Czechoslovak Mathematical Journal

Danica Jakubikova-Studenovské
DR-irreducibility of connected monounary algebras

Czechoslovak Mathematical Journal, Vol. 50 (2000), No. 4, 705-720

Persistent URL: http://dml.cz/dmlcz/127606

Terms of use:

© Institute of Mathematics AS CR, 2000

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127606
http://dml.cz

Czechoslovak Mathematical Journal, 50 (125) (2000), 705—-720
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DANICA JAKUBIKOVA-STUDENOVSKA, KoSice

(Received November 14, 1997)

This paper is a continuation of [6], where irreducibility in the sense of Duffus
and Rival (DR-irreducibility) of monounary algebras was defined. The definition is
analogous to that introduced by Duffus and Rival [1] for the case of posets. In [6]
we found all connected monounary algebras A possessing a cycle and such that A is
DR-irreducible.

The main result of the present paper is Thm. 4.1 which describes all connected
monounary algebras A without a cycle and such that A is DR-irreducible.

Other types of irreducibility of monounary algebras defined by means of the notion
of a retract were studied in [2]-[5].

0. PRELIMINARIES

Let A = (A, f) be a monounary algebra. A nonempty subset M of A is said to be
a retract of A if there is a mapping h of A onto M such that h is an endomorphism
of A and h(z) = x for each x € M. The mapping h is then called a retraction
endomorphism corresponding to the retract M. Further, we denote by R(A) the
system of all monounary algebras B such that B is isomorphic to (M, f) for some
retract M of A.

A monounary algebra A is said to be irreducible in the sense of Duffus and Rival
(DR-irreducible), if, whenever A € R(H Bi) and B; € R(A) for each i € I, then
there is j € I such that A € R(B;). !

We will use the notion of the degree of an element © € B, where (B, f) is a
monounary algebra; for this notion cf. e.g. [8], [7] and [2]. The degree of x is an
ordinal or the symbol co and is denoted by sf(x).

The following theorem proved in [2] is essentially applied in several proofs below:
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(Thm) Let (A, f) be a monounary algebra and let (M, f) be a subalgebra of (4, f).
Then M is a retract of (A4, f) if and only if the following conditions are satisfied:

(a) Ify € f~1(M), then there is 2 € M such that f(y) = f(z) and sf(y) < s¢(2).
(b) For any connected component K of (A, f) with K N M = (), the following
conditions are satisfied.

(bl) If K contains a cycle with d elements, then there is a connected com-
ponent K’ of (A, f) with K’ N M # () and there is n € N such that
n|d and K’ has a cycle with n elements.

(b2) If K contains no cycle and xz¢ is a fixed element of K, then there is
Yo € M such that s;(f*(z0)) < s(f*(yo)) for each k € N U {0}.

1. SOME DR-IRREDUCIBLE ALGEBRAS

1.1. Notation. Let N = (N, f) be a monounary algebra such that f(n) =n+1
for each n € N and let 7 = (Z, f)
for each n € 7.

be a monounary algebra such that f(n) =n+1

1.2. Lemma. The algebras N and 7 are DR-irreducible.

Proof. The assertion follows from the fact that N and 7 have no nontrivial
retracts. O

1.3. Notation. For n € N let n’ = (n,1). Further, denote N' = {n': n € N},
E=7UN. For ke Zput f(k) =k+1 and for n € N let

N (n—1)"ifn>1,
flo')y = 0 ifn =1

Then E = (E, f) is a connected monounary algebra and s¢(z) = oo for each z € E.

1.4. Notation. For k € N put ¥’ = (k,1) and k" = (k,2). Let n € N. Denote
E, ={12,...,n}, El = {17,2",...,n"}, E, = E/, UE UN. Further, define
a unary operation f on E, as follows: f(1') = f(1”) =1, f(2") =1,...,f(n') =
(n=1), f2")=1",...,f(n")=(n—1)" and f(j) =j + 1 for each j € N.

1.5. Lemma. (a) The algebra E is DR-irreducible.
(b) If n € N, then the algebra E,, is DR-irreducible.

Proof. Let A= FE or A = FE, for some n € N and suppose that A is DR-
reducible. Then there exist monounary algebras B; € R(A) for ¢ € I such that
(1) Aer(I1 B:),

icl
(2) A¢ R(B,;) for each i € I.
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The relation (2) implies that if i € I, then A 2 B;, and since B; € R(A), we get
if z € B;, then card f~(z) < 1.
This implies

ifbe HIBi, then card f=1(b) < 1.
i€
Hence A is not isomorphic to any subalgebra of H B;, which is a contradiction
to (1). ! 0
1.6. Notation. Let k € N, mq,...,mg,p1,...,px € Nand m; < p1 < mg <
po<...<my <pg Ifie{l,... k},let

Y = {(i,5): j€{0,...,m; —1}}.

The symbol Y (m1, p1;ma, p2;. . . ; mk, pr) will denote the monounary algebra defined
on the set
Nu | v
1e{1,...,k}

such that if n € N, ¢ € {1,..., 5}, then

Fy=nt1,
(7/7.7+1) ifje{oa-~-7mi_2}a
Pk ifi=k,j=m;— 1.

(For the case Y(2,4;6,8) cf. Fig. 1.)
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1.7. Notation. Let £ € N, mq,...,mg,p1,...,pk—1 € N and m; < p; <
mg < p2 < ... < pp—1 < my. Ifie{l,...;k}, let Y; be as in 1.6. The symbol
Y (my, p1; ma, p2; . .. ;my) will denote the monounary algebra defined on the set

v |J v
i€{1,...,k}

such that if n € 7,7 € {1,...,k}, then

(,j+1) ifje{0,...,m;— 2},
0 ifi=kj=m—1.

Y(2,4,5) 5!
2 Y3 Y4‘
o
Fig. 2 Fig. 3

1.8. Notation. Let mi < p1 < ma < p2 < ... < m; < p; < ...be positive
integers. For i € N let Y; be as in 1.6. The symbol Y (m1, p1;ma, pe;...) will denote
the monounary algebra defined on the set

Uv
ieN
such that
(i,74+1) ifje{0,...,m; —2}

f((0,4)) = {

1.9. Definition. We will say that A is of type (al) ((a2), (a3), respectively),
if A is isomorphic to some algebra defined in 1.6 (1.7, 1.8). If A is of a type of (al),
(a2), (3), then A is said to be of type (o).
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1.10. Lemma. Let A be one of the algebras defined in 1.6-1.8. If M is a retract
of A and (1,0) € M, then M = A.

Proof. Let the assumption hold and suppose that M is a retract of A such that
(1,0) € M. Further, let ¢ be the corresponding retraction endomorphism. Then

(1) e((1,0) = (1,0)
Since ¢ is a homomorphism, the relation (1) implies
o(x) = x for each z € A.
Therefore M = A. O

1.11. Lemma. If A is of type («), then A is DR-irreducible.

Proof. Let A be of type (a) and suppose that A is DR-reducible. Without loss
of generality, A is one of the algebras defined in 1.6-1.8. Then there exist monounary
algebras B; € R(A) for i € I such that

(1) AeR(I1B:).
iel
(2) A¢ R(B,) for each i € I.

Hence there is a retract T' of [] B; such that
icl

(3) T = A.
Let ¢ be the element of T corresponding to the element (1, 0) (in the isomorphism (3)).
In A the relation

(4) fomtD(Fm((1,0)) # 0
is valid, thus (3) yields

(@) foomrD(fm (L) #0.
We have f~1((1,0)) = 0, hence there is i € I with f~1(¢(i)) = . Without loss of
generality we can suppose that B; is a subalgebra of A. The relation f~1(t(i)) = 0
implies

t(i) = (1,0)

for some [ € N. If [ = 1, then 1.10 yields that B; = A, a contradiction to (2). Thus
[ > 1. In A, hence also in B;, we have

FrmED(Fm(L,0))) = 0,
ie.,

FE (T () =0,
which implies

friman () =0,

a contradiction to (4'). O
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2. INFINITE DEGREES

In this section we suppose that A is a connected monounary algebra such that
A2 7Z,A#%E, Apossesses no cycle and sy(z) = oo for each z € A.

2.1. Construction. Let A = card A. Further, let I; for j € Z be disjoint sets

of indices such that cardI; = A foreach j € Zand I = |J I,. Fori € I put B; = E,
jez

B=]]B:
el

Denote by K the connected component of B such that K contains the element ¢ € B
with q(i) = k for each i € I, k € 7.

2.2. Lemma. (a) sy(z) = oo for each z € B.
(b) card f~(z) > \ for each z € K.

Proof. (a)If x € B, i € I, then sy(x(i)) = oo by 2.1. Then ss(z) = oo as
well.

(b) Let « € K. Then « and ¢ belong to the same connected component, thus there
are m,n € N such that f™(z) = f"(q). Let i € I,,_,,. We obtain

(@) = f*(q(@) = f"(m —=n) =m—n+n=m,
- x(i) € f7™(m) = {0},
thus
(1) f~Y(z(i)) = {—1,1'} for each i € I,,_,.
Further, we have

(2) f~Yx(j)) # 0 for each j € I.
The relation card I,,—, = A together with (1) and (2) then yields

card f~1(z) > 27,
therefore (b) is valid. O

2.3. Lemma. A is DR-reducible.

Proof. Let B and K be as in 2.1. According to 2.2(b), there is a subalgebra T
of K with

(1) A~=T.
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Then s¢(z) = oo for each o € T. According to (Thm), this and the fact that no
connected component of B contains a cycle imply that T is a retract of B, thus

(2) A€ R(B).
Further, A 2 F and A 2 7, thus A is not isomorphic to any retract of B; (for i € T),
hence

(3) A¢ R(B;) for each i € 1.
Obviously,
(4) B; € R(A) for each i € I.
Hence (1)—(4) yield that A is DR-reducible. O

3. AUXILIARY RESULTS

Suppose that A is a connected monounary algebra possessing no cycle, A 2 N and
that there is ¢ € A with s¢(c) # .
Then the set
So={xecA: fz)=0}

is nonempty. For z € Sy there exists the least positive integer nj(x) such that
card f71(f™@(z)) > 1 and card f~™@ (7@ (z)) > 1.
For x € Sy we denote

P)= |J @)

meNU{0}

Obviously, if y € P(z), then f~™1(*)(y) = 0.
Let n € N. Put

JM = {z € Sy: ni(x) =n},
V) = (M (z): e JM]Y,

For each v € V(™ with the property
Frw)y g™

we choose a fixed element of the set f~"(v) and denote it by v’. Then we define

1™ = {z e g™ f(f(z) ¢ J™M}U
Uz e J™: f7(f"(z) € J™, 2 # (f(z))'}.

711



If € I then there exists an endomorphism ¢, of A such that vz (y) = y for each

y€A—P(z)and if y € P(x), then ¢, (y) e A— U P(z).
zeI(n)

3.1. Lemma. Suppose that there is n € N such that card I™) > 2. Then A is
DR-reducible.

Proof. We shall now write I instead of I(™. Denote

Ao =A—|JP(),
iel
B; = Ao U P(i) for each i € I,
B=]]B:
iel
The definition of B; implies
(1) B; € R(A) for each i € I.
Further, A is not isomorphic to any subalgebra of B; for i € I, thus
(2) A¢ R(B,) for each i € I.
If a € Ay, let @ € B be such that a(i) = a for each i € I. Put

Ty = {a: a € Ao},
and if 1 € I, let
T, ={be B: (Jy € P(i))(b(i) =y,b(j) = ¢i(y) for each j € I — {i}}.

Then

@) T= U TA
i€TU{0}

Take any fixed £k € I. We are going to prove that 7" is a retract of B. Let

be f7YT).
(a) Suppose that f(b) =@, a € Ag. Then f(b(k)) = a. We have either

(4.2) b(k) € P(k).

Put
(5.1) d=b(k) if (4.1) is valid,
(5.2) d = ¢i(b(k)) if (4.2) is valid
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and denote
(6) z=d.
Then z € Ty C T and for each j € I we have
(7.1) f(2(5) = f(b(k)) = a = f(b(1)),
(7.2) f(2(5)) = f(en(b(k))) = er(f(b(k))) = ¢r(a) = a = f(b()),
hence
8) f(z) = f(b).
Further,

) < 55(pn(0(R)),
k))  if (5.1) holds,

sy(b) < sy(b(k)
. { £ (0
! s+ (or(b(k)) if (5.2) holds,

which yields

(9) s7(b) < 55(2)-
(b) Suppose that (a) is not valid. Then there is ¢ € I with f(b) € T3, i.e., there is

y € P(i) such that
y ifj=i,
b)(j) =
e {m/) it e 1~ i)

Take z € T; such that
NELCERTES
z(j) = N ‘
wi(b(2)) if j € T — {i}.

This implies

F(2(9)) = {f 0()  ifj=i
f(@i(b( ))) ‘Pz(f(b( ))) ‘Pz( ) = f(b(j)) ifjel— {Z},
hence
f(z) = f(b)
Further,

s7(b) < min {s7(b(i)), s7(i(b(0)))} = s¢(2)-
We have proved
(10) for each b € f~(T) there exists z € T with f(b) = f(2), s7(b) < sf(2).
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Let K be a connected component of B with K NT = (), n € K. Then either
(11.1) u(k) € Ao
or
(11.2) wu(k) € P(k);
denote either

(12.1) w = u(k)

or
(12.2) w = pp(u(k))

if (11.1) or (11.2) is valid, respectively. Then w € Ty. The mapping ¢¥: u — w is a
homomorphism, since either (11.1) holds, thus f(u(k)) € Ag and

(13.1) ¥(f(w)) = (f(W)(k) = f(u(k)) = [(d(w)),
or (11.2) is valid and
(13.2) if f(u(k)) € Ao, then

P(f () = (f(W)(k) = er(f(uk)) = fler(u(k))) = f(er(uk)) = f(P(u),

(13.3) if f(u(k)) € P(k), then

P(f(w) = e (f(u(k))) = fler(u(k))) = fler(u(k))) = f(b(u)).

This and (10) imply (in view of (Thm)) that 7" is a retract of B. According to (1)—(3)
we obtain that A is DR-reducible. O

3.2. Lemma. Suppose that there are m,n € N, m < n and z € J™, y € J™
with x ¢ P(y). Then A is DR-reducible.

Proof. Inview of 2.1, we can assume that card JORS 1, card ™) < 1. Denote

By = A— P(y),
BgiA*P(.%).

It is obvious that

(1) B, € R(A), Bs € R(A)
Denote by I (”)(Bl) the set of elements of By described analogously as I(™ for A.
Then we get

IM(By) = 0.
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Similarly,
I (By) = 0.

Then A is not isomorphic to any subalgebra of By and A is not isomorphic to any
subalgebra of By, thus

(2) A¢ R(B1), A ¢ R(B>).
Let B = By X By. Denote

T ={(a,a): ac A= (P(x)UP(y))}U
U (v, ¢a(v)): v e Pa)} U{(py(u),u): ue Py)}.

Then
(3) A~=T.
Let us show that T is a retract of B. Let b € f~1(T).

(a) If f(b) = (a,a), a € A—(P(x)UP(y)), then thereis d € f~*(a)— (P(z)UP(y));
we put z = (d,d). This yields

(4) f(2) = f(b), 55(b) < 5¢(2):

(b) If f(b) = (v, 9z(v)), v € P(x), then put z = (b(1), ¢(b(1))); we obtain that
(4) is valid, too.

(c) The case when f(b) = (¢y(u),u), u € P(y), is analogous; we put z =
(04 (6(2)),b(2)).

Let K be a connected component of B with KNT =0, ¢t € K. If t(1) € A— P(x),
then denote w = (¢(1),(1)). If t(1) € P(z), then put w = (¢4 (t(1)), vz (t(1)). It can
be easily shown that the mapping ¢ — w is a homomorphism of K into T. Hence
(Thm) yields that T is a retract of B. According to (1)—(4) we conclude that A is
DR-reducible. g

3.3. Lemma. Let m be the smallest positive integer such that J™) £ ().
Further, let A 2 E,,,. If 10 % J(™) | then A is DR-reducible.

Proof. Suppose that A is DR-irreducible. By 3.1 there is € A with
I = {z}.
Let (™) # J(™)_ Then there is y € A — {2} such that J(™ = {z,y}. Since A 2 E,,,
A# Az f2),... " @)} Uy, F), . )
One of the following cases occurs:
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a) So # {x,y}. Then there is the least positive integer n > m such that I(™) # §.
According to 3.1,
I = {2} for some z € A

and, in view of 3.2,
{z,y} C P(2).
There is p € N such that

frrTHa) ¢ {f7(2): j €N} and f"HP(2) € {f(2): j €N}
Denote
(1) up = fmrr(z).
Then there are u1,uz, . .., Untp € A —{z, f(z),..., f*TP~1(2)} with
(2) fﬁl(uo) 2 {ul}’ fﬁl(ul) = {U‘Z}a fﬁl(UZ) = {u3}""af71(um+p+1) =
Un4p-

b) So = {z,y}. Then there are p € N, ug € A and uy,u2,...,Upmtp € A —
{x, f(x),..., f*TP=1(z)} such that (1) and (2) are valid. Denote

By =By =A—- {yaf(y)""vfm_l(y)}'

Obviously,

(3) B1 € R(A), B2 € R(A).
Further, let [ be the least positive integer such that J®(B;) # (. Then [ is greater
than m, hence A is not isomorphic to any subalgebra of B; and

(4) A¢ R(B1), A ¢ R(B>).
Let v: A — By x By be the mapping defined as follows: If a = f*(y), k € {0,...,
m — 1}, then put v(a) = (f¥(x),um_x). If a € By, then put v(a) = (a, fP(a)).
Obviously, v is injective. Denote
T =v(A).
Let a € A. If {a, f(a)} C A— By or {a, f(a)} C By, then
v(f(a)) = f(v(a)).

Suppose that a € A — By, f(a) € By. Then a = f™~1(y) and we obtain
Fw(a) = F(f™ (@), u1)) = (F™(2),u0) = (" (), "7 (@) =
= ("W, [ (Y) = v(f" () = v(f(a)),

hence

(5) v is an isomorphism of A onto 7.
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We want to prove that T is a retract of By x By. If K is a connected component of
B1 X Ba, KNT = (), then the mapping ¢: K — T defined by the formula

is a homomorphism. Suppose that v € f~1(t), t € T. First let t = v(f*(y)),
ke {0,...,m—1}. Then
t= (@), um—r);

moreover, k > 0 and

FHO ={(* @) um-r1)} € T,

which yields that v € T. Now let t = (a, fP(a)), where a € B;. If v(1) € By, then put
d =wv(1). If v; € A — By, then there is d € f~*(a) N By such that s¢(d) > sf(v(1)).
Denote r = v(d). We obtain that r € T. Further,

sp(r) = min {s7(r(1)),s7(r(2))} = min {s7(d),ss(f"(d))} = s5(d),
si(v) = s7(v(1)) < s5(d).

Obviously, f(r) = f(v), hence
(6) if v € f~1(T), then there is r € T with f(r) = f(v) and s¢(r) = s¢(v).

In view of (Thm), T is a retract of By x Bs, therefore with respect to (3), (4) and
(5), A is DR-reducible, which is a contradiction. O

4. MAIN RESULT
The aim of this section is to prove

4.1. Theorem. A connected monounary algebra A possessing no cycle is DR-
irreducible if and only if either A is of type («) or A is isomorphic toN, 7, E or E,
for some n € N.

Proof. The sufficient condition for DR~irreducibility is valid in view of 1.2, 1.5
and 1.11.

Now suppose that A is DR-irreducible, A is not of type («) and that A is not
isomorphic to N, Z, E or E, for n € N. In view of Section 2, there is x € A with
sf(x) # oo. Let us proceed like in Section 3. There exists the smallest positive
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integer m; such that J™1) =£ (. By 3.3, I(™1) = j(m1)_ Then 3.1 implies that there
is x1 € A such that
1m) = jim) — {z1}.

If J®) = () for each k € N, k > my, then (4.1) is valid; this case will be investigated
later.

Suppose that there is the smallest positive integer mo € N, mgy > mj such that
J(m2) £ (). As above, 3.3 and 3.1 yield that there is 25 € A with

I(m2) — jlm2) _ {$2}

Further,
xr1 € P(.’L‘Q),

in virtue of 3.2.
If J®) = § for each k € N, k > maq, then (4.1) is valid. If not, then there is the
smallest m3 € N, mg > mqy and there is 3 € A with

10ms) = J0ms) — {3}, w5 € P(a3).

Now there are two possibilities:

I. After finitely many steps we finish this process and come to (4.1);

II. We get z1,22,... € A, m1 < mso < ...such that if £ € N, then I(me) = jlme) —
{z} and z), € P(xp4+1). Since A is not of type (a3), this yields that there exists
z € A with s5(z) = co. The algebra A is connected, thus there are j,! € N such that
f?(z1) = fi(2). Further,

$1€P($2);P($3);P($4)m,

thus f7(z1) € P(x;) for some i € N. Then z € P(z;) for some i € N, and the relation
s¢(2) = oo contradicts the relation f~™1(:)(z) = (.
Therefore we have

(4.1) there exist k € N, my,...,m €N, z1,..., x5 € A such that J*) = () for each
1> mg,

mp <mg <...<myg,
I(ml) — J(ml) — {.’131}7 I(mk) J(mk) _ {xk},
r1 € P(.’Eg), e, L1 € P(.’L‘k)

The algebra A is not of type (al), thus there is z € A with sf(z) = co. Then
sy(f™ (k) = o0
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and there are distinct elements y; for i € Z such that yo = f™* (zx) and f(y:) = yi+1
for each i € Z. Further, A is not of type (a2), hence there are a,b € A, a # b such
that f(a) = f(b) and sy(a) = sy(b) = 0. Denote

B :P($k)U{yi: 1€ Z},
:A—P(l’k).

Obviously, By and B, are subalgebras of A. Notice that sy(z) = oo for each x € By,
thus A is not isomorphic to any subalgebra of Ba, hence A ¢ R(Bz). The existence of
a,b € A implies that A is not isomorphic to any subalgebra of By, thus A ¢ R(By).
Further, by the definition of a retract we get

B, € R(A), By € R(A)

There exists a retract homomorphism v: A — {y;: i € Z}. Let us define a mapping
v: A — B x By as follows:

v(t) = { (1,9 (8) if ¢ € Play),
(1(t),t) otherwise.

Denote

T=A{v(t): te A}
The mapping v is injective, since if ¢t € P(xy), r € A — P(zy), v(t ) v(r), then
t=(r), r =), thus {r,t} C{y;: i € Z},hence (r) =r,¢(t) =t and r = t. Let
us show that v is a homomorphism. If {¢, f(¢)} C P(x) or {¢, f(t)} Q A — P(xy),
then obviously v(f(t)) = f(v(t)). Suppose that t € P(xy), f(¢t) € A — P(xy). Then
f(®) = o, ¥(y0) = yo and we have

v(f(t)) =v(yo) = (¥(y0):yo) = (Y0, %0) = (v0, ¥ (y0)) =

F@), f@(#) = f(t9() = f(v(D)-

Hence T is a subalgebra of B; x Bs such that
T A.

No connected component of By X Bs contains a cycle and there is ¢ € T with
s5(gq) = oo, thus (Thm) implies that for proving that T is a retract of By x By it
suffices to verify that for each d € f~1(T) there is v € T with f(d) = f(v) and
s¢(d) < sf(v). Thus let d € f~1(T). Then either

(1) f(d) - (taw(t))’ te P(xk)a
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or

(2) f(d) = (¥(t).t), t € A= P(xy).
There is i € 7 with ¢(t) = y;. If (1) is valid, then d(1) € f~1(¢), t € P(xy), hence
d(1) € P(zy); take v = (b(1),y;—1). This implies

f(v) = (f(dQ)), f(yi-1)) = (t,y:) = (t,9(t) = f(d),
sf(d) = min {sy(d(1)),sr(d(2))} = min {sy(d(1)),00} =
= s7(d(1),yi—1) = s¢(v).

Let (2) hold. Then f(d(2)) = t, d(2) € f~(t) C Ba, f(d(1)) = y;. Put v =
(¥(d(2)),d(2)). We get

Since b(2) € Ba, we get s7(d(2)) = oo, thus s¢(¥(d(2)) = oo (¢ is a homomorphism),
hence s7(v) = s7 ((d(2)), d(2)) = 00 > s7(d).

We have proved that A is DR-reducible, which is a contradiction, and this com-
pletes the proof. O
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