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TRANSFORMATIONS z(t) = L(t)y(¢(t)) OF ORDINARY
DIFFERENTIAL EQUATIONS

VAcLAv TRYHUK, Brno

(Received April 29, 1997)

Abstract. The paper describes the general form of an ordinary differential equation of
an order n + 1 (n > 1) which allows a nontrivial global transformation consisting of the
change of the independent variable and of a nonvanishing factor. A result given by J. Aczél
is generalized. A functional equation of the form

n n
f(S,woovo, e Z wnjvj) = Z Wn41jVf + Wniint1 f(z,0,01,...,0n0),
j=o0

J=0
where wp+10 = h(s,z,21,U,U1,...,Un), Wnt11 = 9(S,2,Z1,...,ZTn, U, u1,...,un) and
wi; = a5 (T1, .., Ti—jy1,U, UL, ..., uj—j) for the given functions a;; is solved on R, u # 0.

Keywords: ordinary differential equations, linear differential equations, transformations,
functional equations

MSC 2000: 34A30, 34A34, 39B40

1. INTRODUCTION

The theory of global pointwise transformations z(t) = L(t)y(¢(t)) of homogeneous
linear differential equations was developed in the monograph [5] by F. Neuman (see
historical remarks, definitions, results and applications). Transformations z(t) =
y(p(t)) were studied in [6] as a “motion” for n-th order linear differential equations.
A general form

¥ (@) = by(@))y' (@)% + p@)y (2)
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where ¢ satisfies a differential equation " (x) = p(x)¢’(z) — p(p(x))¢’(x)? and b,
p are arbitrary functions, was derived by J. Aczél [2] for the second order differen-
tial equations (eliminating regularity conditions from [4]). This general form allows
a transformation z(t) = y(p(t)) and transforms the equation into itself on the whole
interval of definition. Aczél’s result is generalized in [7] to ordinary differential equa-
tions of the order n+1 (n > 1).

The transformation z(t) = L(t)y(¢(t)) is the most general form of a pointwise
transformation of homogeneous linear differential equations of an order greater
than 2. Consider a differential equation

+p(x)y (z) +q(x)y(z), z€lCR

@' (t) + ()¢ (1) — ple()¢ (),

() = -0 (F) + s + a0 - atelone o

on I. This second order differential equation is of a general form which allows the
transformation z(t) = L(¢t)y(y(t)) that transforms the equation into itself on I. The
equation is a linear differential equation if solutions can vanish at some points in

(then k:y?;((?; exists only if k¥ = 0). This result is not a special case of Aczél’s result
(see [8)]).

In this paper we derive, similarly to [2, 4, 8], a general form of ordinary differential
equations of the order n+1 (n > 1) which allows transformations z(t) = L(t)y(p(t))
that transform the equation into itself on the whole interval of definition. Further
on we assume that the solutions vanish at some points in I. We prove that the most
general differential equation of the order n+ 1 (n > 1) of the above property, defined
for y € R, is the linear differential equation.

2. NOTATION, PRELIMINARY RESULTS
Denote by (f) and (f*) respectively the ordinary differential equations

y" (@) = fz,y(2), ...,y (2), zelCR,
D) = fr(t,2(8), ..., 2M(1), teJCR,

of the order n+ 1, n > 1.
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Definition (see [5], pp. 25-26). We say that (f) is globally transformable into
(f*) with respect to the transformatlon z(t) = L(t)y(p(t)) if there exist two functions
L, ¢ such that

— the function L is of the class C"*1(.J) and is nonvanishing on .J,

— the function ¢ is a C"™! diffeomorphism of the interval J onto the interval I

and the function
(1) z(t) = L(t)y(e(t)), teJ,

is a solution of the equation (f*) whenever y is a solution of the equation (f).

If (f) is globally transformable into (f*), then we say that (f), (f*) are equivalent
equations. We say that (1) is a stationary transformation if it globally transforms
an equation (f) into itself on I, i.e. if L, ¢ satisfy the assumptions of Definition and
the function z(t) = L(t)y(¢(t)) is a solution of ("D () = f(t,2(t),...,2M(t)),
t € I = ¢(I), whenever y(z) is a solution of y("+V)(z) = f(x,y(x),...,y" (x)),
el

We denote y (p(t)) = d'y(o(t))/de(t)’, (y(2(1)))® = d'y(e(t))/dt", i > 0

Proposition 1 (Lemma 1, [9]). Let n € N and let the relation

be satisfied where the real functions y: I — R, z: J — R belong to the classes
C™tY(I),C"H1(J) respectively, and L: J — R, L € C"(J),L(t) # 0 on J, and ¢ is
a C" diffeomorphism of J onto I for some integer r > n + 1. Then

Z aij )y (p(1) = an®)y(e(t)) + an )y () + ... + au(®)yD (1)),

16{0,1,...,n+1},
where

a/OO(t) :L(t)77a10(t) :a/iflo(t), ) > 1,
aij(t) = a;_1;(t) + ai—1;-1(t)¢' (1), i>j>1
aii(t) = ai—1i-1 ()’ (t); i€ {0,1,...,n+1}
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are real functions, a;;(t) € C"~(=)=Y(]J) for j > 0, and a;o(t) € C"~*(J). Moreover,
aio(t) = L), i>0;

an(t) = (L) — LO(Bp(t) = (?)ﬁﬁ(tm“-ﬁu), P> 1

1) = C.)L“j)(t)so’(t)j +( f L 07t

7 (L, DO o TIN @), i> > 1,

as-alt) = (2)Lt 24 () aoe@ sz e o o
+3(1)L<t>so (O, iz
a1 (t) = G)L’ () (t) L + <;)L )i=20"(8), P> 2
ailt) = L (0, i >

and

aio(t) = aio(LD)(t), i >0;
aij(t) = aij(L, ..., L0 o . oY) i>5>0; i€ {0,1,...,n+1}.

Let V.41 denote an (n + 1)-dimensional vector space, &= [co, ..., cn]T = [ei], €

T

V.,.+1 being a vector of the space written in the column form; © means the transpo-

sition. Denote by 6 = [0,...,0]7 the origin of V,, ;1 and by &p,...,é, an orthonor—
mal basis in V,,11. Let V,, 11 be equipped with the scalar product (p,q) = Z Diqi
for any pair p,q of its vectors. Let pi,...,pm be m vectors from A\ Notatlon
P=1[p,....,0m] = [pz]]; (i’ °" denotes a matrix and (P, Q) = ZpijQij the scalar

J

product of two matrices of the same type. Similarly P ) = [pj,...,DPk] means
a submatrix, PQ = P(O,m,n)Q(O,...,n) is the matrix multiplication. For y € C"*1(1)
we denote y;(z) =y (x), z € I,i € {0,...,n+ 1}. Then

y(@) = [yo(2), - yn(@)]" = [y(2), ¥ (@), ..,y (@)]" € Voir
for each x € I.
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Remark 1. Let the assumptions of Proposition 1 be satisfied. Then

Z(t) = A(t)F(e(?))

is true on J for A(t) = [a; (t)];i(i%, where a;;(t) = 0 for j > i. Moreover, z,11(t) =

(@n11(1), 7(0(1))) + antins1yni1(p(t)), where dni1(t) = [ani10(t), s ant1n(t)],
telJ

Observation 1 (see Corollary 1, [9]). Every homogeneous linear differential equa-
tion of an order n+ 1 (n > 1) is a particular case of the equation (f), and for two
equivalent linear equations

Yn+1(z) = (p(2), 4(x)) = po(x)yo(x) + p1(x)y1(x) + ... + pu()yn(z),

= (@), 2(6) = ao()z0(t) + a1 (O)1(t) + - + gn(B)zn (1)

there always exist relations

LOHD(t) = h(t, o(t)

SOLO L)
= OLO +oo+ 0 OL) — LOS O (1)
S — gl P50, L
- kz cn@a® - (|} L@ 0)

—pilp)' (O ted

between the functions L, ¢ and the coefficients of linear differential equations.
Here ap1(t) = ap(¢',...,o® L L/, ..., L#=1(t)) are defined by Proposition 1.

Assumption. For transformations z(t) = L(¢t)y(p(t)) of ordinary differential
equations of an order n+1 (n > 1) we assume that there exist differential equations

LUV (t) = h(t, o(t), ¢ (1), L(D), ..., L)1),
U (E) = g, 0(t), - o™ (), LE), ... L)), e
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3. RESULTS

Lemma 1. Let n,7 € N and r > n + 1. Let ¢ satisfy the assumptions of Propo-
sition 1. Then (1) is a stationary transformation of the equation (f) if and only if
o(I) = I and the real function f satisfies the functional equation

(2) f(sv Wﬁ) = (U_jn-‘rlvﬁ) + wn-‘,—ln-&-lf(xa 17)’
where W = [w”};zgz, Wnt1 = [Wni10s Wniily-- s Worin)T, T = [Vo,v1,...,v,]T
and wio = ai0(u;), wij = a;j(z1, T2, ..., Tizjy1, U, U1, - . ., u—j) for j > 0 are defined
by
(3) Wip = Uy 1<i<ing

Wn410 = h(svxvxlvua U, ... 7un)7

w1 = ! ux; + ! U1 + ...+ .Z Ui—171, 1<i<ny
0 1 71— 1

n
n
Wpt11 = (N + Dug(s,z, @1, ..oy Tp, Uy UL, .o, Uy) + <j)ujxn_j;
-1

1 ; j—1 -
Wij = (j)ui_jx] + <] i )U.%‘Jl lxi_]‘+1

J
+rig (T, iU, U1 ), 1< <

Wii—2 = (;) u2$il_2 + (;) (uxs + 3u1x2)xil_3 —+ 3<i> uxi_‘lx%, 1> 2;

7 - i i .
Wij—1 = (1>u1x11 Ly (2>uw21 22, 1> 2;

w;; = uxy, 12> 0;
where s,z = o, s,V = Vg, V;, U = Uo,...,U; € R, u # 0; ay;, 75 are real functions,
n € N.
Proof. The transformation (1) is a global transformation of the equation

(f) if and only if p(I) = I and at the same time the functions y(z) = y(¢(t)),
z(t) = L(t)y(p(t)) satisfy
(4) y " (@) =y (o) = fle(t) y(e(1)), - -y ™ (0(1))
= fe(®), 7)),
y ) = [t y(), ..y 0) = f(8,2(1),  tel=p(l).
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From (4), Proposition 1 and Remark 1 we get

Znt1(t) = (@nt1(8), (e (1)) + antint1(H)yni1(p(1))
= (@n+1(), (1)) + ant1n1(t) f (1), 4(0(1)))

ie.

ft AT (@))) = (@n+1(8), T (1)) + antintr (D) f (0 (), §(2(1)),
where z,41(t) = 2" (¢) and the functions a;;(¢) are defined by Proposition 1,
t € J. We denote s = t,m9 = 2 = @(t), 7; = ¢ (t),u = ug = L(t), u; = LD (t), vy =

v =yle),vi =y (1), wio = wi,wiy = aij(@1, @2, Timjar, UL - U )
for i > j > 1. Using the definitions of a;; we obtain the assertion of Lemma 1. Here

t(t), @' (8), L(2), ..., L1 (1)),
to(t),..., o), L(t),..., LW(), ted,

ie. Upt1 = h(s,z, 21, u,u1,. .., Uy) and Tpy1 = g(S, 2,21, ..., Ty, Uy UL, ..., Up) D
accordance with Assumption. O

Theorem 1. The continuous general solution of the functional equation (2) is

given by
n
=Y pi(@); = (), D),
§=0
n
Wn+1j = Zpk(s)wkj — Wptint1p5(x), j€{0,...,n}
k=j
where pg,pi1,-..,pn are arbitrary functions and w; Ui, Wi = aij(l’l,.’l}g,...,

Tij41,U, UL, ..., Ui—;) for j > 0 are defined by (3), 4> j > 0,1 € {0,1,...,n+ 1},
n € N. Moreover,

Unt1 = h(s,z,z1,u,u1, ..., uy,) = ij(s)uJ uz po(x),
J=0
Tnt1 = g(s Ty Xlyeeny Ty Uy Uty ooy Up)
n
n
(5 (o (o) )
Jj=1
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Proof. Consider the functional equation (2),

n

(5) f(s, W) = an-HjUj + Wn1nt1 f (@, V)
§=0

and define functions p;(z) = f(x,€;), i € {0,1,...,n}. Substituting ¥ = €; into (2)
we obtain

(6) Wnt1i = (8, W) — wpyins1pi(x), i€ {0,1,...,n}.

The functional equation (5) becomes

n

(7) F(5, W) = wngansa (F(@,0) = (p(2), ) + 3 f(5, Wei)us.
i=0
We can put f(x, ) — (p(z), V) = 6(¥) because wig = u;, wij = aij(T1, ..., Tizjy1, U,

U1,...,Uj—;) are independent of = for j > 0. Then d(ép) = f(x,€) — po(z) =
po(z) — po(xz) = 0 and similarly 6(€;) =0, i € {0,1,...,n}. Hence

(8) F(z,7) = (p(2),7) +6(7); 8(€) =0, ie{0,1,...,n}

for x,v,v1,...,v, € R.
Substituting (8) into (7) we obtain

(9) S(W) =" 8(We)vi + wnp1n416(9).
=0
Using v1 = ... = v, =0 and (3) we get
(10) S(uv, uv, . .. upv) = §(u,ug, . . . up)v +uzP e (v,0,. .., 0)

and for 1 = 1 we have
(11) d(uv, urv, ..., upv) = (U, U1, . .., Un)v + ud(v,0,...,0).

Comparison of (10), (11) gives u(z} ™ — 1)6(v,0,...,0) = 0 for u,z1,v € R, u # 0.
Hence §(v,0,...,0) =0 for all v € R and

(12) 0(v) = §(W)v, u,u1,...,un,v € R.
Similarly, (9) together with ve = ... = v, = 0 gives
5(W(€0”U -+ 511)1)) = 5(W€0)U -+ 6(W€1)”U1 + wn+1n+15(€0v + 511)1),
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i.e.

(13) (5(’11)001), W10V + W11V1, . .., WpoU + wnlvl)
= (5(11)00,’11)10, v awno)v + 5(0,’11)11, v awnl)vl + wn+1n+15(vav1a03 v ,0)
For u; = ... = u, = 0 we have wgp = u, wip = u; = 0 (0 < i < n), wy = ua;

(1 <i<n), and (13) becomes

O(uv,uzqv1, ..., uzyv1) = 0(u,0,...,0)v 4+ 6(0, uzy, ..., uzy)v;

+ uz? 6 (v, v1,0,...,0).

Thus, using (12) and d(ép) = 0,

(14) §(v, x1v1, .. xpvr) = 6(0, 21, ... vy + 276 (v, 01,0, .., 0).
For v; = 1 we obtain

(15) S(v,x1,. .., x) = B(x1,. .., 2,) + b))z,

where B(z1,...,2,) = (0, 21,...,2,) and b(v) = 6(v,1,0,...,0). Here

(16) Blexy, ... con) = B(1,..., 2n)c,
(17) b(ev)e" ™ = b(v)e, vER,
according to (12); z1,...,2,,v € R.

Choosing v = 1 in (17) we obtain b(c) = cﬁ and the function b is continuous on R
if and only if b(c) = 0 on R. Hence,

(18) 0(v, 21, ) =Bz, ... xn), Blext,...,ctn) = B(x1,...,2,)c

on R.
Now 6(v,v1,0,...,0) = B(v1,0,...,0) = v16(1,0,...,0) = v1(0,1,0,...,0) =
v10(€1) = 0 and from (13) we get

Blwiov + w1101, - - ., WnoV + Wp1v1) = B(w1o, - - -, Wno)V + B(w11, - - ., Wp1)v1

= B(vwig, - - -, VWno) + B(V1W11, -+, V1Wn1)
and the function (§ satisfies Cauchy’s functional equation in several variables

ﬂ(ul +’l)1,...,’LLn+Un) :ﬂ(ula"'aun)+ﬁ(vla"'avn)
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with the general continuous solution (see Aczél [1])
n
(19) ﬂ(ul,...7un):chuj, cj € R
j=1
In accordance with (8), (18), (19), the function f is of the form

n n n
flz,v,01,...,0,) = ij(x)vj + ZCjUj = Zﬁjvj,
=0 j=1 j=0

ie.
n
(20) Flvvn,. o) =) pi(a); = (@(2),0) = f(,0),
§=0
where pg, p1,...,pn are arbitrary functions.

If we combine (20) with (6) we conclude

Wn41i = f(S, ng) - wn+1n+1pi($)
n

= Zpk(s)wkz _wn—&-ln-i-lpi(x)a (NS {0,1,...,TL},
k=i

where wy; are defined by (3). Moreover, using (3) we have

n

h(S,»’ﬂ,Zl,U,Ul, .- -aun) = Up41 = Wn+10 = Zpk(s)wko - wn+1n+1po($)
k=0

n
= pr(s)ur — uaf po();
k=0

1 " /n
9(S, Ty Ty ey Ty Uy UL, e ey Upy) = m(wnﬂl — Z (j)ujxn_j)

Jj=1

= m <§ Pr($)wr1 — Wt 1nt1p1(z) — z": (?) ijn—j)

j=1

= m <zn:(pk(5)wkl = (Z) UkTn—k) — wn+1n+1p1($)>-

k=1
The assertion of the theorem is proved. O
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Remark 2. By virtue of Theorem 1 and Proposition 1, if (1) is a stationary
transformation of the equation (f) and the solutions of the equation (f) vanish at
some points on I, then (f) is a linear differential equation. The criterion of global
equivalence of the second order linear differential equations was published by O.
Bortivka [3], of the third and higher order equations by F. Neuman [5]. In the
monograph [5] there is a complete list of stationary groups for homogeneous linear
differential equations of the n-th order. Some criteria for stationary transformations
of linear differential and linear functional-differential equations are given in [9].
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