generalize Portenko’s result as follows. We prove the existence
of a weak solution to equation (1.2) when o is a bounded Borel function, oo* is
strongly elliptic, and b is a Borel function such that

(1.3) |b(t,x)| < K+ F(t,z) dt x dz-a.e.
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for some non-negative function F' € L41(R, x R?) and a constant K > 0. Moreover,
if in addition to these assumptions ¢ is Lipschitz continuous and b € Lifljz([RJr X
R?), then we get the existence and uniqueness of a strong solution. We present
these results in Theorem 2.1 below. We derive this theorem from Theorem 2.2, in
which we construct solutions via approximations. We note that this construction
is the same as that used in Krylov [11] to obtain a solution in the wide sense to
equation (1.2) with bounded measurable coefficients. The possibility to adapt this
method to equations with locally unbounded drifts is indicated in [10], where an L9-
estimate on the distributions of continuous semimartingales is given, see Lemma 3.1
below, which plays a crucial role in the proof of Theorem 2.2. In order to show that
for b € L?%*2 this construction gives a strong solution we first prove the pathwise
uniqueness of the solution by adapting the approach of [22] and [24]. Hence a simple
characterization of the convergence in probability in terms of tne convergence in
distribution implies that the approximations converge in probability to a strong
solution. This method, which is used for example in [7], [8], provides a constructive
counterpart of the well-known result of Yamada and Watanabe, stating that the
existence of a solution in the wide sense and the pathwise uniqueness imply the
existence of a (unique) strong solution.

The paper is organized as follows. In Section 2 we formulate the main results of
the paper. In Section 3 we present the main ingredients of the proofs. In Sections 4
and 5 the result on pathwise uniqueness and Theorem 2.2 are proved. In the last
section we derive Theorem 2.1 from Theorem 2.2.

Finally, let us say a few words about the notation used in this paper. Except
otherwise stated, C will denote a positive constant which may be different from one
occurrence to another, K > 0 and 6 € (0,1) denote some fixed constants. We use
the notation Bg for the open ball of radius R centered at the origin in R?, and ||
stands for the Hilbert-Schmidt norm either of a vector or a matrix. We denote by o*
the transpose of a matrix ¢. If F' is a function defined on a domain D C R? then
| F||q denotes the L?(D)-norm of F. For standard notation from the theory of partial
differential equations we refer to [12]. Unless otherwise stated we use the summation
convention with respect to repeated indices.

2. MAIN RESULTS

We consider the stochastic equation

(2.1) X(t)=Xo+ /0 b(s, X(s))ds+ /0 o(s, X (s))dW(s)
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on a complete probability space (2,.%#, P) carrying a d;-dimensional Wiener mar-
tingale (W;,.%;), t > 0. Here Xj is a vector in R?, b and o are Borel measurable
functions on [0,00) x R? with values in R? and R4*?1 | respectively. The stochastic
integral is understood in It6’s sense.

Definition. An .%;-adapted R?-valued continuous process X = X (t) is called a
solution of equation (2.1) if almost surely equation (2.1) holds for all ¢ > 0. If for
any probability space (Q,.%#, P) equipped with a Wiener martingale (W;, %;), t > 0
equation (2.1) has a solution then we say that (2.1) has a strong solution.

We say that equation (2.1) admits a weak solution if there exists a complete
probability space (2,.%, P) carrying a d;-dimensional Wiener martingale (W, %)
and an .% ;-adapted R?-valued continuous process X = X (¢), such that equation (2.1)
holds P-almost surely for all ¢ > 0 with X and W in place of X and W, respectively.

We say that for equation (2.1) the pathwise uniqueness holds if for any probability
space carrying a dj-dimensional Wiener martingale (W, %), equation (2.1) cannot
have more than one (strong) solution.

We assume the following conditions.

Assumption 2.1. There exist a constant K > 0 and a non-negative function
F € L4 Ry x R?) such that

(2.2) |b(t,x)| < K + F(t, x)
for dt x dz-almost every (t,x) € Ry x R?.
Assumption 2.2. There exists a constant 6 € (0,1) such that
(2.3) 61 < oo*(t,x) <6 '
for allt > 0, z € R?, where I is the d x d identity matrix.
Assumption 2.3. For every R there is a constant L such that
lo(t,2) — o(t,y)| < Lrlz -y

forallt >0,z € R, 2| <R, |y| < R.
Remark 2.1. Notice that |o(t,z)| < /d/d for all ¢,z by Assumption 2.2.
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Now we formulate the main result of the paper.

Theorem 2.1. Suppose Assumptions 2.1 and 2.2. Then there exists a solution

to equation (2.1) in the wide sense. If in addition to Assumptions 2.1, 2.2, b €

2d+2
Lloc

(Ry x R?) and Assumption 2.3 also holds, then equation (2.1) has a unique
strong solution.

The first statement of this theorem generalizes a result from [18]. The second
statement generalizes an existence and uniqueness theorem from [22].
We will prove Theorem 2.1 by proving a limit theorem for the equation

t t
(2.4) Xn(t) = Xo+ / bn (s, Xn(s)) ds + / on (s, Xn(s)) dW(s)
0 0
as n — 0o, where b, and o,, are Borel functions satisfying the following conditions.

Assumption 2.4. There exist constants K > 0, 6 € (0,1) and a non-negative
function F € L1(R; x R?) such that for all n

lbn(t, )| < K + F(t,z), 61 <onol(t,z) <6 '
for dt x dx-almost every (t, x).
Assumption 2.5.

(2.5) lim o,(t,z) = o(t,z) and lim b,(t,z) = b(t, x)

n—oo

for dt x dx-almost every (t, x).

Assumption 2.6. For each n there is a constant K, and for each n and R there
exists a constant L,, r such that

for allt > 0 and z,y,2 € R?, |2| < R, |y| < R.

Notice that Assumptions 2.4 and 2.6 ensure the existence of a strong solution X,
to equation (2.4) by the classical existence and uniqueness theorem of Ité.

Theorem 2.2. If Assumptions 2.4, 2.5 and 2.6 hold then (X,,W) is tight in
C([0, T); Ri+d1)  uniformly in n, for every finite T > 0. If (X',W') is the limit
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in distribution of a subsequence of (X, , W), then there exists a probability space
carrying a Wiener martingale (W(t),jt) and an j}—adapted process X such that
(X', W') and (X, W) have the same joint finite dimensional distributions, and

(2.6) X(t) = Xo+ /0 b(s,f((s)) ds + /0 U(S,X(S)) dW (s)

almost surely for allt > 0. If in addition to the above conditions, b € lejCH(R x R%)

and o satisfies Assumption 2.3, then X,, converges in C([0,T]) in probability, for
every T > 0, to a random process X, which is a strong solution of (2.1).

The following result states the pathwise uniqueness for the solutions of equa-
tion (2.1), which we will use in the proof of Theorem 2.2.

Theorem 2.3. Assume that b € L>2"*(R, x R?) and that o satisfies Assump-

loc

tions 2.2, 2.3. Then for equation (2.1) the pathwise uniqueness holds.

3. PRELIMINARIES

First we invoke an important estimate, Lemma 5.1 from [10], on the distributions
of continuous semimartingales.

Let (Q,.%, P,.%;) be a stochastic basis carrying a continuous R?-valued .%;-local
martingale m = my, a continuous increasing .%;-adapted process A = A(t) and a con-
tinuous R?-valued .#;-adapted stochastic process B = B(t) which has finite variation
on finite intervals. Assume that A(0) = 0, m(0) = B(0) = 0 and d(m)(t) < dA(t).
Let r(t) and ¢(t) be non negative progressively measurable stochastic processes such
that

)= [ 1A, w0)= [ A

are finite almost surely for all ¢t > 0. Set a%(t) := d(m®,m7)(t)/(2dA(¢t)), X (t) =
m(t) + B(t) and let 77 be the first exit time of X (¢) from the ball Bg.

Lemma 3.1 [10]. For every p > d, stopping time v and nonnegative Borel function
f: Ry x R4 — Ry we have

E /0 T e (c(t)P~r(t) deta(t))ﬁ Fy(t), X (1)) dA(t)
< N(d)(B? + A) & </°°/ ‘<pr+1(t,x) dxdt) m
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where
wATR WATR
A ::E/ e *Wtra(t)dA(t), B:= E/ e *M|dB(t)],
0 0

and N(d) is a constant depending only on the dimension d.

From this lemma we derive the following estimate for the occupation measure of
the solutions of stochastic integral equations.

Corollary 3.2. Let X (t) be a solution of equation (2.1) under Assumptions 2.1
and 2.2. Then for any Borel function f: R¥*! — R, and numbers A >0, ¢ > d + 1
we have

1/q

(3.1) E/OOO e MF(tLX(t)dt < N(/O(><> Rdfq(t,a:) dtdx) :

where N is a constant depending only on d, q, A, ¢, K and || F||4+1, from Assump-
tions 2.1 and 2.2.

Proof. First notice that by a simple argument from [10] it suffices to show (3.1)
when ¢ = d+1. Indeed, if ¢ > d+ 1 then by using Holder’s inequality with conjugate
exponents q/(d+ 1) and ¢/(¢ — d — 1) we get

(d+1)/q

E/(><> e M F(t, X (1)) dt < C(Ef><> e |£ (1, X (1)) [V dt>
0 0

with some constant C' depending only on A, ¢ and d. Hence for ¢ > d+1 estimate (3.1)
follows from the same estimate for ¢ = d 4+ 1. Notice also that because of the

shift invariance of the Lebesgue measure we may assume that Xg = 0. Applying
Lemma 3.1 with A(t) =, dB(t) = b(t, X (¢)) dt, dm(t) = o (t, X (t)) dW (¢), r(t) = 1
and c(t) = X\ we get

ynATR
(3.2) E/ e Mf(t, X(t) dt < 2T a1 N(d) (B2 + A, ) T
0

1

e8] (a+1)
< </ F(t, )|+ dxdt)
0 |z|<R
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where

mATE Al 2 d * d
- E —AZ dt < —F Mt < —,
An /0 e 3lel 2 /0 ¢ 2N

'y”/\TR 'y”/\T
B, = E/ e *MdB(t)| = E/ e M[b(t, X ()] dt,
0 0

t
Y = inf{t > 0: / b(s, X (s))|ds > n}
0

for integers n > 0. Clearly B, is finite, and we need only to show that B,, is bounded

and

by a constant N depending only on A, d, §, K and ||F||4+1. By Assumption 2.1 and
Lemma 3.1

K ’yn/\TR
B, < + E/ e ME(t, X (1)) dt

K
< S V(B + AT Pl <

K
) + NBIT[Fllass + NATT | s

By

with a constant N which is independent of R and n. Hence using the inequality
BY (1) < c(d+)/dg 4 c—~d=1 with sufficiently small ¢ > 0, we get B, < iB, + N
with a constant N = N(\,d,, K, | F||4+1). Hence B, < 2N, and by (3.2)

Yn AT 1/(d+1)
E/ e Mf(t X(t (/ / f(t, 2|t dxdt)
0 |z|<R

for all integers n > 0, where N is a constant depending only on A, d, d, K, || F||4+1-
Letting here n — oo and R — oo we get (3.1) with ¢ = d 4+ 1 by Fatou’s lemma. O

The following lemma generalizes Krylov’s extension of Itd’s formula from [11]. To
formulate it we recall that for a bounded domain D C R? and a number ¢ > 1
the Sobolev space W;*Z((O,T) X D) is defined as the Banach space of functions
u: (0,T) x D — R whose generalized derivatives D§* D%u are in L4((0,T) x D) for

d
all multi-indices («, 3) such that 2a+ |3| := 2a+ > 5; < 2. We use the notation

i=1

[l yy2.2 == Z 1D Dl
20+|6]<2

for the norm of u in W;-?((0,T) x D), where [v||; denotes the L7 norm of v. (See,
e.g. [12].)
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Lemma 3.3. Assume Assumptions 2.1 and 2.2. Let X (t) be a solution to equa-
tion (2.1), and let R > 0 be such that Xy € Bg. Then for any u: [0,7] x R* — R
from the Sobolev space qu’2((0, T) x BR), q > d+ 2 we have

(3.3) w(t, X (1)) = (0, Xo) + /0 w(s, X (s)) ds
+/0 [bi(s, X (s))ua, (s, X (5))
+ 3(00%)ij (5, X(5))tg,a, (5, X (s))] ds
+/0 Ug, (s, X (s))oi; (s, X (s)) dW9(s)

almost surely for t < T A 7%, where % is the exit time of X from the ball Bp.

Proof. By making use of Corollary 3.2 we can prove this lemma in the same
way as Theorem 2.10.1 in [11] is proved. For the convenience of the reader we give
the details of the proof. First we show that each integral in (3.3) is well-defined. To
this end we note that by Sobolev’s embedding there exists a constant N such that

sup sup (|u(t T \JrZ\uI t x)|) < NHuHqu,z

te[0,T] x€BR

for all u € qu’z([O,T] X Br), ¢ > d+2. (See, e.g., Lemma I1.3.3 in [12].) Hence

R

TNT
(3.4) E/o afj(s,X(s))(umi(s,X(s))) ds KzTHuHWm

by the boundedness of o, and

(3.5) E/O " by (5, X (5)) e, (5, X4)| ds

ThAT
< Clullyyr.z <E/ F(S,Xs)ds+KT)
¢ 0
< Cllullys+(NeT|| Fll o + KT)

by Assumption 2.1 and Corollary 3.2. Moreover,
TATR
(3.6) E/ |ue (s, X (s))| ds < NeT [Jugl|a < NeP [l g1,
0 q
TAT
(3.7 E/ |(00™)ij (s, X(8)) gz, (5, X (5))] ds
0
TATH
< KZE/ |z, (5, X (s ’ds < K2Ne' |[ug,q; ||La < K2NeT [|ul| .
0 q
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by Assumptions 2.1, 2.2 and Corollary 3.2. Consequently, the right-hand side of
formula (3.3) is well-defined for ¢ < T'A 7.

For u ¢ qu’Q((O,T) x Bpr) there exists a sequence of functions u(™ from
C12((0,T) x R?) such that u(™ — wu in the norm of W}l2((0,T) x Bgr) and
also for almost every (t,z) € (0,T) x Br. By It6’s formula we have

(3.8) u™ (A, X (EAY)) = ul™ (0, Xo)
tmu(") s s))oii(s . (n) (4 s))ds
[ X s X))+ [ 6 X(9)a

) dw
o (s, X (s (")8 100 S (") s s
#6040 (s X6l (5. X(9) 4

for all ¢t > 0, where v := T A 7. Notice that inequalities (3.4), (3.5), (3.6) and (3.7)
hold also with u — u(™ in place of u, with constants independent of n. Hence letting
n — oo in (3.8) we obtain (3.3). O

In the proof of the pathwise uniqueness we will adapt the method of transformation
of the phase space (see [24]). To this end we consider the system of partial differential
equations

(3.9) ub (t,2) + a% (t, x)uk, ; (t, ) + b (t, 2)ub (t,2) =0, k=1,2,...,d
in the domain {(t,x) € [0,7] x R?}, with a boundary condition
(3.10) uw(T,z) =z, xR

for a function v = (u*): [0,7] x R® — R?, where "/ = 1o"¢/% b = (b’) and

o = (") are the drift and diffusion coefficients in equation (2.1).

Lemma 3.4. Assume that b € L?¥*2(R, x R?) and that o satisfies As-
sumptions 2.2 and 2.3. Then Problem (3.9)-(3.10) has a solution such that
u € W;ﬁ_Q((O,T) X BR) for every R > 0. Moreover, if T = Ty is a sufficiently
small positive number, then there exists a constant N such that

lu(t, z) — u(t,y)| = Nz —y|

for all t € [0,Tp) and =,y € RY.

Proof. One can get the existence of the solution v € W;&iz((O,T) x Bp) for
every R > 0 by Theorem IV.9.1 from [12], in which the condition on the continuity
of a(t,x) := $00*(t,x) in (¢,z) can be relaxed by using the method of [23]. Hence
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in the same way as in [24] one can show that u, = (u,) is Holder continuous in

(t,2) € [0,T] x R?. In particular, there exist constants £ > 0, « € (0, 1) such that
|ua(s,y) — ua(t,y)| < kls —t|*

for all 5,t € [0,T], y € R?. Hence, noticing that u, (T, z) = I, we have

u(t, ) —u(t,y)| =

g (t, Az + (1 = N)y) (z — y) d)\‘

|xy|( ’umt)\x+(1)\))uI(T,)\x+(1)\)y)’d)\>
|:Ey|( HTt"‘dA)
> |z —y|(l- ﬂTa

We can complete the proof by choosing 1" := Ty > 0 such that kT < 1. O

We will make use of the following generalization of Gronwall’s lemma. Its proof
can be found, for example, in [6].

Lemma 3.5. Let Z(t) be an .#;-adapted continuous process such that

0<Z(t) < / " 2(5)dA(s) + M(t)

for all t > 0, where A(t) is a continuous .%#i-adapted increasing process and
(M(t), ) is a continuous local martingale such that M(0) = A(0) = 0. Then
Z(t) =0 (as.) for allt > 0.

4. PATHWISE UNIQUENESS

Let X and X! be solutions of equation (2.1) on the same probability space with
the same Wiener-martingale. By considering the processes X%(¢) — Xo, X1(¢) — Xo
and the coefficients b(-, Xo + ), o(-, Xo +-) in place of X°(¢), X(¢) and b(-,-), o(-,-),
respectively, we may assume that X°(0) = X!(0) = 0. Define for fixed ¢ > 0 and
R > 0 the stopping times

= inf{t > 0: |X°(t)| + |X'(t)| > R},
7. = inf{t > 0: | X°(t) — X' (¢)| > €},

e



and set 7 := 7B A 7. for ¢ = §/(2LR+/d/5), where § and Ly are from Remark 2.1
and Assumption 2.3. Note that by Corollary 3.2

TAT
(41) E/ e_)\tf(tvxz(t)> dt < NHfHL‘I((O,T)XBRv 1= Oa 1
0

for ¢ > d+ 1, for any T > 0 and any non-negative Borel function f, where N is a
constant depending on d, ¢, A, §, K and || F||4+1-

Set X(t) = aX(t) + (1 — a)XO(¢) for a € [0,1], t > 0. Then by the following
lemma, estimate (4.1) holds also for X®, with 7 in place of 7.

Lemma 4.1. For any Borel function f: Ry x RY — R, constants ¢ > d + 1,
A>0andT >0 we have

'rER/\T
(4.2) E/ e MF(t, X)) dt < N\l Loqo,1)x Br)
0

for all « € [0,1], where N is a constant depending only on d, q, A, 6, K and || F||4+1-

Proof. Clearly

Xa(t):XoJr/O ba(s)d5+/0 oa(s)dW (s),

where

For every z € R? we have

Y2+ (1 —a)’z oo™ (¢, X°(t))2
+2a(1 —a)*[o(t, X (t))o* (t, X°(1)] 2
> 6]z + 2a(1 — a)z* [[a( X)) — o, XO))] 0" (t,XO(t))} p

2* 005 (t)z = o®2% oo (t, X (t)

for all ¢,w. By Remark 2.1 and Assumption 2.3

|2*[o(t, X' (1)) fJ(t,XO(t))]J*(t,XO(t))z|
< LrV/d/6|X\(t OIS —|Z|2

e



for t < 7% and for all z. Hence a(t) := fo,0%(t) > %I for all ¢t < 72, Applying
bt

Lemma 3%1 with () =1, c(t) = A, A(t) f2t dB(t) = )dt, dAM () = o4 (t) AW (¥)

we have

d/q

TATE
e B o B 4
B[ et xm) e < 0 (1)@ + A fl oy,
0

where

T/\TER T/\TER
A::E/ e*)‘ttra(t)dt:E/ e MiloPdt < —,
0 0 26\

and

T/\TER
B:= E/ e My (s)|ds
0
TATE TATE

< aE/ e Mb(t, X (t))| dt + (1 — a)E/ e Mb(t, X°(t))| dt

0 0
K
syt N\ F||a+1(0,1)x Br)

by |04|?> < d/6 and by estimate (4.1). O

Proof of Theorem 2.3. For fixed R let by denote the function which is equal
to b in the ball B and to 0 elsewhere. Take Ty > 0 and the function u from
Lemma 3.4 with br in place of b. Then by Lemma 3.4

IX1(t) — XO®t)] < N|u(t, X'(1) —u(t, X°1)],
and by It6’s formula (Lemma 3.3)
du® (t, X'(t)) = ul (£, X'(t)) o (t, X' (1)) AW'(t), i=0,1

for t € (0, Ty A 7%]. Hence by Itd’s formula for |u(t, X'(t)) — u(t, X°(t)) |2 we get

tAy

IXEtAy) — X0t AY))? N2 L(s)) — o™ ulk (s, XO(s))|* ds

t/\fy
+2N2/ [uk(S’Xl(S))_uk(&XO(S))]
0
X [UZ]’U’;];Z (S7X1(S)) - Uz] (S XO( ))] dWJ(S)
for all t > 0, where v := 7% A 7. A T,. Since u € W;C’liz(D) with D = (0,Ty) x Bg,

sup sup |ug(t,x)| < oo
te[0,To) t€Br
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by Lemma II.3.3 from [12]. Hence by the boundedness and Lipschitz continuity of o

’U*ui(S,Xl(S)) —o*ul (s, X%s)) ’2

< C’|J*(5,X1(s)) - J*(S,Xo(s))|2’u§(5,X1(s))|2
+C’U* (S,XO(S))|2’u’;(5,X1(5)) - u’;(s,XO(s))|

< CIX1(s) - XO(s)]2

+C>

2

1 2
(X'(s) — Xo(s),/o Vo uk (s,aX'(s) + (1 — @) X°(s)) da)

Consequently,
¢
IXl(tAV)*XO(MV)Fé/ X (s Ay) = XO(s AP dA(s) + M(2),
0

where M (t) is a continuous martingale and

A(t) = C/OMT{

1
g /’u’;izj(s,Za(s))fda—i—l ds
-Jo

LN

with

Z%(s) == aX(s) + (1 — a)X°(s).

By Lemma 4.1 we have

tAYy 1 5
E/ / ’VIu’; (s, Za(s))’ dads
0 0

d 1
<oy [ s Plsssgoy da < Cllulz ) < o
]:

which implies that almost surely A(t) < oo for all ¢ > 0. Therefore Z(t) := | X(t A
v) — X%t A¥)|?> = 0 by Lemma 3.5, and we have X!(t) = X°(¢) for t < ~. Hence
X1(t) = XO(t) for t < Ty A 7t by the definition of 7. Since R can be as large as we
want, X!(t) = X°(t) for t < Tp. Hence we get X'(t) = XO(t) for all t > 0 by the
standard argument of shifting the time.
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5. PROOF OF THEOREM 2.2

We adapt the method of the proof of Theorem 6.1 from [11]. First we need two
lemmas due to Skorohod. For their proof we refer to [19].

Lemma 5.1. Let {1,,}32; be a sequence of d-dimensional processes defined on
some probability space. Assume that for each T > 0,

(5.1) lim supsup P(|¢),(t)] > ¢) =0,

€70 o LT

(5.2) Bfrgsupsup{P(\wn(t) —p(s)| >e): t,s<T, [t—s[ <0} =0
n t,s

for every € > 0. Then there exist a sequence {ny}3,, a probability space and
random processes X, Xy, (k > 1), such that the finite dimensional distributions of
the processes 1, (t) and Xj(t) coincide, and Xy (t) converges to X (t) in probability
for every t > 0.

Lemma 5.2. Let {1,}3°;, n(t) be uniformly bounded R**-valued random
processes and let W,,, W be Wiener processes such that the stochastic Ité inte-
grals I, ( fo N (s) dW,,(s) and I(t fo are well-defined. Assume
that nn( ) n(t) and Whp(t) — W(t) in probab1l1ty for everyt > 0. Then

lim P( sup |Ln(t) — I(t)] > 5) =0

e Melo,T)
for every € > 0 and T > 0.

We show now that the processes (X,,, W) satisfy the assumptions of Lemma 5.1.
Obviously we need to verify the assumptions only for X,. To this end notice that
estimate (3.1) of Corollary 3.2 holds for the process X,, with the same constant N
for all n, due to Assumption 2.4. Hence by using the Davis inequality we obtain

EIXa(t)] < |Xo| + B sup
s<T

/OS on (u, Xn(u)) dW (u)

+E/ |b sX )|ds

1/2
<X0|+3E(/ o0 (5, X (s yds) + eI N||F|lge1 + KT

<L

b

where ||F|| 441 is the L1([0, T] x R?)-norm of F and L is a constant which does not
depend on n and ¢ for ¢ < T. By Chebyshev’s inequality

1
sup P(1X ()] > €) < o sup B X, (1)) <
t<T t<T

bl

Qlt

T



which implies (5.1). Similarly, for 0 < s < ¢t < T we have

E|Xn(t)—Xn(s)\<E/ 0 (11, X () AWV (u)

(/ |0 (1, X () |° du)l

+E/tF(u,Xn(u)) du+ K(t—s)

+E/yb (u, X (u)) | du

t d+1
<3K|ts|1/2+NeT<// F(u,w)dﬂdxdu)
s JRY

+ K|t — s

Hence by Chebyshev’s inequality we obtain (5.2), since

¢
gin}]sup{// |F(u, )" dedu: s <t < T, |t— s @9} =0
- s JRY

due to ||F|lg+1 < oo. By virtue of Lemma 5.1 we have a subsequence of (X,,, W),
which we keep denoting by (X,,, W), a sequence of random processes (Xn, Wn) and
a process (X, W) such that the finite dimensional distributions of (X,, W,) and
(Xn, W) coincide, and nlin;o X, (t) = X(), nlirrgo W, (t) = W(t) in probability for
every t > 0. Define 91" as the completion of the o-algebra generated by the random
variables {X,,(s), W,,(s); s < t}. Obviously, X,(t) is .#;*-adapted and since it is
stochastically continuous, we may assume that it is a separable process. Clearly W,
is a Wiener process and .#}* is independent of the increments of W, after time .
Thus, (Wn(t),ﬁﬁ) is a Wiener martingale. Consequently, the stochastic integral
fg on (8, X,(5)) AW, (s) is well-defined. It is not difficult to show that

t t
(5.3) X, (t) = Xo +/ by (s, Xn(s)) ds +/ on (8, Xn(s)) AWy (s)

0 0
for every ¢ > 0, since the finite dimensional distributions of (X,, W) and (X,,, W)
are the same and X, satisfies equation (2.4). Now we are going to take the limit

n — oo in equation (5.3). Let us fix T > 0 and consider ¢ € [0,T]. First we show
how to take the limit in the drift term. Fix an index ng and set

f) = /0 1B (5 Kn(5)) — buo (5, K (5)) | ds,
t) = /0 |bng (8, X0 (8)) = b (5, X (s (s))|ds,
t) = /0 |bng (S,X(s)) - b(s,X(s))’ds.
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Let ¢ be a continuous function such that ¢(t,z) = 1 for |(¢,2)] < 1/2, p(t,z) =0
for |(t,z)] > 1 and 0 < ¢(t,x) < 1 elsewhere. Then by Chebyshev’s inequality and
Corollary 3.2,

P<sup]1(t) >

t<T

§E/T
+ E/ (1— = R()))|(bn—b o) (5, Xn(s))| ds

3
< _Ne HX 0,7 XBR‘bn - bn0|Ld+1H

5 X, (s) 6Nel
E/ (1— R R ))ds—i— ||XBR/2F||Ld+1

where Bj , = {(t,x) € R¥1: |(t,z)] > R/2}. Hence by Lebesgue’s theorem on
dominated convergence

ST
N——
><:z

Y b~ by (5, %) s

. € 3NeT
(5.4) thHPP(SUPIl(t) > g) < X (0,7)x B b = brio || Las
n—oo t<T

X(s) 6Nel
E/ <1— 7R ) ds + ||XBR/2FHL‘H1-

By Chebyshev’s inequality and by Lebesgue’s theorem on dominated convergence

lim P sup.&(t)}% < lim E/ ’bnosX )fbno(sX ))|ds =0

n—oo <t<T n—oo &£

since by, is bounded and continuous. To treat the term I3(t) we first observe that
the estimate in Corollary 3.2 holds also for the process X (t). Therefore we obtain
inequality (5.4) with I5 in place of I; in the same way as we got it for I;. Hence

t
limsupP(sup/ |bn(s,Xn(s fb(sX )’ds )

n— o0 t<T

ZP(supI )
t<T
6Nel 12K s X(s)
< HX(OT)XBR‘b n0|HLd+1 / (1@<Ra R ))ds
12Ne”
+ IxBg, , FllLa+s
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for any index ng and R > 0. Letting here first ng — oo and then R — oo, we get

that . .
/Obn(s,Xn(s)) ds—»/o b(s,X(s) ds

in probability, uniformly in ¢ € [0,7]. We counsider now the diffusion term in equa-
tion (5.3). Like in the case of the drift term, define

for an index ng. Similarly as before, by using Chebyshev’s and Davis’ inequalities
we have

lim P(sup|5(8)] > 5 ) + P(sup|Is(1)] > )
n—oo  \yLT 3 t<T 3

18
< - Ne HX(OT)xBR\U Uno\ZHLp

+4K2E/0 (1 - w(;, X](;))) ds>1/2

for any ng and R. Letting here first ng — oo and then R — oo, we see that I (¢) and

I5(t) converge to zero in probability, uniformly in ¢ € [0,7]. By using Lemma 5.2
with

M (t) = 0n (6 Xn(t),  0(t) = om, (8, X(2))
we get
t
/ Ong (S,Xn( dW,(s) — / Ono (5 dW( )
0
in probability, uniformly in ¢ € [0, 7] for every fixed ng. Hence

/0 an(s,Xn(s)) dW,(s) H/o U(S,X(s)) AW (s)

in probability, uniformly in ¢ € [0, T]. Consequently, letting t — oo in equation (5.3)
we get

(5.5) X(t) = Xo + /0 b(s,X(s)) ds + /0 J(S,X(s)) dW (s)
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for every t > 0. We have proved that the right-hand side of equation (5.3) converges
to the right-hand side of equation (5.5) in C([0,T]; R?), in probability, for every
T > 0. Therefore X,, converges also in this sense. Thus we have proved the first
statement of Theorem 2.2. To prove the rest it remains to show that X, converges
in C([0,T]; R?) in probability, if b € Liflc+2(R+ x R?). We show this by using the
following simple observation (see [7]).

Lemma 5.3. Let Z, be a sequence of random elements in a Polish space (S, o)
equipped with the Borel o-algebra. Then Z, converges in probability to an S-valued
random element if and only if for every pair of subsequences Z; and Z,, there exists
a subsequence vy, = (Zy(1), Zm(r)) converging in distribution to a random element v
supported on the diagonal {(z,y) € S x S: x =y}.

We have already proved that every pair of subsequences X; and X, is a tight se-
quence in C([0, T]; R*?). Hence (X}, X,n, W) is a tight sequence in C([0, T]; R2d+d1),
and by the Skorohod representation theorem there exists a subsequence (X,
Xom(k), W) of it and a ‘copy’ of this subsequence (Xz(k),j(m(k), Wk), on some prob-
ability space, such that their distributions coincide, and X k) — X1, )N(m(k) — X2,
Wi — W in C(]0,T]), in probability. Hence, as we have already seen,

Xi(t):X0+/0 b(s,Xi(s)) ds+/0 o(s,X"(s)) dW (s)

follows for i = 1,2. Consequently, X'(t) = X?2(t) almost surely for all t € [0, 7]
by Theorem 2.3 on the pathwise uniqueness. Hence by virtue of Lemma 5.3, X,,
converges in C([0,7]; R?) in probability for every T > 0 to a process X which
solves (2.1).

6. PROOF OF THEOREM 2.1

Let 0 = o(t, z) be a smooth non-negative mollifier supported in the unit ball. We
set a(t,z) := oo™ for t > 0, and b(t,x) := 0, a(t,x) := 61 for t < 0. We define

(6.1) an(t,z) = (a* on)(t, %), 0p=a/?  bu(t,z) = (b*o0n)(t, x)

d+1

for every integer n > 1, where g, (t,z) := n*"o(ns,nz) and * stands for the convo-

lution. Then a,, and b,, are smooth bounded functions such that

lim o,(t,z) = (60*)/2(t,z) == 6(t,x), lim by,(t,z) = b(t, x)

n—oo n—oo
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almost everywhere with respect to the Lebesgue measure, and
8 = 008 (t,x) =61

for all t, z. Moreover, we can choose a subsequence from b,, which satisfies Assump-
tion 2.4. Namely, take nj such that

IF — F % on, flasr < 27

Then |by,, (t,z)| < K + G(t,z) with

G::Z|F7F*gnk\+F,
k=1

and clearly ||Gllg+1 < 14 ||F|lg+1. We get the first statement of Theorem 2.1 from
Theorem 2.2 by considering the sequence {b,, }?>; and {0y, }?2, in place of {b,}
and {o,}. In fact a direct application of Theorem 2.2 shows the existence of a
weak solution of equation (2.1) with & in place of o. Notice, however, that oo* =
&6*. Then it is well-known and easy to show (see, e.g., Lemma 10.4 from [13]) that
equation (2.1) with the given diffusion coefficient o has a weak solution. We obtain
the second statement of Theorem 2.1 from Theorem 2.2 by taking the sequences
{bn, }72; and {0, = o}, in place of {b,} and {o,}.
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