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ON VECTOR VALUED MEASURE SPACES OF BOUNDED
®-VARIATION CONTAINING COPIES OF /.

MARIA J. RIVERA*, Valencia

(Received May 5, 1997)

Abstract. Given a Young function @, we study the existence of copies of ¢y and £
in cabvg(u, X) and in cabsvg(u, X), the countably additive, pu-continuous, and X-valued
measure spaces of bounded ®-variation and bounded ®-semivariation, respectively.

1. INTRODUCTION

The interest in Lebesgue’s and Bochner’s integration theory in Analysis has been a
powerful incentive in the study of the Young functions and the Orlicz spaces. In fact
the Orlicz theory of measurable functions and measures appears in literature as a
natural attempt to generalize the classical theory of vector measures and integration
which was restricted to the L, spaces, and also because of the characterization of
the uniformly integrable sets in L (p) given by de la Vallée Poussin in 1915 [1] in
terms of Orlicz spaces. Again the classical Banach sequence spaces, especially the
non reflexive ones, play a central role in the study of the Banach spaces. In this
way, we present some results related to the existence of copies of ¢y and £, in Orlicz
spaces of vector valued measures. This problem has been studied

(a) in [2] for cabv(u, X), the space of the countably additive, p-continuous and
X-valued measures of bounded variation endowed with the topology of the
variation norm,

(b) in [4] for ba(X, X), the space of bounded X-valued vector measures and for
ca(X, X), the space of countably additive and X-valued vector measures, both
equipped with the semivariation norm.

Clearly this paper is a natural continuation of the results of a) and b).

* Partially supported by DGICYT, project PB94-0541.
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2. DEFINITIONS, NOTATION AND BASIC FACTS

The notation is standard, see [6] and [8] for details.

A Young function is a convex function ®: R — RT such that ®(—x) = &(z),
®(0) =0 and lim O (z) = oo.

From now gn,oo(Q,E, 1) will denote an atomless abstract finite measure space,
where ¥ is a o-algebra on which p is a c-additive and nonnegative measure.
For every Banach space X, Lg(u, X) is the space of classes of p-measurable and
X-valued functions f: @ — X, such that there is a real constant H > 0 such that
Jo®H| f(z)|[)dp < oo (with the identification of functions that coincide a.e.),
which is a Banach space with the norm

NVa(f) == inf{K>0: /Q<I>(|f(x)||/K)dy<1}.

For every convex function ® on A, we say that y = ax + b is a support line of & if
®(z) > ax+b, Vx € A. The properties of the Young functions imply the existence of
support lines with @ > 0 and b < 0. This fact can be used to prove that Le(u, X) is
continuously embedded in L1 (i, X). We denote by x(u, X) the set of step functions
of Li(p, X).

Let F be a countably additive, X-valued and p-continuous measure on (2, %, X).
The ®-variation of F, denoted by Is(F'), is defined by

1o(r) = sup{ S (LG}

where the supremum is taken over all partitions 1 = {A4,,} of Q in X. If I (F) < oo,
F is said to be of bounded ®-variation.

We denote by cabvg(u, X) the space of p-continuous countably additive and
X-valued measures F such that there is a K > 0 with I(F/K) < 1, which is a
Banach space with the norm

NVg(F) :=inf{K > 0: Io(F/K) <1}.

The space Lg(u,X) is an isometric subspace of cabvg(y, X) by the map G:
L(p, X) — cabve(p, X) such that G(f)(E) = [, fdu, Vf € Lg(p, X) and for
every E € ¥, see [8].

If #/ € X’ and F is an X-valued measure, we denote by x’'F the scalar measure
such that o' F(E) = (z’, F(F)). The ®-semivariation of F is

I1S¢(F) :=sup{ls(2'F): 2’ € X', ||2|| < 1}.
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If I1S¢(F) < oo, then F is said to be of bounded ®-semivariation. We denote by
cabsvg (i, X) the Banach space of countably additive and p-continuous X-valued
measures F' such that there is a K > 0 with IS¢ (F/K) < 1, endowed with the norm

NSs(F) := inf{K > 0: ISe(F/K) < 1}.

It is clear that cabve(u, X) C cabsve(u, X), with NSg(F) < NVg(F) for every
F € cabvg(u, X). We denote by J the canonical injection of cabve(u, X) into
cabsvg (11, X).

Finally, we need the following result of Rosenthal:

Lemma 1 ([7] Proposition 1.2 and Remark 1). Let T': ¢, — X be a linear and
continuous map such that {||T(e,)||} does not converge to zero, where (e, ) is the
unit vector sequence in {~,. Then there is an infinite subset D of N such that T’z (D)

is an isomorphism.

3. MAIN RESULTS

Theorem 1. Let {f,} be a o(L1(n), x(1t))-null sequence in Ly(p) with the fol-
lowing properties:
(1) 3M > 0 such that u({w € Q: |fn(w)| > M}) =0, Vn € N.
(2) 3B > 0 and 35 > 0 such that ¥n € N, 3A,, € ¥ with u(A,) > S and f,(w) > B,

Yw € A,.

Let ® be a Young function such that 0 < ®(z) < oo if 0 < z < o0 and Jzg > 0:
D(x0) < 1/u(RY), and let X be a Banach space containing a copy of c¢g. Then
cabvg (i, X') and cabsve (i, X) contain the respective subspaces S and S’ isomorphic
to £oo. Moreover, SN Lg (1, X) contains a subspace isomorphic to cg.

Proof. It is enough to prove the theorem if X = ¢y. For every n € N, let A,
be the scalar measure

An(E) = <meE>

for every £ € ¥. We define G: (o, — cabvg(u, X) such that G((&;)) = Fi¢,), where
Fiey(E) = (&A(E)). If (&) # 0, it is clear that (§;A:(E)) € ¢ for every E € X,
and F{¢,) is a countably additive and pu-continuous cp-valued measure. For every
partition {E,} of £ contained in ¥ and for every K > 0, we have

Fiey(E,
S q%)mm < B(M(E) |0 /E)(S) < o0,
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Consequently, F(¢,) has bounded ®-variation and
NV (Fe,)) <inf{K > 0: ®(M||(&)lle.. /K)u(?) < 1}
If we take Ky > 0 such that Ve > 0, ®(M||(&)]le, /Ko)p(2) < 1 then

O (M||(&)lle /(Ko — €)) () > 1 > @(a0) (),

MIElew /(Ko — 2) > w0 and NVa(Fie)) — ¢ < Ko — & < MI(€)ew /w0, which
implies that NVa(F¢,)) < M||(&)l|e.. /70 and hence G and JG' are continuous. If
(&) = 0, the conclusion follows directly.

If (e,,) is the unit basis in cg, then F., € Lg(p, X) with Radon-Nikodym deriv-
ative (0,...,0, f,(.),0,...) for every n € N. Moreover, fix n, take the partition
{Ex}i_,: By = A, B> =Q\ A,. For every z = (z;) € {1 we have | (z, F,. (E1))| =
|nAn(EL)| 2 |2n|Bp(E7), and then

Z@(LE;)H)M(EH > ®(|z,|B/K)u(Ey) > ®(|z,|B/K)S.

Hence Ig(2F,, /K) > ®(|z,|B/K)S, therefore
NVg(zF,,) > inf{K > 0: ®(|x,|B/K)S < 1}.
For every support line y = ax + b of ® with a > 0, b < 0, taking = = e,,, we obtain

NSs(F.,) > inf{K > 0: ®(B/K)S < 1}

>
> inf{K > 0: (aB/K +b)S <1} = aBS/(1—bS) > 0

Hence
inf{NVs(F,), n € N} > inf{NSg(F,), n € N} >aBS/(1-0bS)>0

Then we use Lemma 1 to conclude that there are infinite subsets DV and DS of
N such that G|l (DV) and JG|ls(DS) are isomorphisms. O

Remarks.

1) Every Rademacherlike sequence in 2, i.e., every orthogonal sequence {r,,} such
that p({w € Q: rp(w) = 1}) = p({w € Q: rp(w) = —1}) = 1/2 verifies the required
condition. If u is the Lebesgue measure in [0, 1], we also can take f,(w) = sin(nnw).

2) Every continuous Young function such that 0 < ®(z) < oo if 0 < < oo verifies
the hypothesis of Theorem 1 for all finite measure spaces (€2, 3, u).
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3) A Young function satisfies ® € Ay if IH > 0: Vz > 0, &(22) < H®(x). Many
properties of the space Lg(u, X) and cabvg(p, X) with &(x) = ||z[|P, 1 < p < o0,
are fulfilled for ® € As and the corresponding proofs are also valid in this setting.
This happens mainly because if & € A,, the simple functions are dense in Lg (1, X).
Moreover, if (2,%,u) is separable, then Lg(p) is separable, [6]. For example, if
(Q, %, ) is separable and ® € Ay then

a) Lg(u, X) contains a copy of £ if and only if X does, Mendoza [5];

b) if X contains a copy of ¢g, then Lg(u, X) contains a complemented copy of ¢y,
see Emmanuelle [3]. If moreover X contains no copies of ¢, a consequence of
Theorem 1 is that Le(u, X) is an uncomplemented subspace of cabve(u, X),
see Drewnowski and Emmanuelle [2].

Theorem 2. Let ® be a continuous Young function such that ®(z) = 0 iff x = 0.
Then for every separable finite measure space (Q, %, 1), the space cabvg(u, X) (or
cabsvg (i, X)) contains a copy of ¢g iff it contains a copy of £.

Proof. We only prove the theorem for cabvg(u, X) (the proof in the case of
cabsvg (i, X) is analogous). By virtue of Theorem 1 and the above remarks, it is
enough to prove the statement if X contains no copies of ¢y and cabve(u, X) contains
a copy of ¢g. Let J: ¢y — cabvg(p, X) be an isomorphism. First of all we will see

(o)
that > &J(e;)(E) € X for every (&) € s and for every E € ¥. We know that the
i=1

(o)

formal series > J(e;) is weakly unconditionally Cauchy in cabvs(y, X). For every
i=1

E € 3, we consider the map Hg: cabvg(u, X) — X such that Hg(F) = F(E) for

every F' € cabvg(u, X). If y = ax + b is a support line of ® with a > 0, b < 0, for

every K > 0 we have
IEE)

Is(F/K) > @(m)uw) > a| F(B)||/K + bu(E).

Then

a

Na(F) 2 K > 0: al F(B)I/K +bu(F) <1} = g | P(E)|

o0
therefore Hp is both continuous and weakly continuous. Hence the series D J(e;)(E)
i=1
is a weakly unconditionally Cauchy series in X, and as X does not contain copies

of ¢g, by virtue of a classical result of Bessaga and Pelczynski, the series is uncondi-

o)
tionally convergent in X, and then Y &J(e;)(E) € X. For every u = (&;) € loo, We
i=1
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define the measure

F,: Y — X: Fy(E Zgz e;)(E) VE € 3.

Let (F,, )nen be a sequence in cabvg (p, X) with F, (E) = Z &J(e)(E),VE € X. It

is clear that F,,(F) = lim F,., (E)VE € %, and then by the Vltah Hahn-Saks theorem

F, is p-continuous and countably additive. Moreover, NV (F,,) < || J|l|lu|, Vn € N.
Given a partition P of 2 by elements of ¥ and a € > 0, there is np . € N such that

S P (B + 2
IF(B) z
> ([Tl Zq’( [Tl () )“(E"

EeP EeP

Fy, up .
Thus I@(W) < iléIN)LI)(HJHHuH) < 1, and F, € cabvg(p, X) with NV (F,) <

|.7]|[|2]]. This implies that G: o, — cabva(u, X) such that G(u) = F, is a well
defined, linear and continuous map. As G |CO = J and HéfN NVsG(ey) > 0, we can
n

use Lemma 1 to conclude that cabve (i, X) contains a subspace isomorphic to £
O
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