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Abstract. The paper describes the general form of an ordinary differential equation of
the order n + 1 (n > 1) which allows a nontrivial global transformation consisting of the
change of the independent variable. A result given by J. Aczél is generalized. A functional
equation of the form

n n
f(S,’U,’LUll’Ul,..., E wnjvj) = E w’rLJrljvj +wn+1n+1f(x:vv'uly-~7'Un)7
i=1 i=1

where w;; = a;;(x1,...,2,—j41) are given functions, wpy11 = g(x,21,...,2n), is solved
on R.

Keywords: ordinary differential equations, linear differential equations, transformations,
functional equations

MSC 2000: 34A30, 34A34, 39B40

1. INTRODUCTION

The theory of global pointwise transformations z(t) = L(t)y(¢(t)) of homogeneous
linear differential equations was developed in the monograph [5] by F. Neuman (see
historical remarks, definitions, results and applications). The criterion of global
equivalence of the second order linear equations was published by O. Boruvka [3],
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of the third and higher order linear equations by F. Neuman [5]. Transformations
z(t) = y(p(t)) were studied in [6] as a “motion” for n-th order linear differential
equations. A general form

y"(z) = aly(2))y' (x)* + p(a)y' (2),

where ¢ satisfies a differential equation " (z) = p(z)¢’(z) — p(p(x))¢’(z)? and a,p
are arbitrary functions, was derived by J. Aczél [2] for the second order differential
equations (eliminating regularity conditions from [4]). This general form allows the
transformation z(¢) = y(p(t)) and transforms the equation into itself on the whole
interval of definition. This second order differential equation is generally nonlinear
and the result was derived by means of functional equations. In this paper we derive,
similarly to J. Aczél, a general form of ordinary differential equations of the order
n+1 (n > 1) which allows transformations z(t) = y(¢(t)), and we generalize Aczél’s
result. We derive an effective criterion of equivalence with respect to transformations

2(t) = y(p(t)).

2. NOTATION, PRELIMINARY RESULTS

Denote by (f) and (f*) respectively the ordinary differential equations

y" (@) = flay(@),...,y™M (@), zelCR,
L) =t 2(0), 2 (), te T C R

of the order n + 1, n > 1.

Definition. We say that (f) is globally transformable into (f*) with respect to
the transformation z(t) = y(p(t)) if the function ¢ is a C"*! diffeomorphism of the
interval J onto the interval I and the function

(1) z(t) = y(e(t))
is a solution of the equation (f*) whenever y is a solution of the equation (f).

If (f) is globally transformable into (f*), then we say that (f), (f*) are equivalent
equations. We say that (1) is a stationary transformation if it globally transforms an
equation (f) into itself on I, i.e. if ¢ is a C"™! diffeomorphism of I onto I = ¢(I)
and the function z(z) = y(¢(x)) is a solution of ("1 (z) = f(x, 2(z),..., 2" (x))
whenever y(z) is a solution of y("*1) (2) = f(x,y(z),...,y"(x)), x € I. Hence, if (1)
is a stationary transformation of the equation (f) with a solution y(x), then y(p(z))
is also a solution of the equation (f).
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We denote 0 (2()) = diy(())/dp(t)’, (y(p(t))D = diy(p(t)/dt', i > 0.

Proposition 1 (a particular case of Lemma 1, [7]). Letn € N and let the following
relation be satisfied:

2(t) = y(p (1)),

where real functions y: I — R, z: J — R belong to the classes C"*1(I), C"T1(J)

respectively, and ¢ is a C" diffeomorphism of J onto I for some integer r > n + 1.
Then

20 (¢ Zaz] By (e(t), ie{l,....,n+1},

where

(t)
an(t) = aj_y1(t),  i>1
ai(t) = aj_1;(t) + ai—y;— (' (t),  jE{2,...,i—1}
a;i(t) = ai—1i-1 ()¢ (1), i>1;ie{2,...,n+1}

and the real functions a;;(t) € C"~(=9)=1(]J). Moreover,

an(®) =), >

i\ et e " L
aij(t)(j—1>90(t)J YU () 41y (1), @UTD), P> > 2

aii—2(t) = (;) @ (1) 3" (1) + 3(i o' (1) 1" ()2, i>2;

it = (5) PO 0, i

aii(t) = ¢'(t)°, i>1

and a;j(t) = a;; (@' (t),. .., 0 IFD(@), j € {1,...,i},i € {1,...,n+ 1}.

Let V,, denote an n-dimensional vector space, ¢ = [c1,...,c,|T = [e)]L; € V),
being a vector of the space V,, written in the column form; 7 means the transpo-
sition. Denote by ¢ = [0,...,0]” the origin of V,, and by €,...,é, an orthonor—

mal basis in V,,. Let V,, be equipped with the scalar product (p,q) = Z piq; for

any pair p, ¢ of its vectors. Let p1,...,pm be m vectors from V,,. Notatlon P =
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i=1,.

i
[D1s -y Dm] = [pz‘j]j:f, " denotes a matrix and (P, Q) = sz'j(h‘j the scalar prod-

veey

uct of two matrices of the same type. Similarly P(; ) = [Jﬁj, ..., Dk] means a sub-
matrix, PQ = P, n)Q(,.. n) is the matrix multiplication. For y € C"*!(J) we
denote y;(z) = y(x), z € I, i € {1,...,n + 1}. Then §(x) = [y1(),...,yn(2)]" =
[y (z),...,y" (2)]T €V, for each z € I.

Remark 1. Let the assumptions of Proposition 1 be satisfied. Then
Z(t) = A(t)g(e(t))

is true on J for A(t) = [as; (t)];illz where a;;(t) = 0 for j > i. Moreover,

Znt1(t) = (An41(t), 7(2(1))) + antint1()ynia(p(t)),
where @ 11(t) = [ans11(t), .. anr1a(t)]T, t € J.
Observation 1 (A particular case of Corollary 1, [7]). Every homogeneous linear

differential equation of an order n + 1 (n > 1) is a particular case of the equation

(f) and for two equivalent linear equations

Yn+1(2) = po(z)yo(z) + p1(z)y1(2) + ... + pu(@)yn (@),
yi(x) = y(l)(x), rel;

Znt1(t) = qo(t)z0(t) + qr(t)z1(t) + - .. + gn(t)2n(t)
zi(t) = 29(t), teJ;

D) = g(t, o(t), ..., ™ (1) =D o™ (B)qi(t) — prlp(t))¢ (t)"
k=1

between the function ¢ and the coefficients of the linear differential equations.

Assumption. For transformations z(t) = y(¢(t)) of ordinary differential equa-
tions of an order n+ 1 (n > 1) we assume that there exists a differential equation
such that ™tV (t) = g(t, p(t),..., oM (t)), t € J.
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3. RESULTS

Lemma 1. Let n,7 € N and r > n + 1. Let ¢ satisfy the assumptions of Propo-
sition 1. Then (1) is a stationary transformation of the equation (f) if and only if
o(I) = I and the real functions f, g satisfy the functional equation

(2) f(s,0, W¥) = (W1, V) + Wntint1 f (2,0, 0),

i=1,. T = T
where W = [w”]] i n, Wnt1 = [Wnt1l, Wnt12, -, Wntin]', T = [U1,02,...,0n
and w;j = a;j (.’131,.’132, ..., xi—j41) are defined by
(3) Wil = Tg, 121

(3 i—1 . . . .
wyj = <j N 1)33]1 Ti—jyr +rij (T, ., i), 1> > 25 wi; =0 for j >4

Wii_9 = <;> x’i_?’xg, + 3<;> x’i_‘lx%, 1= 2;

)
i—2 . .
Wii—1 = <2> T “T2, 122

where s, x,z;,v,v; € R; r;; are real functions, j € {1,2,...,i},i € {1,2,...,n+ 1},
Tnt1 = 9(8,2,21,...,2,), n € N.

Proof. The transformation (1) is a global transformation of the equation (f) if
and only if ¢(I) = I and at the same time the functions y(z), z(t) = y(p(t)) satisfy

W YD () =y (1)) = F(t), ylp(D)), ..y (1)),
2 () = f(t,2(0), .., 20(1), tel=p(I).

From (4) and Proposition 1 we get
20 (1) = 3 a0y (1)) + ansrnan )y (0(2)

= (@41 (1), T((1)) + ant1n1 () f (0 (1), y (1)) - - 5™ ((8)))
= f(t,2(1), 2(t)) = f(t, y(p(t)), A()5((1))),

i.e.

f(t’ y(@(t))a A(t)g(@(t))) = (6n+1(t)a g(‘)o(t))) + an+1n+1(t)f(§0(t)’ y(@(t))a g(@(t)))a



where the functions a;;(t) are defined by Proposition 1, t € J. We denote s = t,
x = p(t), 2 = (), v = y(p(t), vi = YD (1)), wij = aij(@1, @2, ., Timji1),

> j = 1. Using the definitions of a;; we obtain the assertion of Lemma 1. Here
D) = g(t, p(t), ..., 0™ (1), t € J;ie xpy1 = g(s,z,21,...,2,) in accordance
with Assumption. O

Theorem 1. The general solution of the functional equation (2) is given by
(5) fla,0,9) = byt + sz vi = bw)e} ™ + (plx), D),

Wpt11 = §(8, T, T1, ..., Tp) = Zpl(s)xl — pr(x)T T,
Wnt1j = G5(8,T1,. .., Tnejt1)
= Zpk(s)wkj —pj(@)Wng1ns1, JE{2,...,n},
where b,p1,ps, ..., pn are arbitrary functions and w;; = a;;(z1,%2,...,Ti—jy1) are
defined by (3),n>1i>j > 1.
Proof. Consider the functional equation (2),

n

fls,v,Wv) = an+1jvj + Wnt1nt1 f(z, v, 9)
=1

and define functions p;(x) = f(z,0,€;), i € {1,2,...,n}. Substituting v = &; into (2)
we obtain

(6) Wnt1i = f(8,0, Wé;) — wpi1nt1 f(z,v,€;), 1€{1,2,...,n}

and we can consider v = 0 because w;; = a;;(x1,...,T;—;+1) are independent of v, V.
So

(7) Wn41i = f(S,O, Wa) —’U)n+1n+1pi($), 1€ {1,2,...,’)’1,}.

The functional equation (2) becomes

8  f(s,v,Wv) = wn+1n+1< x,v,7) ij > +Zf(5,0,W5i)Ui
i1
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We put f(z,v,0) — ipj(x)vj = f(z,v,0) — (p(x),¥) = 6(v,?) since w;; =
j=1

a;j(x1,...,2%i—j4+1) are independent of x. Hence
(9) flz,v,0) = (p(x),0) + d(v,v); x,v,v1,...,0, € R
But (8) with z = 1, ¥ = €} gives

f(s,0,Weér) = wniinta(f(1,0,€1) —pa(1) + f(s,0,Wen),

i.e.

f(sav,wlla cee ,wnl) = wn+1n+1b(v) + F(Sawlla cee awnl),

where b(v) = f(1,v,€1) — p1(1), F(s,w11,...,wp1) = f(s,0,Wé&;). Now using (3)
and (9) we have
(10)

f(s,0,21,. ., 2,) = b))+ Fs, 21, ..., 2) = 0(v,21,. .., 20) Jrz:pj(s)xj

Comparison of the terms depending on v yields
(v, 21,...,2n) = b(v)x]

and further on
F(s,x1,...,x,) = ij(s)x]
j=1

Thus
(11) flz,v,70) = "‘H—l—ZpJ T)vj;  X,0,V1,. .., U, € R
Substituting (11) into (6) we get

Wap11 = Y pi()wjt + )Wl — wntint1(b(v) + pa(2))

j=1
= 3" pi(s)x; + b(o)ai Tt — 2T (b(v) + pa(a)
j=1
= ij( ) pl( ) n+1:g(s’$’$1""axn):xn+l
j=1
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and, in the same manner,

wn+1j == Zpk:(s)wkj 7pj($)wn+ln+1 = gj(s,l',l'l, .. -,Zn7j+1), .7 € {2, .. 'an}a
k=i

where w;; = a;;(x1,22,...,%—j+1) are defined by (3). The assertion of Theorem 1
is proved. O

Remark 2. If n = 1, then the functional equation (2) is of the form
f(s,v,w1101) = warvy + waa f(x,v,v1),
where w11 = 21, wo1 = 13 = g(s,x,71), waz = 7?7 and we get
f(s,v,2101) = g(s, 2, 21)v1 —l—a:%f(x,v,vl); s,v,v1, 7,71 € R.
The general solution of this functional equation is given by
f(s,v,01) = pi(s)or +b(v)oi, g(s,z,21) = pi(s)ar — pa(x)af,
where b, p are arbitrary functions. This result was derived by J. Aczél [2].
Theorem 2. Let n, r € N and r > n + 1. Let ¢ satisfy the assumptions of
Proposition 1. Then (1) is a stationary transformation of the equation
(12)

Yni1(x) = (D), ¥(x))+b(y(x))y1 (x)"T; 2 € I C R, b being an arbitrary function

if and only if ¢(I) = I and the real functions py,. .., p, satisfy

(13) P HD( Zpk )™ (1) — pr(()e ()"

an1;(t Zpk ar; (t) — pi ()’ )", jef2,....n},

where the functions ay; are defined by Proposition 1, t € I = ¢(I), n € N.

Proof. The assertion of Theorem 2 is a consequence of Lemma 2 and The-
orem 1. We use s = t, x = ¢(t), z; = ¢W(t), v = y(p@), vi = yD(p(t)),
Wi = aij(l'l,l'g,. . .,Zi,jJrl) = aij(t), n 2 ) 2] 2 1, tel. O
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Theorem 3. Let n, r € N and r > n + 1. Let ¢ satisfy the assumptions of
Proposition 1 and let ¢'(t) # 0 on J. Then (1) transforms any equation (12) into an
equation

(14) Znr1(t) = (@(t), 2(t)) + b(z(t) 21 ()", te JCR

Proof. . According to Lemma 1, z(t) = y(e(t)), 2(t) = A@t)y(¢(t)), where
det A(t) = [[ aj5(t) = ¢'(£)"5

j=1
(14) if and only if

# 0 on J. The equation (12) is transformable into

( 1

= (1), A(®)F(0(t))) + by () (ar1 (E)ya (e(2)))"
(AT ()q(t), 7(())) + bly(e )y (p(t)* Han (8)"
( ( antin+1(O)Yn+1(p(t)), te€J,

\
S
3 1

+
=
~
<
=
S
—~
o~
~
~—
~—
+

due to Proposition 1. Then a; (t)" ™! = api1ns1(t) = ¢’ (£)"+! and

(AT®)(), 5l (1)) = (@n41(t), G0 (1)) + (&' ()" Bl (1)), 5((1)));
AT)q(t) = o) ()" + Gnya(t), te .

As a consequence, the inverse matrix (A7 (¢))~! such that

q(t) = (AT (1) 7 Fle®)e ()" + ansa(t), tEJ,

always exists and (14) is satisfied on J. O

Remark 3. Functions y(z), y(¢(x)), where ¢ is a given function, are solutions
of the equation (12) if and only if the transformation z(z) = y(¢(z)), ¢(I) = I,
is a stationary transformation of the equation (12), i.e. if and only if the relations
from Theorem 2 are satisfied. In this sense, Theorem 2 is an effective (i.e. verifiable)

criterion.

Example. Consider the equation

1) ") =25 (e + e 1) V@) + 2 (5 —1) @) + ol

22 \(Inz)?  Ilnz



on I = (1,00), a, b being real constants and b(y) an arbitrary function. The equation
(15) is of the form (12), p1(z) = m%(ﬁ + 3% — 1), pa(z) = 2 (5= —1). Using
Proposition 1 we have

az1(t) = " (1), axn(t) = ¢'(t)?
az1(t) = @"(t), az2(t) =3¢ ()" (), asz3(t)=¢'(t)*, tel

(16) (1) = pr(£)¢’ () + p2(t) " (t) — pa((t))#' (t)°,

3¢/ (t)¢" (t) = p2(t)'(1)* — p2((0))¢'(1)°,  teL
Solving (16), first the second equation for example, we obtain
(17) o(t) = r(t) =t", reR

The function ¢, (t) is a C? diffeomorphism of I onto I if and only if » > 0. Thus
y(z"), r € RT, is a solution of (15) whenever y(z) is a solution of (15) with regard
to Remark 3.

For b(y) = 0, (15) is a linear differential equation with the general solution y(x) =
catecalnz+ceginlnz and y(z") = (er +ezlnr) +carlna+ecslnlne = dy + de Inz +
dslnlnz on I = (1,00).

We get 4" (z) = p1(2)y' (z) +p2(2)y” () — pr(y(z))y' (x)* on I = (1, 00) for b(y) =
—p1(y). In view of (17), the functions y,(z) = ¢,(x) = z", r € RT, are solutions of
this differential equation. Indeed, if s € RT, then y,(z%) = (2%)" = 2" = 2P = y, ()
and p =rs € RT.
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