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ANDRZEJ NOWIK, Gdarisk

(Received November 24, 1998)

Abstract. We prove the following theorems:

1. There exists an w-covering with the property sg.

2. Under cov(N) = 2% there exists X such that Vgepo-[B N X is not an w-covering or
X \ B is not an w-covering].

3. Also we characterize the property of being an w-covering.
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NOTATION AND DEFINITIONS

Our set theoretical and topological notation is standard and follows [BJ] and [E],
respectively.

We denote by £ the o-ideal generated by closed, measure zero sets.

If H is an additive subgroup of R then we denote this fact by H < R.

We will use the following well known notion of countable equidecomposability:

Definition 1. Given two sets A, B C R, we say that A and B are count-
ably equidecomposable if they can be partitioned into at most countably many Tr-

congruent pieces (where Tr denotes the group of all translations of R). In this case
we write A ~o, B.

Definition 2.  ([P], Definition 0.1.(iii)) A set A C R is paradozical if there are
two disjoint subsets A; and As of A such that A} ~, A and A =, A.

Partially supported by the KBN grant No. 2 P03A 047 09.

865



Definition 3.  ([P], Definition 2.1.) A set A C R is hereditarily nonparadoxical
if A has no uncountable paradoxical subset.

Lemma 1. ([P], Lemma 2.5) For every subset A of R the following assertions are
equivalent:

1. A is hereditarily nonparadoxical;
2. for every countable G < R,

Hzr eR: |GzNAl=w} <w.
Definition 4. [C] Suppose & is a cardinal. A subset X of a group G (2 or R)

is a k-covering if every subset Y of G of size k is contained in a translate of X.

We denote by UC the family of all w-coverings.

The symbol Sel(H) denotes the class of all selectors of the subgroup H, i.e.,
selectors from the class {x + H: = € R} of cosets of H. We define also

Sel(€w) = U{Sel(H): H < RA|H| < w}.

Recall here an old result of Marczewski: There exists (in ZFC) a set of measure
zero and of the first category which is an w-covering. P. Komjath proved ([K2]) that
assuming MA for every A < 2“ there exists a set, which is both of measure zero and
the first category, and which is a A-covering. However, these sets are Borel, so none
of them has the Marczewski sg property. It is a natural question, whether there
exists an w-covering with the sg property. Clearly assuming CH or MA the answer is
yes (under CH (MA) it is easy to construct a Luzin (generalized Luzin, respectively)
set which is an w-covering). We show the existence of an sg w-covering in ZFC only.

Theorem 1. There exists an w-covering with the property sg.
Lemma 2. There exists a family of disjoint Borel sets:
{Boz}a<2w

such that for every a < 2%, B, is an w-covering.

Proof. Consider the topological space

X:Hw.

a<2v
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From the Hewitt-Marczewski-Pondiczery theorem (see [E], Theorem 2.3.15) we ob-
tain that in this space X there exists a dense countable family (h,,)ne, of functions

hp: 2Y — w.

Let
{An}n<w
be disjoint, infinite subsets of w. Let
{agzi)}i<w

be an increasing enumeration of elements of A,,. Let

{Xa}a<2“)

be characteristic functions of all subsets of w. We define the sets B, in the following
way:
B, = {.’ﬂ € 2v: HnGwvaw[hm(a) =n— viewx(a%)) = on(i)]}-

We check that B, N Bg = () for a # 3. To obtain a contradiction suppose that
there exists x € B, N By, and a # (. Fix n,,ng € w such that

Vinew[hm(a) = na — Vi<wx(a£f1)) = Xa ()],
Viewlhm(B) = ng — Vicuz(al)) = xs(i))-

Choose m < w such that

hm (@) = ng,
hm(ﬂ) = nﬁ.
Thus
ViewXa(i) = z(al})) = xp(i)
Therefore

Xa = X5
which is a contradiction.
Let us check that for every a < 2¥, B, is an w-covering.

Let Y C 2¢ be a countable set. Let Y = {y;: | < w}. Fix a < 2¢. For eachn € w
find ¢,: A!, — 2 such that

(tn + yn)<af(sz)) = on(i)

for each i < w and m < w such that h,,(«) = n, where A} = U Ap,.
me{m: hy,(a)=n}
Choose an element t € 2 such that V¢t [ A, =t,. Hence t +Y C B,. O
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We will frequently use the following theorem:

Theorem 2. (see [M] Theorem 1) Suppose X C 2¢ is an w-covering. Then
V|z)<2#X \ Z is an w-covering.

Next we will modify the classical construction of an sy set with the cardinality 2¢.
Let

{Pa}oz<2w

be an enumeration of all perfect sets such that
V5<2w ‘Bﬁ n Pa| < w.

Let
{Ooz}a<2w

be an enumeration of all sets from [2*]“. Assume that the numbers {s,}a<s are

defined. Lemma 2 now yields J5c22Cy+ s C By \ |J P,. Take an sg € 2* such that
n<é
Co+ 89 C BQ\ U P,. Define
n<é

It is easy to see that S is an sg set. Indeed, let P be a perfect set. We consider two
cases:

If P = Py for some 6 < 2 then |P N S| < 2¥, so one can find a perfect subset of
P disjoint with S.

If |P N By| > w for some § < 2 then we have |S N By| < w so one can find a
perfect subset of P disjoint with S.

K. Muthuvel proved (see [M] Theorem 1) that if X € UC and F is a measure zero
or a first category additive subgroup of the reals R, or |F| < 2¥, then A\ F € UC.
In the next theorem we characterize sets F' with this property.

Theorem 3. Suppose A is a set of real numbers. The following conditions are

equivalent:

(1) VxeucX \ 4 € UC,

(2) Vesr[|Gl <w] = G+ A ¢ UC,
(3) Vecr[|C] <w] = C + A ¢ UC.



Proof. (1) = (2) Let G < R be a countable subgroup of R. To obtain a
contradiction, suppose that G+ A € UC. From (1) we obtain that (A+G)\ A € UC.
Thus there exists ¢ € R such that G+t C (A+G)\ A. Therefore, t € (A+G)—G = A,
a contradiction.

(3) = (2) The proof is immediate.

(2) = (1) Suppose A C R is such that

ngR[|G| gw] = A+G¢UC

and X € UC. It suffices to show that for every H < R, |H| < w there exists s € R
such that s+ H C X\ A. Let H < R, |H| < w. By assumption, H + A ¢ UC. Hence
there exists |G| < w, G < R such that

(4) V.G+tg H+ A

Since X € UC, we can find so € R such that s+ H+ G C X. From (4) we see that
there exists go € G such that

(5) go+s0 & H+ A.
We show that

Observe that so+go+ H C X. Let y € sg+ go+ H. Thus, there is h € H such that
y=8o+9go+h. As go+so ¢ H+ A, we have gy + sg + h & A. This establishes the
formula (6). OJ.

(2) = (3) Let C C R, |C| < w. Define G = (C) (additive subgroup generated by
(). Then |G| < w. From the assumption (2) we have G + A ¢ UC. Observe that
C+ACG+ A Thus C + A ¢ UC, which completes the proof of (2) = (3). O

Corollary 1. Suppose H < R and |R/H| > w. Then VxcucX \ H € UC.

Proof. If we prove that G + H ¢ UC for every countable G < R, the assertion
follows. Let G < R be a countable subgroup of R. Therefore G+ H is a subgroup of R.
Note that G+ H # R by |R/H| > w. To see that G+ H ¢ UC take any z € G+ H,
y € G+ H. Hence we conclude that there exists no ¢ such that ¢t + {z,y} C G + H.
Thus G + H ¢ UC. This completes the proof of Corollary 1. O

Corollary 2. Suppose that A C R is such that VxcucX \ A € UC. Suppose that
B =, A. Then also VxcucX \ B € UC.
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Proof. Let A = |J A,, where (A,)n<w. pairwise disjoint. Let (r,)n<. be a
nw
sequence of real numbers such that B = |J A,, +r, and the sets {A,, + 7, }n<w are
n<w

pairwise disjoint. We define G = ({r,: n € w}). We will start with showing that
G+A=G+B. Let g € G and a € A. Then there is n € w such that a € A,,. Thus
g+rp+a € G+ B. But this implies that g+a € G+ B. On the other hand, if g € G
and b € B, then there is n € w such that b € B,,. Therefore g —r, +b € G+ A. But
this implies that g +b € G + A. We shall have established Corollary 2 if we prove

VHg[Q‘H|<w:>H+B€UC.

Let H < R be a countable subgroup of R. Observe that A+(H+G) = (A+G)+H =
(B+G)+ H=B+ (H+G). It is evident that |H + G| < w and H + G < R. But
this implies that A+ (H +G) ¢ UC, so B+ (H +G) ¢ UC and finally B+ H ¢ UC,
proving Corollary 2. O

Theorem 4. Suppose X C R. The following conditions are equivalent:

(7) X e UC,
(8) Vsesel(<w)S N X # 0.

Proof. (7) = (8) Let S € Sel(H), where H < R. Suppose, contrary to our
claim, that SN X = 0. Hence (t+ H)NS # () for every t € R. Thus t + H € X for
every t. This contradicts our assumption (7). This completes the proof of (7) = (8).

(8) = (7). It is sufficient to show that for every countable subgroup H of R there
exists t such that H +t C X. To obtain a contradiction, suppose that there exists a
countable subgroup H < R such that VicrIsers € (H +1)\ X. From this we see that
there exists S € Sel(H) such that SN X = (), contrary to our assumption (8). O

Theorem 5. Let X C R be a hereditarily nonparadoxical set. Then VycucY \
X € UC. Thus, in particular, no hereditarily nonparadoxical set is an w-covering
set.

Proof. It is sufficient to prove that for every countable H < R, H + A ¢ UC.
Let H < R be a countable subgroup of R. Choose H' < R such that |H'| = w and
H N H' ={0}. Define Hy = H + H'. We first prove

(9) {zo: (xo+ H1) L X+ H} D {xo: |(xo + H1) N X| < w}.

Suppose, contrary to (9), that there exists x¢ such that |(xo + H1) N X| < w and
xo+H; C X+ H. Forevery h € H' find x5, € X, k;, € H such that zo+h = x5, + k.
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Suppose that h,g € H' and that 2, = ;. Therefore

xo + h = zp + kn,
xo+g9=1x4+kg.

Thus h —g = kn — kg, h—g € H and ky, — kg € H. Since H N H' = {0}, the last
equality shows that h = ¢g. By assumption, |H'| = w. Hence |(xo+H'—H)NX| = w, a
contradiction. This establishes the inclusion (9). By assumption, X is a hereditarily
nonparadoxical set. Therefore |{zg: |(z0 + H1) N X| = w}| < w.

It follows from (9) that |{z¢: o+ H1 C X+ H}| < w. Suppose that H+ X € UC.
By Theorem 1 from [M],

H+ X\{zo: 0o+ HHC X+ H} € UC.
Then there is 1 € R such that
.’131+H1§H+X\{.’130 xo—f—ngX—f—H}

Thus 21 € {x0: zo + H1 C X + H}, which is impossible. This completes the proof
of Theorem 5. O

Theorem 6. Assume cov(M) = 2% (cov(N) = 2¢). Then there exists X, a
generalized Luzin set (Sierpinski set) such that

VeeporBNX ¢ UCV X \ B ¢ UC.

Proof. We give the proof only for the case of a generalized Sierpinski set; the
other case is similar. Assume cov(N) = 2¥. Let (Cy)p<2~ be an enumeration of all
countable sets in R. Let (Bp)p<2~ be an enumeration of all Borel sets in R. Now
define by induction a sequence (tp)g<2~ of real numbers and a sequence (Zy)p<ow of
measure zero sets in the following way. Assume that the sets (Z,)a<g and the real
numbers (t,)a<p are defined.

Consider two cases:

Case 1

(10) 1(Bg) > 0.

We first observe that {z: z + Q@ C B¢} = (B + Q)¢ for every B C R. From this
we obtain (By + Q)¢ € N (this follows easily from the Steinhaus property of the
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Lebesgue measure). Define Zy = (Bg 4+ Q)¢. By the assumption cov(M) = 2%, there

exists tp such that (Cy +t9) N U Zo = 0.
a6
Case 2

() u(B;) > 0.

From this we obtain (B§ + Q)¢ € N. Define Zy = (B§ + Q). Thus there exists
tg € R such that (Cop +tg) N |J Zo = 0.

a<l
We define X = |J (Cy +tg). Obviously, X € UC.
0<2v
We shall now show that for every § € 2, X \ By € UC or X N By ¢ UC.

Consider an arbitrary 6 < 2.
Case 1

(12) u(Ba) > 0.
Thus

{z: 24+QCX\Bp}={z: 2+QC X}n{x: 2+ QC Bj}
={r: 2+ QC X}N(Bp+ Q)
={z: 2+QCX}NZ
CXNZC | Catta

a6

Therefore [{x: z4+Q C X\ By}| < 2*. Suppose X \ By € UC. Then by Theorem 1
from [M] we have (X \ Bp) \ {z: © + Q@ C X \ By} € UC. Then there is 29 € R
such that 20 + Q C (X \ By) \ {z: 4+ Q C X \ By}, which is impossible. Hence
X\ By £ UC.

Case 2

(13) w(Bg) > 0.
Thus

{z: 2 +Q C XN By}
={z: z+QCX}Nn{z: z+QC By}
={z: 2+QC X} N (B +0Q°
={z: 2+QCX}NZyCXNZ
C | Ca +ta.

a6
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Therefore [{x: z+Q C XNBy}| < 2¥. Suppose XNBy € UC. Then by Theorem 1
from [M]
(XﬂBg)\{.’L‘: .T-i—@gXﬂBg} e UC.

Then there is 9 € R such that o + Q C (X N By) \ {z: z +Q C X N By}, which
is impossible. Hence X N By ¢ UC. It remains to prove that X is a generalized
Sierpifiski set. To show it let N € N be a Borel set. Thus Q + N € N N Bor.
Therefore there exists § € 2¢ such that @ + N = By. Note that u(B§) > 0. Using
the definition of the set Zy, we get Zg = (B + Q)°, i.e. Zg = ((Q+ N)° + Q)°.

Claim 3. (Q+N)°+Q)“=0Q+ N.

Indeed, let g1 +n1 € Q+ N, g1 € Q, n; € N. Suppose that g1 +n1 = q2 + ma
for some my € (Q+ N)¢, g2 € Q. Therefore ma = n1 + (1 — q2) € N + Q,
which is a contradiction. On the other hand, (Q + N)¢ C (@ + N)° + Q. Hence
(@+ N)*+ @)C C Q+ N. This proves Claim 1. As a consequence we have
Zy=0Q+ N.

Since Zy = Q + N, it follows by the construction of X that X N (Q + N) C
U Cq + t,. Since

a6

U Ca +ta| < 2%,

a6
it follows that | X N (Q + N)| < 2¥. Thus |X N N| < 2¢. Note that |X| = 2*. This
completes the proof of Theorem 6. O

The following theorem can be found in [BJ]:

Theorem 7. (Theorem 6.3 [BJ]) There exists a measure zero set H C 2 such
that for every perfect set P, if P+ H € N then 3,c0o P+ x C H.

In our next theorem we show that there is no such set F € £.

Theorem 8. There is no E € £ such that

(14) vQGPeer +EeN= HtGRQ +tC E.
Proof. We may assume that £ = |J K,, where K, are compact, nowhere
n<w

dense. We have the following lemma:

Lemma 4. Let K C R be a compact, nowhere dense set, and suppose that I C R

is an open interval. Then there are pairwise disjoint intervals Iy, ..., I, C I such
that
(15) VierJogi<eli N (K +1) = 0.
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Proof. First note that there is a compact interval L such that Vier(K +t)NI #
D=tel.

For every = € L there is an open set U, 5 x and a closed subinterval I, C I such
that (U, + K)NI, = (. By the compactness of L we can choose numbers {z;}¥_; C L

k

such that |J Uy, O L. We may assume (after shrinking I,,,..., I;,, if necessary)
i=1

that I, ..., Iy, are pairwise disjoint. It is easy to check that (15) is satisfied. This

completes the proof of Lemma 3. O

Choose an enumeration (ny)re, = w such that for each n € w,
Hk: np =n}| =w.

We will construct a system of closed intervals as follows:

0. Set Iy—any closed interval.

1. From Lemma 3 we see that there are pairwise disjoint closed intervals
I<1>, ey I<k0) - I@ such that

VierTi<i<ho Ly N (Ko +1) = 0.

Without loss of generality we may assume (after shrinking 1y, ..., I(,), if necessary)

that
1
I K, < —.
MK U (z>)+ no:| 0+ 1
i=1,....ko

2. Again from Lemma 3 we see that for each ¢ € {1,...ko} there are pairwise
disjoint closed intervals I(; 1y, ..., [ k,) C Iy (we may assume that kp is the same
for different i) such that

Vier1<i<h Lo gy N (Kpy +1) = 0.

Without loss of generality we may assume (after shrinking Iy; jy,if necessary) that

U U deyvi <

i=1,...,ko j=1,.

In general:

14+2. From Lemma 3 we see that for each

(io,...,il)G{l,...,ko}X{l,...,kl}x...X{l,...,kl}
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there are pairwise disjoint intervals Ii;, i, 1), Lig,... i1, ki4,) (W€ may assume that
ki1 is the same for different ¢) such that

VierI1<i<hipa Llio,.ing) N Enpyy +1) = 0.

We may assume (after shrinking I(;, . ; j), if necessary) that

1
U U o U T+ K] < gy

10=1,...,ko 11=1,....k1 tip1=L,..,ki41

o0
Define H = [[{1,...,k} and
i=0

rz€H n=0

It is clear that @ is a perfect set. We show that @) is as required:
A. Let m € w, then 37°n; = m. By the construction of I,

ec U - U Lign

i0=1,...,ko i=1,....k;

Thus Q + K, C [ U

i0=1,...,ko i=1,....,k;

Note that we have actually proved that for each I € {I: n; =m}, p(Q + Km) < 57
Thus p(Q + K,,) = 0. This completes the proof of F+ Q € N.

B. To obtain a contradiction, suppose that there exists to € R such that Q + ¢y C

I<io7m7il>+Km}. Therefore p(Q+ K,,) < T
1

U K,. Since {K, }neo are closed, we conclude that there is an open set W and a
new

natural number m € w such that W N Q # 0 and
(16) (WNQ)+to C K.
Thus there exists an interval I;, . ; such that

(17) QNI i, CQNW.

Therefore there is an interval I;, . s, ..., C I, . s such that n,;1 = m. From the

construction of the intervals {I;,, .. i, Jo<j<k,., We see that there exists 1 < j' < kpy1
such that

(18) Lig,...ip. 50 NV (Kn,,, —to) = 0.
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But n,4+1 = m, thus

(19) gyt N (Km —to) = 0.
Note that

(20) QN . i,5 CQOW.
Therefore

(21) (Lig.....i g +to) N Ky = 0.

From (16) we obtain
(22) (QNI,..i,5) +to C K.

Thus Q N Ii,...q4,,;» = 0, contrary to the definition of the set Q. This completes the
proof of Theorem 8. O

Theorem 9. There exists a set £ € £ such that Va3t N +t C E.

Proof. For each n € w pick 3, € w such that

{nﬁn

2
—Bn 2—"n
270 < 2.

Let (I,,)new be any partition of w into finite, disjoint intervals such that V,,c.|I,| =

Brn. For each n € w divide I,, into pairwise disjoint intervals of size %, {Ji(”); 1<
i <n}. Put
E={z: Voo dicicn® | Ji(n) =0 Ji(n)}-

First observe that E € F,,. Define

(23) Hy={uec2: Jiccuul J™ =017}

n n n [Tn Bn
By (23) we have |H,| < 2 Hue2fn: u | J,( ) =0 Ji( )}| 21(")| = 22@ -

n- 98n (). Therefore Z ‘H Z o (7) = Z n- Q_h S n-(27 "r)% <
= n=1 n=1

Qﬂn
S 2 ’IL =
Z n- ( nm ) Z
n=1 n=1

Thus E € €.

={x: ¥z [ I, € H,} we have E € N.
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We show that E is as required. Let N € N*. By Theorem 3.2 from [BJ] there
exists a sequence (T, )new such that V,|T,,| < n and

(24) N CH{z: Vx| I, €Ty}
Let T, = {tg”), e %n)} Pick t € 2¢ such that
(25) VnV1<i<nt f Jz(n) = tgn) f Jz(n)

To complete the proof it is enough to show that N +¢ C E. Let x € N. From (24)
we conclude that Voex | I, € T),,i.e. Vs nox | I, € T}, for some Ny € w. Let n > Np.
Then z [ I, € T,,. So thereis 1 < i < n such that x [ I,, = tgn). By the definition
of t, we know that ¢ | Ji(n) = tg”) i Ji(n). Thus (t + z) | Ji(”) =0 Ji(”). Therefore,
Vs No Jigisn (t + ) | Ji(”) =07 Ji(n). Thus, we have shown that Vyenyz +¢t € E.
This completes the proof of the theorem. O
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