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For a monounary algebra A let R(A) be the class of all monounary algebras which
are isomorphic to a retract of A.

In [4] the notion of irreducibility of a monounary algebra in a given class J# was
defined. The corresponding definition is as follows. Let JZ be a class of monounary
algebras. A monounary algebra A is said to be retract irreducible in JZ" if, whenever
Ae R(H Bi) and B; € % for each i € I, then there is j € I such that A € R(B;).

An arzlgfogous definition can be applied also for other classes of algebraic structures.

Let A be a connected monounary algebra. Irreducibility of A in the class of all
connected monounary algebras %, was dealt with in [2], [3], and in the class of all
monounary algebras % it was investigated in [4]. The case when A is not connected
and # = 7% was studied in [5].

Duffus and Rival [1] solved some problems concerning retract irreduciblity of a
poset P; they considered retract irreducibility in the class R(P).

The aim of this paper is to describe all connected monounary algebras A with a
cycle which are retract irreducible in the class R(A) (Theorem 2.9). Such algebras
will be called retract irreducible in the sense of Duffus and Rival, or, more shortly,
DR-irreducible.

1. AUXILIARY RESULTS

We will use the notion of the degree of an element © € B, where (B, f) is a
monounary algebra; for this notion cf. e.g. [7], [6] and [2]. The degree of z is an
ordinal or the symbol co and is denoted by sz (x).
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According to [2], 1.3 we obtain

(Thm) Let n € N and let (B, f) be a monounary algebra such that if a connected
component (B, f) contains a cycle C, then card C = n. Suppose that (M, f) is a
subalgebra of (B, f) such that (M, f) contains a cycle. Then M is a retract of (B, f)
if and only if the following condition is satisfied:

(1) ify € f~1(M), then there is z € M such that f(y) = f(z) and sf(y) < s¢(2).

In what follows let A be a connected monounary algebra with a cycle C,
cardC' = n.

For a connected monounary algebra D possessing a cycle let V;(D) be the set of
all elements of the cycle of D; further, if £ € N, then put

Vi(D)={x e D: z ¢ V(D) for l e NU{0},l <k, f(x) € Vi—_1(D)}.

1.1. Lemma. Suppose that cardC = 1, cardV;(4) > 1. Then A is DR-
reducible.

Proof. By [2], A is retract reducible in the class %.. There exist connected
monounary algebras B;, i € I, such that

Ae R(HBZ),

icl
A ¢ R(B;) for each i € I.

The algebras B; (for each i € I) used in this construction (cf. the proof of 3.7, [2])
are such that B; € R(A), hence A is DR-reducible. O

1.2. Lemma. Suppose that cardC = n > 1 and cardV;(A) > 1. Then A is
DR-reducible.

Proof. Let C={c1,...,¢cn}, f(c1) =ca,..., f(cn) = c1. Further let
Vi(A) = {a;: i € I};
the assumption yields that card I > 1. If i € I, then denote
A ={z e A: ke NU{0})(f(=) = a))},
B; =CUA,.
Then B; is a subalgebra of A and it is obvious that
(1) B; € R(A) for each i € I,
(2) A¢ R(B;) for each i € I.
Put

B:HBZ-.

i€l

682



Let ¢1,...,¢, € B be such that ¢,(i) = ¢1,...,¢,(i) = ¢, for each i € I. We can
suppose that 0 ¢ I. Denote

TO = {El, s aE’n}
Iftiel, f(a;) =c,l € {1,...,n}, then let T; be the set of all elements b € B such
that

(a) b(i) € A;, ie., b(2) € f~™(a;) for m € NU {0},
(b) if j € I —{i}, then b(j) = cx, where k € {1,...,n} issuchthat k=1—-m—1
(mod n).

Put

= |J T

i€IU{0}

Notice that T; N T; = 0 for each i,j € I U {0}, i # j. Define a mapping v: T — A
as follows: if z € T; for some i € I U {0}, then v(z) = x(7). It can be verified that v
is an isomorphism, thus

(3) AxT.
To complete the proof we have to show that T is a retract of B. By (Thm), it
suffices to prove

(4) ify € f~1(T), then there is z € T with f(y) = f(2) and s¢(y) < s¢(2).

Letye fYT),y ¢ T, fly) =0b. If b € Tp, then b = ¢; for some j € {1,...,n} and
there is z € Ty with f(z) = b. Since s;(z) = oo, we have s;(y) < sy(2).

Now suppose that b € T; for some i € I. Then (a) and (b) are valid. Let
k' € {1,...,n} be such that &’ = k — 1 (mod n). There exists z € B such that

(a7) 2(i) = y(9),
(b’) z(j) = cx for each j € I — {i}.

We have

thus, by (a),
(a”) z(i) € A;, 2(i) € f~™ Ya;), m € NU{0}.
Further, (b) implies that if j € I — {4}, then

K=k-1=(Il-m—-1)—-1=1-—m -2,
hence z € T;. The relation f(z) = b= f(y) is valid since, if j € T — {i},

(f(2)(4) = flew) = cx = b(j)-
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By the definition of z we have sf(z(j)) = oo for each j € I — {3}, thus
si(y) < sp(y(@)) = s7(2(2) = s7(2),
which completes the proof. O

1.3. Corollary. IfcardVi(A) > 1, then A is DR-reducible.

1.4. Notation. For k € N denote
My (A) = {z € Vi(A): card f~*(z) > 2}.
If My(A) # 0, then let
Sk(A) = {z € My(A): max{s;(y): y € f~'} exists}.

1.5. Lemma. Let k € N and suppose that My(A) # 0, Sx(A) # (. Then A is
DR-reducible.

Proof. Foreachz € Si(A) take a fixed y* € f~1(x) with s(y®) = max{ss(y):
y € f~Y(z)}. Denote

{aiziel} ={yef(x) —{y"}: =€ Su(A)},
A; = U f~™(a;) for each i € I,

meNU{0}
E=A-[]JA.
el

If i € I, then let af be such that af = y*, where f(a}) = z. Since ss(a}) > s¢(a;),
there exists an endomorphism ; of A such that v;(a;) = af and ¢;(z) = z for each
z€ A—A;. Put

B, =FEUA,.

Then B; is a subalgebra of A and, by (Thm),
(1) B; is aretract of A for each i € I.

Let My (B;) and Si(B;) be defined analogously to My (A) and Si(A). If x € M(B;),
then card f~!(z) > 2 in B, thus the construction of B; implies that max{ss(y):
y € f1(x)} does not exist, thus Si(B;) = 0. Hence A is not isomorphic to any
subalgebra of B;, therefore

(2) A¢ R(B;) for each i € I.
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Let

B:HBZ-.

icl
If e € E, then denote € € B such that €(i) = e for each i € I. Put

TO = {é: e c E}
If ¢ € I, then let
T, ={be€ B: b(i) € A;,b(j) = ;(b(3)) for each j € I — {i}}.

Further denote

T = U T;.

i€IU{0}
We obtain
(3) Ax=T.
Let us show that T is a retract of B. We will apply (Thm); it suffices to prove
(4) ify € f~1(T), then there is z € T with f(y) = f(2) and s¢(y) < s¢(2).
The case y € T is trivial. Let y € f~1(T) — T. We have

sf(y) < min{ss(y(i)): @ € I}

and there is 49 € I with min{s;(y(¢)): i € I'} = s#(y(i0)). If y(i0) € E, then there

is y(ip) € T and we have

(5.1) sy(y) < sp(y(io)), y(io) € T, f(y(io)) = f(y).
If y(ip) ¢ E, take z € B with

) = {y(io) if j = o,
Yio (y(io)) if j € I — {io}.
Then z € T;, and we have
s7(2) = min{sz(y(io)), s (Yo (y(i0)))}-

The mapping v; is a homomorphism, thus

s7(ylio)) < s5(tis (y(io))),

hence
(5.2) sp(y) <s5(2),2z €T, fy) = f(2).
Therefore T is a retract of B and (1)—(3) imply that A is DR-reducible. O
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1.6. Lemma. Let k € N and suppose that My(A) # (0, Sx(A) = (. Then A is
DR-reducible.

Proof. Let the assumption hold. There exists a system {c;: ¢ € I} # 0 of
ordinals such that

(1) ifi,j € 1I,i#j, then o #
(2) {aiz i€ I} ={ss(y): y € fH(x), v € Mp(A)}.
We have
(3) if z € My(A), then max{ss(y): y € f~*(z)} does not exist.

For i € I let U; be the set of all z € |J f~9(y), where y € f~!1(My(A)) and
jeNu{0}
sf(y) = ;. Further put

Bi=A-U;

and let

B:HBﬁ

iel
According to (Thm), the definition of B; implies
(4) B; € R(A).
Further, if ¢ € I, then

{y € fTH(Ma(Bi)): sp(y) = ci} =0,
{y € fTH(Ma(A)): s5(y) = i} # 0,

thus A is not isomorphic to any subalgebra of B;, hence
(5) A¢ R(B;) for each i € I.
For each y € f~1(My(A)) with s¢(y) = a; take a fixed ¥’ € f~(f(y)) and o} > o

such that sf(y') = o (it exists by (3)). Then there exists an endomorphism 1, of

A such that ¢, (y) =y’ and ¢, (z) = z foreach z € A— |J f7(y).
JENU{0}
Now let us define a mapping v: A — B as follows. Let a € A. Ifa € A— |J U;,
icl
then put v(a) = @, where a(i) = a for each ¢ € I. If a € U; for some ¢ € I, then
a€ f~™(y), y € f7H(M), m e NU{0}, sf(y) = a;; we set v(a) = b, where

o ifjel—{i},
b(j) =
U) {u@@nifj@

Denote T' = v(A). It is a formal matter to prove that v is an isomorphism,

(6) T = A.
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To complete the proof, it suffices to show

(7) if be f1(T), then there is d € T with f(d) = f(b) and s¢(b) < sf(d).

Let b€ f~1(T). Then there is a € A such that either
(a) ac€A- U Ui7 f(b):aa
i€l
or
(b) a€ f7™(y),y € f71(Mi(A)), m e NU{0}, s5(y) = a; and
gop =1 I
J)= e
Py(a) if j =1
We have s¢(b) = min{s¢(b(7)): ¢ € I}, thus there is ig € I with
(8) s7(b) = 57(blio))-
Let (a) hold. Take d € B such that d(j) = b(ig) for each j € I. We have

blio) € f~(a(io)) = f~'(a),

thus (a) implies

b(Zo) cA-— U Uz',

icl

hence

(9) d=b(ig) €T.
If j € I, then we obtain

f(0(7)) = a= f(blio)) = f(d(5)),

ie.,

(10) f(b) = f(d).
According to (8),

s7(b) = s7(bio)) = 55(d),

hence (9) and (10) yield that if (a) is valid, then (7) holds.
Suppose that (b) is valid. There is i1 € I — {i} such that

min{s (b)) J € J — {i}} = s;(b(ir))-

Then
(11) sy(b) = min{ss(b(j)): j € J} < s¢(b(ir)).
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We have f(b(i1)) = a, hence b(i1) € U;. Let d € B be such that
: b(in)  ifjel—{i},
d(j) = { e
by (b(in)) if j = i.
Then d € T and if j € I — {i},

Thus

(12) f(d) = f(b), d€T.
Further, according to (11),

s7(0) < s5(b(i1)) <min{sy(b(ir)), s (¢y (b(i1)))} = 57(d),

which implies that (7) is valid, which completes the proof. O
1.7. Corollary. If A is DR-irreducible, k € N, z € Vj(A), then card f~!(z) < 2.

1.8. Corollary. If A is DR-irreducible and x € A, then card f~1(x) < 2.

Proof. The assertion follows from 1.7 and 1.3. O

2. CHAINS

In 2.1-2.8 we suppose that card V;(A) < 1 and that card f~!(z) < 2 for each
r € A

2.1.1. Definition. Let a € A. An indexed system {a;: ¢ € N} of elements of A
will be called an infinite a-chain, if
(1) a; ¢ C for each i € N,
(2) a1 € f~Y(a) and s¢(a1) = s¢(x) for each x € f~1(a),
(3) ifi € N, 4 > 1, then a; € f~(a;—1) and s¢(a;) > sy(z) for each z €
fH(aim1).

2.1.2. Definition. Let a € A, m € N. An indexed system {a1,az,...,am,} of
elements of A will be called an m-element a-chain, if (1), (2) of 2.1.1 are valid and
(4) ifi € {1,...,m}, i > 1, then a1 € f~'(a;—1) and ss(a;) > sy(z) for each
z € f~Hai),
(5) f~Ham) =0.
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2.1.3. Definition. Let a € A. By an a-chain we will understand either an
infinite a-chain or an m-element a-chain for m € N. The set of all a-chains will be
denoted by Ch(a).

2.2. Lemma. (a) Ch(a) # 0 for eachac A—C.
(b) If A # C, then there exists exactly one element cq € C such that Ch(cy) # 0.

Proof. The relations card V;(A) < 1 and card f~!(x) < 2 for each z € A imply
the required assertions. O

2.3. Lemma. Suppose that A # C and that D is a co-chain, ¢y € C. Let
card(f~Y(D) — D) > 2. Then A is DR-reducible.

Proof. Let the assumption hold. Then
YD) - D={v:iel}, cardl >2.

For i € I let

A= )

keNU{0}
B; =CUDUA,.

Obviously, B; is a subalgebra of A and B; is a retract of A for each i € I.
Let i € I. Thereis j € I — {i}. Denote u = f(v;). If f(v;) = u, then

card f(u) >3 in A,

1.1
- card f(u) = 2 in B;.

If f(v;) # u, then

card f~(u) > 2 in A,

(1.2)
card f~'(u) = 1in B;.

Therefore A is not isomorphic to any subalgebra of B;, hence
(2) A¢ R(B;) for each i € I.
Denote

B:HBZ-.

i€l
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If i € I, then there is an endomorphism ~; of A such that 7;(4;) C D, v;(z) = z for
eachx € A— A;. If y € CU D, then we denote by 7 the element of B such that
y(i) =y for each i € I. We set

T():{y: (TES CUD}
If € I, then put
T, ={be€ B: b(i) € A;,b(k) = v;(b(i)) for each k € T — {i}}.

Let

T= U T;.

i€IU{0}

We define a mapping v: T — A as follows. If p € Ty, p =7, where y € C U D, then
).

we put v(p) =y. If p € T;, i € I, then we put v(p) = p(i). It can be easily shown

that v is an isomorphism, thus
(3) A~=T.

Let us show that 7' is a retract of B. Let b € f~(T). Then f(b) = t, where either
(a) thereis y € CU D with ¢(i) =y for each i € I,

or

(b) thereisi e I, y € A; with

Y if k=1,
t(k) = .
{’yl(y) it kel—{i}.

First suppose that (a) is valid. Since f(b(:)) = #(i) = y for ¢ € I, we have
f~1(y) # 0, thus there is y; € f~1(y) N D. Denote z = y1. If i € I, then

f0(0) =t(i) =y = f(y1) = f(2(9)),
i.e., f(b) = f(z). Further, if i € I, then
s7(b(2)) < s5(2(2)),

hence s7(b) < sy(z). Therefore
(4) z €T, f(z) = f(b), 5¢(b) < s¢(2)-

690



Now let (b) hold. Take z € B such that
b(i it k=1,
z(k) = g . ‘
v (b(@)) it k e I — {i}.
Then z € T; CT. We have
f(z(i) = f(0(i))
and, if k € I — {i}, then

Hence f(z) = f(b). Further, since «; is a homomorphism, we get

s7(b) < sp(b(2)) < min{s(b(i)), 57 (7i(b(i)))} = s7(2).
Thus if (b) is valid, then (1) is valid as well. According to (Thm), T is a retract
of B, therefore A is DR-reducible. O
In the following notation assume that distinct symbols denote distinct elements.
2.4. Notation. Let 6 e N, m eN, 71,72,...,7m € NU{Ro}, k1,..., km—1 €N,
ky <7 foreachl € {1,2,...,m—1}. Let
-DO = {dol’ d023 ) d0,5}~
Ifl € {1,...,m} and 7, € N, then denote I; = {1,2,...,7}, and if [ € {1,...,m}
and 7; = Ng, then I; = N. Further put
D, = {dljl j € Il}
and let
D=DyUDiU...Dp,.
Now let us define a unary operation f on D as follows:
dl,j—l iflE{l,...7m},jEIl—{1},
dl—l,kl,l ifl € {2, RN m},] =1,
dOl if (la]) € {(171)a(076)}a
do’j+1 ifliO,jE{l,...,(s*].}.

fldij) =

The monounary algebra (D, f) defined above will be denoted by the symbol
D(d;m; T, ks T2, ks Ton)-
(For the case D = 2(2;4;3,2;5,1;3,2;1) cf. Fig. 1.)
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2.5. Lemma. Suppose that A # C and that A is DR-irreducible. Then

(i) there are , m,T1,...,Tm,k1,...,kmn—1 such that
A= P(6m;T, kG T, 1 T

(ii) 7—1 > 71 + ki1 for eachl € {2,...,m}.

Proof. Let A # C, A be DR-irreducible. We denote elements of A by the
symbols d;;. The algebra A contains the cycle C' with card C' = n; put § =n, Dy = C.
By 2.2 there is exactly one element ¢y of C' with Ch(cy) # 0; denote it by dp; and
let Dy € Ch(cp), 71 = card D;. Further denote doz = f(do1),...,dos = f(do,5-1).
Under an appropriate notation we have

Dy = {dlji ] S Il},cardll =11,

d17'_1 for j el — {1}7
fldyj) = S
d01 lf] =1.

By 2.3, card(f~1(Dy) — D1) < 1.
Let us construct the sets D,, by induction. Let m € N, m > 1 and suppose that
for each m; € N, m; <m
(2) Dy ={dm,;: j € L, } is defined, card Dy, = 7y,
(3) f(dm,j) = dm,, j—1 for each j € L, — {1},
fldm, 1) = dmy -1 ,,,_, for some k1 € Iy, 1,
(4) card(f~1(Dyn,) = Dony) < 1.

If f_l(Dm_l) — D1 = (Z), then
A=200;m — L1,k 5 T2, k23 Tm—1)-
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Thus suppose that
card(f " (Dm_1) = Dp_1) = 1;

denote {dm1} = f~1(Dm—1) — Dy—1. Then there is k1 € L,—1 with f(dpm1) =
dm—1k,_1- If f7H(dm1) = 0, then put I, = {1} and then

A=2(0msm, kTt ko1 1),
If f=1(dn1) # 0, then there exists a d,,1-chain, we can denote it by
Dy, = {dmj: JE Im}> card Iy, = Tp,

thus (2) and (3) are valid for m. By way of contradiction, suppose

(5) card(f~Y(Dm) — D) > 2.

Let
Y Dm) = Dy ={a;: 1 €L}, cardL>2
and denote .
E =] Dn.
=0
Forl € L let
Al = U fﬁj(al),
jeNu{0}
B, =FEUA;.

Then B; is a retract of A for each [ € L, and A ¢ R(B) for each [ € L. It can be
proved analogously as in 2.3 that

Ae R(H Bl>

leL

and that A is DR-reducible, which is a contradiction, thus (5) fails to hold.
Let 1 e N, [ > 1. If card [;_; = Ny, then obviously

cardl;_1 > card I; + k;_1.
Suppose that card I;_; = a < Xg. Then

Dii={di—11,di-1,2,...,di—1,a},
FHdi—1,0) = 0.
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Since D;_; is a dj—1,1-chain, we obtain

(6) sp(di—11) =a—1,
(1) sp(di—1py_y—1) = a — (k-1 + 1).

Further, we have

fldin) =di1k,_, = f(di—1k_y41), 8¢ (din) < sp(die1,k,_y+1)s

hence
(8) sy(din) <a— (k-1 +1).

This relation yields that the set I; is finite and that
(9) s¢(din) =cardl; — 1.

By (8) and (9) we get

card; + kj—1 = sy(dn) + 1+ ki1 < a = card I;_;.

Thus we have proved that the relation (ii) is valid.
According to (ii) we obtain

(10) M >m>713> ...,
therefore the chain (10) is finite. Thus there is m € N such that

A=D00;m;T1, k1 T 1, Bm—15 Tim) -

2.6. Lemma. Let
A=2(6m;11, k5. 5Tm)

and let (ii) of 2.5 hold. Suppose that m > 3 and that there is | € {2,...

with 711 = 71 + kj—1. Then A is DR-reducible.

Proof. Let the assumption hold. Denote

Bi=A-D,
BQZAf(DHlU...UDm).

The assumption yields

(1) sg(dn)=m—1=m_1+k1—1=sp(di—1,6,_,+1),
hence (Thm) implies

(2) B1 € R(A).
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Obviously,
(3) B2 € R(A).
Since A is not isomorphic to any subalgebra of B; or Bs, we get
(4) A¢ R(B1), A ¢ R(Bs).
The proof that
A€ R(B; x Bs)

is analogous to that of 2.3. Therefore A is DR-reducible. O

2.7. Lemma. Let
A=200;m;m, k15 5Tm)
and let (ii) of 2.5 hold. Suppose that m > 2 and
(].) Tr—1 = Tm + km—1-
Then A is DR-reducible.
Proof. Let the assumption hold. By 2.5 and 2.6 it suffices to assume
(2) -1 > 7+ ki—1 foreachl € {2,...,m —1}.

Denote
B1 =DyU Dy,
By :A_Dm7
B = By X Bs.
Then

(3) Bi € R(A), By € R(A),

(4) A¢ R(B1), A ¢ R(Ba).
There is an endomorphism ¢ of A such that ¢/(4) C Dy and ¢¥(dm-1.k,,_,) = do1-
Define a mapping v: A — B as follows. If z € A — D, then put v(z) = (¢(x),x).
If © =dmj € D, j €{1,..., T}, then put

v(x) = (dij, dm—1,km_1+j)-

We obtain V(dml) = (dlla dm*l,k7”71+1), L) V(dm'rm) = (lem,dmfl,km,1+‘r,n) =
= (dir,,, dm—1,7,,_,) by (1), thus v is correctly defined. Obviously, v is injective.
Put T = v(A). Then v is an isomorphism, since
(a) if t € A— D, then f(z) € A— D,, and v(f(z)) = (¥(f(2)), f(x)) =
= (f((=)), f(2)) = f(v(2)),
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(b) v(f(dm1)) = v(dm—1km-1) = (P(dm—1,km_1), dm—1,km_1) =
= (do1, dm—1,k,, 1) = f((d11, dm1 k1 41)) = F(V(dma),
(c) ifj€{2,...,7m}, then v(f(dm;)) = v(dm,j—1) =
= (d1j-1,dm—t1, ks +j-1) = [((djy dmr e 145)) = F(0(dimg))-
Let us show that 7T is a retract of B. Let b € f~1(T). Denote f(b) =t. Then either
(5.1) t = (¢¥(x),x) for some z € A — D,
or
(6.2) t = (dij, dm—1,km_1+;) for some j € {1,...,7,}.
Let (5.1) hold. Put z = ((b(2)),b(2)). Then z € T,

s7(2) = min{s(2(1)), 57(2(2))} = s7(b(2)) = s7(b).

f(2) = (F((6(2))), F(6(2))) = ((f(b(2)), F(b(2))) = (V(2),2) =t = (D).

Suppose that (5.2) is valid. Then b(1) € f~! (di;) # 0, i.e., j < 71, d1,j4+1 € 1 (d1;).
Similarly, b<2) S fﬁl(dm_Lkm_l_kj) = {dm—l,km,_1+j+1}~ Denote

2= (d1,j4+1, A1,k 1 +j+1)-
Then z € T,
f(z) = (f(dij+1), f(dm—1km_1+j+1)) = (d1j, dm—1,kp_1+5) =t = f(b),
sp(z) = min{sf(2(1)), sr(2(2))} = s¢(2(2)) = 57(b(2)) = s£(b).

Therefore T is a retract of B and A is DR-reducible. O

2.8. Corollary. Suppose that A # C and that A is DR-irreducible. Then there
are 6, M, T1, -, Tm,k1,--.,km—1 such that the following conditions are valid:
(a) A2 P (6;m;11, k155 Tm—1, km—1;Tm);
(b) either (i) m =1, or (ii)) m > 1 and
(1) i1 > 7+ ki—1 foreachl € {2,...,m}.

Remark. Notice that if m > 1, then 71 > 7o, thus 7 # Rg. Further, (1) implies
7 >k foreach I € {1,...,m —1}.
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2.9. Theorem. Let A be a connected monounary algebra possessing a cycle C.

The following conditions are equivalent:
(i) A is DR-irreducible;
(ii) either A = C or there are 6 € N, m € N, 71 € NU {Ro}, 72,...,7m,
k1,...,km—1 € N such that A= D(5;m; 11, k1; -3 Tm—1, km—1;Tm.),

where either

(1) m=1
or

(2) m>1and 11 > 7+ kj_1 foreachl € {2,...,m}.

Proof. Let (i) hold. By 1.8, card f!(z) < 2 for each x € A. Then 2.8 implies
that (ii) is valid.

Suppose that (ii) holds. If A = C, then obviously A is DR~irreducible. Let A # C,
m = 1. If M is a retract of A, M # A, then M = C. By multiplying of cycles we
cannot get an algebra with a subalgebra isomorphic to A, hence A is DR-irreducible.

Let (2) hold. By way of contradiction, assume that A is retract reducible. There
are monounary algebras By, A € L such that

(3) AcR(II B),

XeL
(4) By € R(A) for each \ € L,
(5) A ¢ R(B)) for each \ € L.

Without loss of generality we can suppose that B, is a retract of A for each A € L
and that = in (ii) is equality. By (3) there is an isomorphism v of A onto some
retract M of [] Bx. Denote b € v(dyr, ). Since f~ (dmr,,) = 0, there is \y € L
AEL
such that f=1(b(\1)) = 0. Hence
(6) b(/\l) € {dlna s 7dm‘rm}'

Letﬁ:Tm—f—km_l—f—...—Fkl. Then
fdmr,,) € C,

thus f”(b) belongs to a cycle of M, i.e., f3(b(\)) belongs to a cycle of B for each
A € L. We have according to (2) that

(7) fP(djr,) ¢ C for each j € {1,...,m — 1},
therefore

(8) b(M1) =dmr,,-
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Since each retract of A which contains d,,,,, coincides with A, we obtain that

By, = A,

a contradiction to (5). O

2.10. Example. The algebra

A= 92(2;4;10,1;8,2;5,2;2)

is retract irreducible, because we have m =4 > 1,10 >8+ 1,8 >5+2, 5> 2+ 2.

(1]

Fig. 2
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