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Abstract. We study properties of variational measures associated with certain condition-
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these integrals.
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1. INTRODUCTION

It is known (see for example [15]) that on the real line R a continuous function
F of bounded variation is absolutely continuous if and only if the Lebesgue-Stieltjes
measure generated by F' is absolutely continuous with respect to the Lebesgue mea-
sure . Then on R the class of all Lebesgue primitives coincides with the class of
all functions whose Lebesgue-Stieltjes measure is absolutely continuous with respect
to p.

An extension of this result to the Henstock-Kurzweil integral in R was proved in
[4], by using a variational measure associated to this integral.

In the present paper we consider certain conditionally convergent integrals in R™
and we associate to each of them a variational measure constructed by means of the
derivation base used to define the integral. We study the properties of these mea-
sures (see Theorems 1, 2, 3 and 7) and we apply them to characterize the primitives
of the integrals constructed by means of Kurzweil’s and Kempisty’s bases; we also
characterize the primitives of Mawhin’s integral (see Theorems 4, 5, 6). Moreover in
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Theorem 5, in Theorem 7 and in Corollary 4 we improve the descriptive character-
ization of the conditionally convergent integrals considered by Kurzweil and Jarnik
in [6] and in [7].

2. PRELIMINARIES

We recall some definitions and notations. Our ambient space is R™, where m
is a fixed positive integer. In R™ we shall use the norm |z|| = max |z;|, where
1<i<m

x = (x1,%2,...,%m). Then the d-neighbourhood of z, denoted b} U(z,d), is an
open cube centered at x with side equal to 2. For a set £ C R™ we denote
by E° OF, and |E| the interior, the boundary and the m-dimensional Lebesgue
measure of F, respectively. Moreover for x € R™, d(z, E) denotes the distance of
x from the set E. A set F with |E| = 0 is called negligible. The words “almost
everywhere” (shortly a.e.) and “absolutely continuous” are always refered to m-
dimensional Lebesgue measure. An interval is always a nondegenerate compact
subinterval of R™. Throughout this paper A denotes a fixed interval and Z the
family of all subintervals of A. For I € Z, I = [a1,b1] X [ag, ba] X ... X [am, by] with
a; <bj,i=1,2,...,m, weput d(I) = max(h;—a;) and r(I) = min(b;—a;)/d(I). The
numbers d(I) and r(I) are called the dizameter and the regularzity of I respectively.
Let o € (0,1); if (1) > o we say that the interval I is a-regular.

A derivation base (or simply a base) on A is, by definition, a nonempty subset B
of Z x A. Given a base B, an interval I is called a B-interval if (I,x) € B, for some
x € A. For aset ' C A we write

(1) B(E)={(I,z)eB: I C E} and B[E]| ={(I,z) € B: z € E}.
If §(x) is a positive function defined on A we denote
(2) Bs={(I,z)eB: I CU(z,dx))}.

Note that Bs is also a base on A. So the meaning of B5(E) and Bs[E] is clear from
(1) and (2).

All functions in this paper are real valued. A function F' defined on Z is said to
be additive if F(IUJ) = F(I)+ F(J), for each nonoverlapping intervals I and J in
Z,with TuJeZ.

Let B be a base such that for any § > 0 and for any z € A the set Bs[{z}] is
nonempty. The lower derivate of F' at a point x € A with respect to B is defined as

£

DgF(x) = sup(;inf{T. (I,z) € 85[{33}]} .
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The upper derivate of F at a point x € A with respect to B is defined as

DpF(x) = infssup {@ (I,z) € 85[{$}]} .

If DgF(x) = DgF(x) # oo we say that F is B-derivable at x and we set DgF (z) =
DgF(x) = DgF(z); DgF(x) is called the B-derivate of F at z.

A B-partition is a finite collection m = {(I1,21),. .., (I, xp)} where I; are nonover-
lapping B-intervals and x; € A, fori =1,...,p.

Given F C A, a positive function § on F is said to be a gauge on E. We say that
a partition 7 is

e anchored in E if {z1,...,2,} CE,

e a partition in E if LPJ I, C E,

i=1

P
e a partition of Eif |J I, = E,
i=1
o S-fine if I; C U(w;,0(x;)), fori=1,...,p.

We say that a base B is:

e a fine base on a set E C A, if for any z € E and for any ¢ > 0 the set Bs[{z}]

is nonempty;

e a Perron base if, for any couple (I,z) of B, z € I.
We say that a base B fulfils:

property i): if, for any I € 7 and for any gauge 6 on A, there exists a d-fine
B-partition of I (partitioning property);

property ii): if for any B* C B, fine on aset £ C A, there exists a disjoint sequence
By, By, ... of sets from B* such that |E \ (U BZ)| = 0 (Vitali property);

property iii): if for each B-interval J and Zfor each x € J we have (J,z) € B;

property w): if, for each additive function F' on Z, DpF(z) = DzF(x) # oo
(DgF(x) = DpF(x) # o) holds at almost all points = at which DzF(z) > —oo,
(DpF(z) < +00) (Ward property).

3. VARIATIONAL MEASURE ASSOCIATED WITH A FUNCTION HENSTOCK
INTEGRABLE WITH RESPECT TO A GIVEN BASE B.

Let B be a base on A satisfying the partitioning property.

Definition 1. A function f on A is called Henstock integrable with respect to
B (br. BH-integrable) whenever there exists an additive function F' on Z satisfying
the following condition:
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given € > 0, we can find a gauge §(x) so that

3) Y @ -FI) <e

(z,I)em
for any é-fine B-partition 7 in A.

The equivalence of Definition 1 and the definition given in [10] follows immedi-
ately from Henstock’s Lemma (see [10], Theorem 1.6.1). The function F is uniquely
determined by f and we call it the indefinite B-integral of f in A.

In order to study the differentiation properties of an interval function F and
to investigate whether F' is an indefinite 3H-integral, we introduce the notion of
variation of F' associated with the BH-integral. It is the multidimensional extension
of the notion of the fine variational measure given in [16] in the case of an interval
function defined on the real line.

Let F be an additive function on Z and let £ C A be an arbitrary set. For a fixed
gauge 0 on E we set

(4) Vi(F, 6, E) = SupﬂZIF(Ii)I,

where 7 = {(I1,21), ..., (Ip,xp)} is a d-fine B-partition anchored in E.
The B-variation of F on E is defined as follows

(5) VgF(E) = inf V3(F, 6, E),

where the “inf” is taken over all gauges § on E.

By an argument similar to that used in [16, Theorem 3.7], it is easy to see that the
set function VgF'(+) is a Borel metric outer measure in A, called the BH-variational
measure generated by F'.

In case the base B is the family £ = 7 x A, the corresponding integral is the
McShane integral that it is known to be equivalent to the Lebesgue integral (see [9]
and [11]). Note that if (I, z) € £, the point = does not need belong to I. The following
proposition is, in a certain sense, a multidimensional extension of a consequence of
De La Vallée Poussin’s Decomposition Theorem (see [15, p. 128]). A similar result
was obtained in [5] by using a variation defined by means of Perron figures partitions.
We recall that an additive function F' on 7 is said to be absolutely continuous (br.
AQ) if given ¢ > 0, there is 7 > 0 such that

(6) M) <«

IeP

for any collection P of nonoverlapping intervals in Z with > |I| < 7.
IeP
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Proposition 1. An additive function F on T is AC if and only if E — V. F(E)
is absolutely continuous.

Proof. Let F be AC and let N be a negligible subset of A. Fix ¢ > 0 and
choose i > 0 so that (6) is fulfilled. Take an open set O with O D N and |O] < 7.
For each # € N define §(x) < d(x,00). Therefore > |F(I;)| < e for each d-fine
L-partition {(I;,z;): ¢ =1,...,p} anchored in N. Thezn VeF(N) < Ve(F,6,N)<e
and, by the arbitrariness of ¢, V. F(N) = 0.

Conversely, suppose that the variational measure V F' is absolutely continuous.

As Vp F({z}) = 0 for each x € A, we can find a positive constant v(z) on A such
that Y |F(B;)| < 1 for each v-fine L-partition {(B;,x)} anchored on {z}. Since A

n
is compact, there exist y1,...,y, on A such that |J U(y:,v(y:)) D A. Now let §
i=1

be a gauge such that for each z € A there exists an index ¢ = 1,...,n such that

U, 6(x)) C Uy, v(yi))-
For each ¢-fine L-partition {(A1,21),..., (Ap, zp)} Wwe obtain

SIFEAN =D > IR <,

Jj=1 =1 (Aj,y;)em;

where 7; is the v-fine L-partition {(A4;,y;): A; C U(ys,v(y:))}. Therefore Vo, F(A) <
+00. Now fix € > 0. By [14, Theorem 6.11] there exists > 0 such that V. F(F) < ¢
for each Borelian set £ C A with |E| < n. Let {I;: ¢ = 1,...,p} be a collection

P
of nonoverlapping intervals in Z with > |I;| < n. Then there exists a gauge o(x)
i=1

P P
on |J I; such that V. (F, o, U IZ-) < e. Since the base L satisfies the partitioning
i=1 i=1

prop_erty (see for example [11, Cousin’s Lemmal), for each index i there exists a
o-fine L-partition {(C’;, z;)} of I;,7=1,...,p. Find one; then by the additivity of
F, it follows that

Sirw < Y IR < ve(RaUn) <

Thus the function F' is AC. O

Corollary 1. An additive function F' on 7T is the indefinite Lebesgue integral of
a given function f on A if and only if the measure V. F' is absolutely continuous.

Now we use the B-variational measures introduced above to find similar charac-
terizations for the 5 H-integrals.
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Proposition 2. Let f be BH-integrable on A and let F' be its indefinite BH-
integral. Then the measure Vg F' is absolutely continuous.

Proof. Let N be a negligible set in A. For each n =1,2,..., put N,, = {z €
N:n—1<|f(z)] <n}.

Choose an € > 0 and find an open set O,, such that N,, C O,, and |O,,| < €2 "L
Let §p be a gauge on A such that

Z\f(xz‘)\fz’\ - F(L)| <e,

for each do-fine B-partition {(f;,z;): ¢ =1,...,p} in A.
Define a gauge 6 on N by setting 0(z) = min(do(x),d(x,00,)) if © € N, and
choose an arbitrary 0-fine B-partition {(J;,y;): ¢ = 1,..., s} anchored in N. Then

we have
Z [F(Ji)] < Z’F(Jz) — fly)lJil| + Z | f (ya) | i
i=1 j i=1
< e+ > fw) |\J\<5+5Z2 n=2
n y;ENp
Since ¢ is arbitrary, we infer VzF(N) = 0. O

Proposition 3. Let F' be an additive function on Z. If VgF is absolutely con-
tinuous and if F is a.e. B-derivable on A, then F is the indefinite BH -integral of
DBF(.’E)

Proof. Let us denote by N the negligible set of all x € A at which F' is not
B-derivable and define f(z) = DgF(z) if x € A\ N, f(z)=0if x € N.

We are proving that Fis the indefinite B H-integral of f. Fix ¢ > 0 and find a gauge

01 on N so that Z |F'(I;)| < e for each d;1-fine B-partition {(I;,x;): ¢ = 1,...,p}
anchored in N. For each © € A\ N there is a positive number d2(x) such that

el J|
[f(@)|J] = F(I)] < g

for each B-interval J with (J,z) € B and J C U(z,d2(z)). Now define a gauge d on
A in the following way: §(x) = 01(z) if z € N, §(z) = d2(x) if x € A\ N.
Then, for each d-fine B-partition {(I;,2;): i =1,...,p} we have

P
D)Ll - F(I) < ) |F(5) |A| DIl <2
i=1 z,EN z &N

Thus f is BH-integrable and F' is its indefinite BH-integral. O
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The following result was proved in [4, Theorems 1 and 5] in the case of a vari-
ational measure associated with the Henstock-Kurzweil integral in R (see also [12,
Proposition 11]).

Theorem 1. Let F' be an additive function on Z and assume that B is a Perron
base possessing property iii). If Vg F is absolutely continuous, then it is o-finite.

Proof. Suppose that VgF' is not o-finite. Let U be the union of all open sets
O such that VgF(A N O) < 4+o00. By the Lindel6f Theorem, the measure VgF is
o-finite on ANU. Define P = A\ U. The set P is compact, nonempty and

(7) VBF(PNO)) = +oo0,

for each open set O with PN O # (). Moreover, as VgF' is absolutely continuous,
Ve F({x}) =0 for each € A. Thus P is perfect.

Let us denote by P the set of all points z € P possessing the following property:
there exists at least one Z-interval .JJ such that z € dJ and J° N P = (). For each

z € P select an Z-interval .J(z) with the above property. Put A = |J (J(2))°. A is
z€P
an open set disjoint with P and P C OA. Since A is negligible, also P is negligible.

Therefore, as Vg F' is absolutely continuous, from (7) we obtain
VsF(ON(P\ P)) = 00

for each open set O with PN O # 0.

Now we will construct a set N C P with |[N| = 0 and Vg(F, N) > 1, thus obtaining
a contradiction to the assumption of absolute continuity of Vg F.

Let Iy be an interval whose interior meets P. Choose a gauge & on (I)° such that
§(x) < d(z,0Ip) for each x € (Ip)°. As VgF((I)° N (P \ P)) = 400, we can find a
0-fine B-partition 7 = {(Ii(l),ygl)) i =1,...,p} anchored on (Ip)° N (P \ P) such

that
STIFI) > 1and 1Y < 2",

Since B is a Perron base and ygl) € P\ P, we have (Ii(l))o N P # (. Moreover, as
P is perfect we can assume p > 1.

We proceed by induction. If {IZ-(kfl)}, k > 2, is a finite collection of nonoverlap-
ping B-intervals with (IZ.(k_l))O N P # (), we can construct a new finite collection of
nonoverlapping B-intervals {Ii(k)}, such that:

1) P (1) #6;

2) each IZ-(k) is contained in the interior of some IJ(-kfl);
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3) each Ii(k_l) contains at least two intervals I;k);

9 SO <k
5) > |F(Iz(k))| > 1 for each j.
i 1M gty
i J
Put N = ﬂUIz(k) By conditions 1) — 4) it follows that the set N is a perfect

k i
subset of A and |N| = 0.
Choose a gauge d(z) on N and, let

N,={ze€N: §x)>n""t} forn=12,....

By Baire Category Theorem, there exists an index n such that N, is dense in
NN J, for some open interval J. There exist [ and ¢ such that Ii(l) cJ, \Ii(l)| <n7L
By property iii) the family {(I;Hl),zj)} with z; € I;Hl) N Ny, IJ(-HU C IZ.(l) is a
d-fine B-partition anchored in N. Thus, by condition 5) we infer:

I+1
Vs(F,6,N) > Y. [P > 1
G 1D @

Therefore Vg (V) > 1, giving the desired contradiction. O

4. ESSENTIAL VARIATION AND DERIVATES

Let £ C A. An essential gauge on E is a non-negative function § defined on F
and positive a.e. The definition of J-fine partition in the case of an essential gauge
instead of a gauge coincides with the definition given in Section 2. For the d-variation
defined by this kind of partitions we keep the notation given by formula (4). If in
the definition given by formula (5) “inf” is taken over all essential gauges on FE we
denote by V§*F the resulting essential variational measure generated by F'. The
inequality

(8) VS¥®F(FE) < VgF(E) foreach EC A

follows from the definition.

A more general version of the next theorem was proved in [1] in the case of an
abstract measure space with finite measure and a derivation base satisfying the Vitali
property.
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Theorem 2. Let B be a fine base on A possessing property ii) and let F' be an
additive function on Z. Then for any measurable set E C A, we have

(9) VESF(E) = [E Ds|F|(z) dz,

where the integral is the usual Lebesgue integral in R™.

Remark 1. If B is only a fine base, instead of the equality (9) we have (see [1])
VE¥F(F) < / Dg|F|(z) dx.
B

Theorem 3. Let B be a fine base on A and let F' be an additive function on T
such that VpF is absolutely continuous. Then

VE“F(E) = VsF(E)

for any E C A.

Proof. By (8) it is enough to prove V¥ F(E) > VgF(E). Suppose, by contra-
diction, VS¥F(F) < VaF(E). Then there exists an essential gauge d; and a positive
number 7 such that V§*=(F, 01, E) +n < VF(E). Put N5, = {z € A: 6:1(z) = 0}.
Since VpF is absolutely continuous, then there exists a gauge do on Ny, such that
Vi(F, b2, N5, ) <. Define:

5(2) = {51(x), if z € E\ Nj,,

52($), if z € Ngl.
Thus we have

VB(F, 57 E) < VBess(Fa 613E) + VB(Fa 623N51)
< V§*(F,61,E)+n < VgF(E),

which gives the required contradiction. O

Corollary 2. Let B be a fine base on A with properties ii) and iv) and let F' be
an additive function on I such that VgF is absolutely continuous. Then F' is a.e.
B-derivable on A if and only if Vg F' is o-finite.

Proof. It follows immediately from Theorems 2 and 3. O
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Corollary 3. Let B be a fine Perron base possessing properties ii)-iv), and let F’
be an additive function on Z such that VaF' is absolutely continuous. Then F is a.e.
B-derivable on A and |DpF| is the Radon-Nikodym derivate of Vg F with respect to
Lebesgue measure.

Proof. It follows immediately from Theorem 1 and Corollary 2. O

5. APPLICATIONS

We apply the previous results to some non absolutely convergent integrals.

Definition 2.  (see [10]) A derivation base is called the Kurzweil base and is
denoted by By, if (I,x) € B; for each interval I € 7 and for each x € I.

Definition 3.  (see [10]) Let @ € (0,1). A derivation base is called the Kempisty
a-base and is denoted by BS, if (I,z) € BS for each interval I € Z, with r(I) > «,
and for each z € I.

The bases By and B$ are fine Perron bases possessing properties i) and iii).

The By H-integral is known as the classical Henstock integral. Generally the indef-
inite By H-integral is not B-differentiable (see [10]). Moreover, as the Bi-base does
not satisfy Vitali property, Theorem 2 fails. By Propositions 2 and 3 we deduce the
following partial descriptive characterization of the B;-integral

Theorem 4. Let F be an additive function on I a.e. By-derivable on A. Then F
is the indefinite By H-integral of Dp, F' if and only if Vi, I is absolutely continuous.

For each o € (0,1), the BS base possesses properties ii) and iv) (see [15]). Then,
by Propositions 2 and 3, by Theorem 1 and by Corollary 2 we infer the following full
descriptive characterization of the BS H-integral.

Theorem 5. Let a € (0,1) and let F' be an additive function on Z. Then Dgg F'
exists a.e. on A and F is its indefinite BS H-integral if and only if Vg I is absolutely

continuous.

Remark 2. The previous Theorem improves the descriptive characterization
given by Kurzweil and Jarnik (see [7, Theorem 3]) in which the a.e. existence of Dg F'
is required as an additional condition. In [7] the statement “F' is a-variationally
normal on I” is used instead of “Vig F' is absolutely continuous on I7”.

Now we consider the integral introduced in [8] by Mawhin (see also [15]).
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Definition 4. Let f: A — R. We say that f is integrable in the sense of
Mawhin (shortly M-integrable) on A whenever there is an additive function F on 7
satisfying the following condition:

for every € > 0 and every a € (0,1) we can find a gauge d(x) such that

Y @I -FI) <e

(z,I)em
for any d-fine BS-partition 7 in A.

The function F' is uniquely determined and is called the indefinite M -integral
of f in A. The equivalence of the previous definition and the original definition of
Mawhin follows immediately from [10, Theorem 1.6.1]. If f is M-integrable then
it is BY H-integrable for each o € (0,1) and both the indefinite integrals are equal.
Concerning the above definition Kurzweil and Jarnik proved in [7, Theorem 1 and
Theorem 2] that, while the value of « is irrelevant in the definition of Bg-derivate
(i.e. if an additive function F is BS-derivable at a point z, then, for any 8 € (0, 1), it
is Bg -derivable at x), the value of « is essential in the definition of the BS H-integral.

Let F' be an additive function on Z and let £ C A be an arbitrary set. We define
the M-variation of F on E as follows:

VMmF(E) = SUPae(o,l)VBg F(E).

As each Vpg F' is an outer metric measure, it is easy to show that also Vy(F' is an
outer metric measure in A. The notion of derivate associated with the M-integral
is the classical notion of ordinary derivate (see [15]). According to [7, Theorem 1],
we say that the function F' is derivable in the ordinary sense at x € A if Dpg F'(x)
exists for some o € (0,1). Then we put F'(z) = DpgF(x) and call it the ordinary
derivate of F' at z.

Theorem 6. Let I’ be an additive function on Z. Then I’ exists a.e. on A and
F' is its indefinite M -integral if and only if V4 F is absolutely continuous.

Proof. Suppose Vi(F to be absolutely continuous. Since for any o € (0,1)
Vg F' < VmF, then also Vpg F' is absolutely continuous. Hence, by Theorem 5,
Dpg F exists a.e. on A. Thus F’ exists a.e. on A and F is its indefinite M-integral.

Conversely, assume F is the indefinite-M-integral of F’. Therefore F' is the in-
definite B$-integral of F’ for any a € (0,1). Thus, by Theorem 5, we obtain the
absolute continuity of each variational measure Vsg, a € (0,1). Then also Vi F is
absolutely continuous. O
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6. THE g-INTEGRAL OF JARNIK-KURZWEIL

We recall the definition of the p-integral introduced in [6].

Let ¢ be a fixed real function g: A x (0,400) — [0,1] satisfying the following
conditions:
01) o(z,t) <lforxz e A t>0;
02) limsup, ,g+0(z,t) <1 for x € A;
03) liminf; o+o(z,t) > 0 for € A.

A o-partition is a Bi-partition {(I1,z1),...,(Ip,xp)} with the property r(I;) >
o(z;,d(I;)) for i =1,...,p.

Definition 5. A function f on A is called g-integrable on A whenever there is
an additive function F' on 7 satisfying the following condition:
given € > 0, we can find a gauge d(x) such that

Y @ -FI) <e

(z,)em
for any é-fine o-partition 7 in A.

Therefore the p-integral is the BH-integral with respect to the base B, = {(I,x) :
x €I € ZTandr(I) > p(x,d(I))}. We note that by [6, Lemma 1.8] the above
definition is equivalent to that given in [6].

For simplicity in the following we write respectively V,(F, ¢, E) and V,F(F), in-
stead of Vs, (F, 0, E) and Vp, F(E), for the B,-variation of a function F on a set E.

We observe that, without any other hypotheses on o, the base B, generally does
not verify property iii). Moreover, even the Vitali property is not satisfied in the
standard way. So we cannot apply Theorem 1 and Theorem 2 to B,F'.

Nonetheless, by using the previous conditions concerning o, it is not difficult to
prove a B,-version of Theorem 2 (see [3, Theorem 1]).

In [6], on the hypotheses 1) — 03), the indefinite g-integrals are characterized as
additive interval functions which are derivable in the ordinary sense a.e. in A and
whose associated g-variations are absolutely continuous on the set of all points of
nonderivability.

It is easy to prove, by using condition g3), that if an additive function F is derivable
in the ordinary sense a each point of a set F, then V,F is absolutely continuous on
E. Therefore the next theorem improves the descriptive characterization of the g-
integral given in [6, Theorem 3.2]. For simplicity, we will write D,F instead of
Dps F.

Theorem 7. Let F' be an additive function on I. If V,F' is absolutely continuous,
then F' exists a.e. on A.
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For the proof we need the following Lemma, proved in [2, Lemma 1].

Lemma 8. Let P C A be a measurable set with 0 < |P| and let B be a fine
Perron base on A possessing the Vitali property. Then, for every 0 < 7 < 1 and

every 0 < A < o < 1, there are finitely many disjoint B-intervals C1,...,C, such
that:

(a) |PNCy| >7|C;| forj=1,...,p;
p

(b) A|P| <\U cj‘ < olP.
j=1

Proof of Theorem 7. Assume, by contradiction, that F’ does not exists a.e. on
A. Let ag, K =0,1,..., be an increasing sequence of positive numbers converging
to 1. Foreach k = 0,1,... put Ay = {x € A: Do, F(z) = +oc} and B =) Ay. The
set B is measurable and, by [15, Theorem 11.15 of Chapter IV] and [7, Tﬁeorem 1],
it results |B| > 0.

For £k =0,1,... choose n; > 1 such that

o0
(10) [I7<2
k=0
Choose also a decreasing sequence dy, k = 0,1, ..., of real numbers converging to 0.

By induction we can construct a sequence of ¥, C N1 of indices and a family
{J>}, o0 € By, of disjoint Z-intervals such that
1x) Xy is finite for each k € N;
2k) each interval J,, o € Xy is ay-regular;
3k) for each 7 € 3y 41 there are 0 € ¥y, and j = 1,...,p, such that 7 = (0,5) and

Jr C Jy;
k) d(Jy) < dy and |Jy;| < 27202|BN J,| for 0 € ), and k € N;
k) |Jo N B| > n.2|J,| for each 0 € £ and k= 1,2,..
k) 2_17],%|B NJy| < ’U Joj| < 2_117,?;\30 Jy| for o0 € 3y, and k € N;
J

N

(=22

k) F(Jy) > 2%k J,|for o € B and k=1,2,...

For k = 0 choose an «p-regular Z-interval Jy with d(Jy) < dp and 0 < |Jp N B|.
Define Xy = {0}. For each z € BN Jy there exists a sequence {C,,(x)} of az-regular
Z-intervals such that d(Ck(z)) — 0 as k — oo and F(Ck(z)) > 2%|Ck(x)|.

The base B3* has the Vitali property. So we apply Lemma 8 to Jy N B and find
a finite family {Jo1,...,Jop, } of disjoint a1-regular Z-subintervals of Jy such that,
if 33 = {(0,1),...,(0,p0)}, conditions 51), 69) and 71) and the second part of 4)
hold true. Moreover, 1p), 21) 3¢) and the first part of 4¢) obviously hold.
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Assume ¥y and J,, 0 € X, have been defined. By condition 5;) we have |J, N
B| > 0. So we can apply Lemma 8 to each set J, N B and find disjoint aj1-
regular intervals J,; C J,, j = 1,...,ps, such that d(J,;) < dg+1 and conditions
5k+1),0k), Tk+1) and the second part of 4;) hold true. Define X1 as the set of all
indices (0,7) € N2 with 0 € & and j = 1,...,p,.

Clearly N = ﬁ U Jo is a compact set. Since by 4j) and 6;) we deduce p, > 1

k=0oc€Xy
for each o € Xy, the set N is also perfect. Moreover, by 65) and by (10) we have

U

0EX 41

U U
oceXy, J
U

oceX
<27Flpd o3|l n Bl < 27FJyn B

<27'n}

Thus |N| = 0. We will prove V,F(N) = 400, which gives a contradiction to the
assumption of absolute continuity of V,F.

By condition g3), for each € N choose 0 < v(z) < 1 and 0 < to(x) such that

(11) o(z,t) <v(z) for each 0 <t < to(x).

Take any gauge d(z) defined on N and for n, s, ¢ positive integers, put

1 1 1
Npsq= {x EN: i(z) > - to(x) > B and v(z) <1-— a}

Obviously N = [JUU Nu,s,q- By the Baire Category Theorem, N, s 4 is dense in

n s q

some portion of N, defined by an interval J, for some n, s, g. We may select k € N
and o € Xy, such that J, C J, di < min(%, %) and ap > 1 — %.

For [ > 1 define 3}, = {0’ € Xy4;: o' = (0,0")}. For each o/ € X}, let
o' € Jor N Ny s q- By (11), by 244;) and by the definition of N,, 5, we infer

1
0(xer,d(Jp)) < v(xe) <1— p < ag < oy < 1(Jy).

Therefore {(J,/,25/): o' € X7 is a d-fine p-partition anchored in N.
-+l
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Then by applying subsequently 71 ), 6x)and5y) we obtain

Vo(F,6,N) > Y F(Jn)

o'€S;

< 92(k+1) U T

! *
o€

= 22(k+l) Z .. Z ’U Ja,jl’-u,jl

0, J1€85 o1, f1—1€8 Ly

> 22(k+l)2_177]%+l71 Z - Z |1BO Jo i, dia

0, J1€85 o1 f1—1€8)

> 22(k+l)271 Z Z ‘Jg’jl’“.’jl_1| > ...

CESE,,  Ou1ii-1€5,,

> 22k 9=l 7 | = 2k2l) ], |.

Since k and J, are fixed and [ is arbitrary we conclude V,(F,d, N) = +oo. Hence
VoF(N) = +00. O

Corollary 4. Let F' be an additive function on T. Then F’ exists a.e. on A and
F is its indefinite p-integral if and only if V,F is absolutely continuous.

Proof. The proof follows immediately from [6, Theorem 3.2], and from Theo-
rem 7. O

Note that Corollary 4 holds also in the case of the strong g-integral introduced in
[6], if we use the corresponding variation.

All the integrals considered here are defined by means of interval partitions asso-
ciated with a gauge 6. But if the integrals are defined by means of figures partitions
associated with a non negative function ¢, which is null on a set of o-finite (m — 1)-
dimensional Hausdorff measures, then it is necessary to use different ideas. The
related results have been obtained independently and by different methods in [2] and
in [5].
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