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Abstract. In this paper we study nonlinear parabolic equations using the method of
upper and lower solutions. Using truncation and penalization techniques and results from
the theory of operators of monotone type, we prove the existence of a periodic solution
between an upper and a lower solution. Then with some monotonicity conditions we prove
the existence of extremal solutions in the order interval defined by an upper and a lower
solution. Finally we consider problems with discontinuities and we show that their solution
set is a compact Rg-set in (CT, L?(Z)).
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1. INTRODUCTION

The method of upper and lower solutions turned out to be a powerful tool in the
analysis of nonlinear partial differential equations and in the context of semilinear
problems it produced monotone iterative schemes which generate the extremal so-
lutions. This is exemplified by the work of Sattinger [35]. Later, in an interesting
paper, Deuel-Hess [12] used upper and lower solutions to establish the existence of
periodic solutions for a class of nonlinear parabolic problems. The periodic problem
in the context of abstract evolution equations, was also addressed recently by Vrabie
[37] and Hirano [19], but their hypotheses on the nonlinear perturbation term are
strong and exclude the possibility of fitting in their model evolution equation, second
order problems with the right hand side term f depending also on the gradient of
the solution, as is the case here.
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Our work here is closely related to that of Deuel-Hess [12]. However we do not
require the upper and lower solutions to be bounded and in return this allows us to
impose a more general growth condition on the perturbation term f. Moreover, our
approach is different from that of Deuel-Hess. Instead of associating our problem
to a parabolic variational inequality with a stationary constraint set (see also Puel
[33]), for the analysis of which it is crucial that the upper and lower solutions be
bounded (see the proof of the main theorem, p. 101, of Deuel-Hess [12]), here we
rely on a fixed point theorem for set-valued maps defined on partially ordered metric
spaces, due to Heikkila-Hu [17]. In addition, under some extra hypotheses on the
data, which make the problem monotonic (hence guarantee the existence of a unique
solution for an auxiliary initial boundary-value problem used in the proof), we show
that the problem has extremal periodic solutions in the interval determined by the
upper and lower solutions. Finally we also examine problems with discontinuous
nonlinearities.

2. MATHEMATICAL PRELIMINARIES

In our approach we will use evolution triples, some function spaces related to
them and evolution equations defined on such triples. So in this section we recall
some basic definitions and facts concerning evolution triples. Detailed proofs and
additional results can be found in Zeidler [38].

Let H be a Hilbert space and X a dense subspace of H carrying the structure of
a separable reflexive Banach space, which embeds into H continuously. Identifying
H with its dual (pivot space), we have X — H — X* with all embeddings being
continuous and dense. Such a triple of spaces is known in the literature as “evolution
triple” or “Gelfand triple”. By |- | (resp. || - ||| - ||«), we denote the norm of H
(resp. of X, X*). Also by (-,-) we denote the duality brackets for the pair (X, X*)
and by (-,-) the inner product of H. The two are compatible in the sense that
(v |xxm = (). We will need the following generalization of the notion of a
maximal monotone operator (see Zeidler [38], p. 585).

Definition. An operator A: X — X* is said to be “pseudomonotone”, if
r, % 2 in X as n — oo and lim (A(z,,), 2, —z) < 0, imply that (A(z),z —y) <
lim (A(zy, ), 2, —y) for all y € X.

Remark. A monotone hemicontinuous operator or a completely continuous op-
erator A: X — X* is pseudomonotone. Pseudomonotonicity is preserved under
addition and it is easy to see that it implies property (M); i.e., if x, = x in X,
A(x,) 5w in X* as n — oo and lim (A(x,), z, — x) <0, then A(x) = u*.

A related notion, useful in the context of parabolic problems, is the following:
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Definition. Let Y be a reflexive Banach space, L: D(L) CY — Y™* a linear
maximal monotone operator and V: Y — Y™ a bounded nonlinear operator. We
say that V(-) is “L-pseudomonotone”, if for {yn}n>1 € D(L) such that y, > y
in Y, L(y,) = L(y) in Y* as n — oo and im(V(y,),yn — ¥)y-y < 0, we have
V(yn) 2 V(y) in Y* and (V(yn), yn)v-y — (V(¥),y)y~y as n — oo.

Remark. Recall that a linear operator L: D(L) CY — Y™* is maximal monotone
if and only if L is densely defined, closed and both L and L* are monotone (see Zeidler
[38], Theorem 321, p. 897).

To see how these two pseudomonotonicity notions are related, we need to introduce
a function space, which plays a central role in the analysis of evolution equations.
So let Wyy(T) = {z € LP(T,X): & € LYT,X*)}, 1 <p < oo, 2+ 1 =1 The
time derivative of x(+), is understood in the sense of vector valued distributions. The
space Wyq(T') embeds continuously in C(T, H) and if X embeds compactly in H,
then so does Wy, (T) in LP(T, H). Let Ly: D1 C LP(T,X) — L9(T, X*) be defined
by Li(z) = ¢ for all z € D1 = {z € Wy(T): z(0) = x(b)}. By virtue of the
continuous embedding of W,,(T) in C(T, H), the pointwise evaluation at ¢ = 0 and
t = b makes sense. Since the space Cg (T, X) is dense in LP(T, X ), we see at once that
D, is dense in LP(T, X). Also since Ly: DT C L?(T,X) — LT, X*) is defined by
Lv = —9¢ for all v € D} = D, we see that both L; and L} are monotone operators
(indeed (Lyz,z)) = (Liv,v)) = 0, where ((-,-)) denotes the duality brackets for the
pair (LP(T, X), LYT,X*) = L?(T, X)*)) and clearly L; is closed. Therefore L; is
maximal monotone.

The next proposition relates the two pseudomonotonicity notions introduced ear-
lier and it can be found in Papageorgiou [31].

Proposition 1. If A: T x X — X* is an operator such that,
(i) for every x € X, t — A(t, ) is measurable;
(ii) for almost allt € T', x — A(t, ) is demicontinuous and pseudomonotone;
(iii) A, 2)|l« < a1(t) +ci]|z||P~! a.e. on T, with a; € LY(T), ¢ > 0,2 < p < o0
and % + % =1;
(iv) (A(t,x),x) = cllz||P — 17||xAH7" —0(t) for almost allt € T, withc,n >0,1<r<p
and § € LY(T); and if A: LP(T,X) — L%T,X~) is the Nemitsky operator
corresponding to A (i.e. A(z)(-) = A(-,z("))),

then A is demicontinuous and L-pseudomonotone.

For L-pseudomonotone operators, we have the following basic surjectivity result
(see B-A. Ton [36], or Lions [27], p. 319).
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Proposition 2. If Y is a reflexive Banach space, L: D(L) CY — Y* is a

linear maximal monotone operator and G: Y — Y™ is a bounded, demicontinuous,
. . G(y),
L-pseudomonotone, coercive operator (i.e. %

then (L + G)(-) is surjective.

— oo as [|ylly — o0),

Another monotonicity type notion that we will need, is the following:

Definition. An operator A: X — X* is said to be of “type (S),”, if z,, > x in
X as n — oo and lim (A(z,,), v, — 2) <0, then z,, — x in X as n — oo.

Remark. A uniformly monotone operator is of type (S)4. Also a demicontinuous
operator of type ()4, is pseudomonotone (see Zeidler [38]).

Also in analogy with L-pseudomonotonicity, we introduce the notion of an operator
of “type L-(5)4+”.

Definition. Let Y be a reflexive Banach space, L: D(L) CY — Y™* is a linear
densely defined maximal monotone operator and V: ¥ — Y™*. We say that V(-) is
of “type L-(S)4”, if for {yn}n>1 € D(L), yn — y in Y, L(y,) — L(y) in Y* and
Em(V(yn), ¥n — ¥)y+y <0, we have y,, — y in Y as n — oo.

A slight modification of the proof of Proposition 1, gives the following “lifting”
property for condition (5).

Proposition 3. If A: T x X — X™* is an operator such that,
(i) for every x € X, t — A(t, ) is measurable;

(ii) for almost allt € T, x — A(t, z) is demicontinuous and of type (S)4;

(iii) ||A(t, 2)|l« < a1(t) + ci|z]|P~L a.e. on T, with a; € LY(T), ¢c; > 0,2 < p < 00
and % + % =1;

(iv) (A(t,z),z) = c||z||P —n|lz||” — 6(¢) for almost allt € T, withec,n >0,1<r<p
and 0 € LY(T); and if A: LP(T,X) — L9(T,X*) is the Nemitsky operator
corresponding to A,

then A is demicontinuous and of type L-(S);.

On the evolution triple (X, H, X*) we consider the following evolution equation:

z(t) + A(t,z(t)) = h(t) a.e.onT

@ x(0) = .

On A(t,z) we impose the following conditions:
H(A): A: T x X — X* is a map such that
(i) for every x € X, t — A(t, ) is measurable;
(i) for almost all t € T', x — A(t, z) is demicontinuous, monotone;
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e LY(T)and 1 <r < p.

It is well-known that under these hypotheses, for every h € LI(T, H) and every
xo € H, problem (1) has a unique solution x € W,,(T) C C(T,H). Let p:
LYT,H) x H — C(T,H) be the map which to each pair (h,z) € LYT,H) x H
assigns the unique solution x = p(h,xo) of (1). The next proposition determines
the continuity properties of p(-,-) and can be found in Papageorgiou-Shahzad [32]
(see also Avgerinos-Papageorgiou [3]). In what follows by LY(T, H),,, we denote the
Lebesgue-Bochner space L(T, H) furnished with the weak topology.

Proposition 4. If hypotheses H(A) hold and X embeds compactly in H, then
p: LY(T,H),, x H— C(T, H) is sequentially continuous.

3. EXISTENCE OF SOLUTIONS

Let T = [0,b] and let Z C RY be a bounded domain in RY with C'-boundary T.
We consider the following nonlinear parabolic boundary value problem defined on
Tx Z:

N
ZDkak(t,z,x,sz) + f(t,z,x(t,2), Dx(t,z)) = h(t,z) n T x Z
k=1

2 - _
@) 5
x(O,Z) - .T(b,Z) a.e. on Z, 'T|T><F = 0.

Here as usual Dy = %, k€ {1,2,...,N}, and D = (D), (the gradient
operator). We will need the following hypotheses on the data of (2):
H(a): ar: Tx ZxRxRY =R, ke {1,2,..., N}, are functions such that
(i) for every (z,€) € R x RN, (t,2) — ax(t, z,z,€) is measurable;
(i) for every (t,2) € T x Z, (x,€) — ar(t, z,x,&) is continuous;
(iii) for every (z,€) € R x RN, |ax(t, 2,7, &)| < B1(t, 2) + cr(|zP~1 + ||€]|P~1) ae. on
T x Z with 1 € LT x Z),c1 >0,2<p <00, ; + 7 =1;
N

(iv) > (ak(t,z,x,f) - ak(t,z,x,gl)) (&x — &) >0 ae. on T x Z, for every z € R
k=1

and every £, € RN with ¢ #+ ¢
(v) % ar(t, z,z,6)&, = c||€||P ae. on T x Z for every (z,&) € R x RN and with
¢ 0.
Remark. Hypotheses H(a) are the well-known Leray-Lions conditions on the
coefficients ay, (see Lions [27]).
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Because of hypotheses H(a), we can define the semilinear Dirichlet form a:
LP(T,W¥P(Z)) x LP(T,W*P(Z)) — R, by

b N
a(x,y) :// Zak(t,z,x,Dx)Dky(t,z) dzdt.
0

Z p=1

In what follows by ((-,)) we denote the duality brackets for the pairs
(LP(T,WHP(2), LYT, WH(2)))  and  (LP(T,WyP(2)), LY(T,W4(2)));

ie. (z,v) = fob (x(t),v(t)) dt. Recall that if Y is a reflexive Banach space (or
more generally if Y* has the Radon-Nikodym property) and 1 < p < oo, then
LP(T,Y)* = LY(T,Y™), with Il] + é =1 (see Diestel-Uhl [13], Theorem 1, p. 98).

In what follows the following two particular instances of W, (T') introduced earlier,
will be very useful in our considerations:

(1) = {1 e 2wt (2)): 5 e ooz |

and

af

Won(1) = {1 < (W (2): 5

€ LY(T, W—lvq(Z))} .
In these definitions, the derivative % is defined in the sense of vector-valued dis-
tributions. Both spaces become separable reflexive Banach spaces, when we furnish

; )
them with the norm || f|,q = || fll, + ‘ a_{

C(T,L*(Z)) and compactly in LP(T x Z).
Now we introduce the notions of upper and lower solutions, which will be our main

. Moreover, they embed continuously in
q

analytical tools in what follows:

Definition. A function ¢ € qu(T) is said to be an “upper solution” of (2), if

<(%_f,y>) +a(<p,y)—|—/Ob/zf(t,z,go,an)y(t,z)dzdt>/Ob/z h(t, 2)y(t, =) dz dt

for all y € LP(T, Wy P(Z)) N LP(T x Z) 4, and (0, 2) > @(b, z) a.e. on Z, ¢|rxr = 0.

Similarly a function ¢ € W, (T), is a “lower solution” of (1), if the inequalities in
the above definition are reversed.

Remark. The hypotheses on f (see H(f) below) justify the integrations

f(i)fz f(t, 2,0, D)y(t, z)dzdt and fobfz f(t, 2,7, D)y(t,2)dzdt and so ¢ and
are well-defined.
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Ho: There exist an upper solution ¢ € qu(T) and a lower solution ¢ € qu (T) for
the problem (2) and (¢, z) < ¢(t,2) a.e. on T x Z.

Remark. In contrast to Deuel-Hess [12], we do not require that ¢, € L>®(T'x Z).

Definition. A function x € W,,(T) is a “solution” of (2), if

((%,y))—l—azy //ftszx (t,2)dzdt = //htz (t,z)dzdt

for all y € LP(T, Wy (Z)).

The hypotheses on f(t, z,z, ) are the following:
H(f): f: Tx ZxRxRY — R, is a function such that
(i) for every (z,&) € R x RN, (t,2) — f(t,2,,€) is measurable;
(i) for every (t,2) € T X Z, (x,&) — f(t, z,x,£) is continuous;
(iii) for almost all (¢,2) € T x Z, for every x € [(t,2), p(t, z)] and every £ € RV,
£t 2, 2,6)] < alts =) + cal|alP~ + [€]P) with B € LU(T x Z), ¢z > 0.
The approach that we employ here uses truncation and penalization techniques.
So we introduce the truncation operator 7(x)(-,-), defined by

o(t,2) ifp(t,z) <
T(x)(t,z) = ¢ x(t,z) i P(t,2) <a(t,2) < @(t, 2)
Y(t,2) izt 2) <P(t,2).

The following lemma can be found in Cardinali-Fiacca-Papageorgiou [6].

x(t, 2)

Lemma 5. 7: LP(T,W'P(Z)) — LP(T,W'P(Z)) is continuous.
The penalty function u: T X Z x R — R is defined by

(x—p(t,2))P~t ifp(tz) <
u(t,z,x)=¢ 0 if(t,z) <x < p(t,2)
—((t, z) — )P~ ifx <Pt 2).

A straightforward, elementary calculation reveals that the following is true for
u(t, z, ) (see also Deuel-Hess [12]).

Lemma 6. u: T x Z x R — R is a function such that,
(a) for every x € R, (t,2z) — u(t,z,x) is measurable;
(b) for every (t,z) € T x Z, x — u(t, z,x) is continuous;
(c) |u(t,z,x)| < B3(t, 2) + c3|x[P~! for almost all (t,z) € T x Z and all z € R, with
ﬁg € LYT x Z), cg > 0; and
fon u(t, 2, a(t, 2))a(t, 2) dzdt > callzlfppy ) — C5||$Hz£;(1T><Z) for some ¢4 and
Cy > 0.

473



A final auxiliary result that we will need in the proof of the existence theorem of
this section is the next proposition. Let A: T x Wy?(Z) — W~14(Z) be defined by

(A(t, x) Z/ ax(t,z, 7(x), Dx)Dyy(t, z) dz dt

for all y € Wy ?(Z2).

Proposition 7. If hypotheses H(a) hold and A: T x Wy*(Z) — W~14(Z) is
defined as above, then for every & € W, ?(Z) t — A(t,z) is measurable and for every
teT x — A(t,x) is demicontinuous and of type (5)4.

Proof. In what follows, for notational simplicity, let X = WO1 P(Z) and X* =
W~—14(Z). By Fubini’s theorem, for every y € X, t — (A(t,x),y) is measurable.
So t — A(t,x) is weakly measurable and since X* is separable, from the Pettis
measurability theorem (see Diestel-Uhl [13], Theorem 2, p. 42), we infer that ¢t —
A(t, z) is measurable.

Next fix t € T and let x,, — x in X as n — oco. Then by passing to a subsequence if
necessary, we may assume that 7(z,,)(t, 2) — 7(z)(t, z) and Dz, (z) — Dz(z) a.e. on
Z as n — oo. By virtue of hypothesis H(a) (ii), ar(t,z,7(xn)(t, 2), Dz, (z)) —
ag(t, z,7(x)(t, z), Dx(z)) a.e. on Z as n — oo for all k € {1,2,..., N}. So applying
the dominated convergence theorem (see hypothesis H(a) (v)), it follows that for all
yeX

(A(t, zn), /ZaktZTxn Dzx,)Dry(z)dz

/Zak (t,z,7(x), Dx)Dry(z)dz = (A(t,x),y) as n — oo.
Z k=1

Since y € X was arbitrary, we infer that A(t,z,) > A(t,z) in X* as n — oo and
this proves the demicontinuity of A(t, ).

Finally we will show that A(t,-) is of type (S);. To this end let x, = x in X
and assume that lim (A(t, z,) — A(t,x),z, — ) < 0. Since X embeds compactly in
L?(Z), by passing to a subsequence if necessary, we may assume that =, — z in
LP(Z) and x,(2) — z(z), 7(xn)(t, 2) — 7(2)(t, 2) a.e. on Z. Then we have

lim ZZ ar(t, z,7(xy), Dxy) — ar(t, z, 7(xy), Dx)) Di(x, — x)(2) dz
k=1

+ h_rn/Z Z (ar(t, z,7(xn), Dx) — a(t, z, 7(x), Dx)) Di(z, — x)(z) dz < 0.
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By virtue of the continuity of ay(t, z, -, -), we have

lim ZZ ax(t, z, 7(xy), Dx) — ag(t, z,7(z), Dx)) Dp(x, — z)(2)dz =0
k=1

= m/ Z (ar(t, z,7(xn), Dxy) — ar(t, z,7(xn), Dx)) Di(2, — x)(2) dz < 0.

By hypothesis H(a) (iv), we have

/ZZ ap(t, z, 7(xy), Dxy) — ak(t, z, 7(x,), Dx)) Di(x, — 2)(2)dz — 0

k=1

and by passing to an appropriate subsequence if necessary, we may also assume that

(ar(t, z, 7(xn), Day) — ar(t, z, 7(xn), Dx)) Di(x, — 2)(2) = 0

M) =

=~
Il
_

and

M=

(ar(t, z, 7(xn), Dxy) — ar(t, z, 7(xn), D2)) Di(x, — x)(2) < h1(2)

B
Il
—

for all z € Z\ Ny, A(N1) = 0 (X being the Lebesque measure on Z) and with
h € LY(Z). Using hypothesis H(a) (v), we see that for every z € Z\ N; and every
n > 1, we have

3) hi(z Z ax(t,z, 7(xy), Dxy) — ax(t, 2z, 7(xy), D)) Di(z, — x)(2)

¢ IIDwn( P+ [[D2(2)[[P) = 261(¢, 2)

- Z |Dya(2)] (Ba2(t, 2) + co(|7(zn) (t, 2)|P~1 + [Dry (2)|P71))
kN1
= S 1D (] (Bt 2) + eallrn) P+ D))
k=1

Recall that x,(z) — z(z) and 7(x,)(t,2) — 7(x)(t,z) as n — oo and moreover

|7(2n)(t, 2)| < max[|@(t,2)|, (¢, 2)]] for all t € T and all z € Z\ N3, A(N3) = 0.
3

From (3) above it follows that for every z € Z \ N, N = |J Nj, the sequence

k=1
{l|Dxn(2)||}n>1 is bounded. So for every z € Z \ N, we can find a subsequence
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{zm(2) }m>1 of {zn(2)}n>1, such that 7(zp,)(2) — 7(x)(2) and Dizp(2) — yr(2)
as m — oo. Hence in the limit as m — oo, we have for all z € Z\ N and for
y(2) = (ve(2))i

N

S (anlt, 2, 7@t 2),5(2)) — an(t, 2 7(2)(t 2), Do) (g — Dia)(2) = 0
k=1
= yp(2) = Dpx(z) forall k=1,2,...,N (see hypothesis H(a) (iv)).

So we deduce that Dz, (z) — Dxz(z) for all z € Z\ N as n — co. Moreover, from
(3) we have that

4)  [[Dn(2)]” < (2 )+61||Dx( )P +26:(t, 2)

+ Z\Dkx | (Ba(t, 2) + ca(|T(wn) (t, 2)[P7" + [ Drwn(2)[P71))

+ Z | Diwn(2)] (B2(t, 2) + ca(|7(wn)(t, 2) P + | Dra(2)[P7H))

for all z € Z\ N. Note that for C C Z measurable, we have
Z/ |Dra(z)| (Ba(t, 2) + c2(|7(@n)(t, 2) P71 + [Drzn(2)[P1)) dz

< 3" IxeDual (|52(t N+ [ (ealrtea)t 2P~ + D <z>p1>)qdz)1/q
k::l p ) q Z n b) n

N

1/p, N
< (Z |xCDkxn||5) (Z 1Ba(t M9 + eall ()t )2+ c2|Dxn<~>|g)

k=1 k=1
for some ¢4 >0

N 1/p
<cs <Z/ |Dyn (2)|P dz> for some c5 > 0.
k=17C

Also we have

1/q

(6) Z / D (2)] (Ba(t, 2) + (I (@) (1 2) [P~ + [ Dya(2)lP ) dz
N
< lIxe (Balts) + ea(Im(@)(t )P+ [Dia ()P, 1 Dwnll
k=1

< ¢ Z/ (Ba(t, 2) + co(IT(2) (¢, 2) [P~ + | Dra(2)[P71)) dz
k=1"C
for some cg > 0.
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From (4), (5) and (6) it follows that {||Dx,(-)||”} is uniformly integrable. So from
the extended dominated convergence theorem (see for example Ash [2], Theorem
7.5.2, p. 295), we infer that Dx,, — Dz in LP(Z,RN) as n — oo. Therefore x,, — =
in X as n — oo and this proves that A(t, ) is of type (5)+. O

Now we are ready for the existence theorem of this section.

Theorem 8. If hypotheses H(a), Hy hold and h € LY(T x Z), then problem (2)
admits a solution © € Wy, (T') such that ¥(t,z) < z(t,z) < ¢(t,2) a.e.on T x Z.

Proof. Let zo € [(0,-),(0,)] = {y € L3(Z): ¥(0,2) < y(2) < ¢(0,2) a.e.
on Z} and consider the following initial-boundary value problem

N

% - ZDkak(t, z,7(x), Dx) + f(t,z,7(x)(t, 2), DT(x)(t, 2)) + Mu(t, z, z(t, z))
k=1

") =h(t,z) inT x Z

.’I)(O,Z) = -TO(Z) a.e. on Z,.’L“TXF = 0.

Here A > 0 and is going to be fixed in the process of the proof. In what follows we
consider the evolution triple X = W, *(Z), H = L*(Z) and X* = W~14(Z). Note
that in this case the embeddings are compact. Let L: D(L) C L?(T,X) — LY(T, X*)
be defined by L(z) = & for all x € D(L) = {z € Wp(T): x(0) = 0}. Using the
integration by parts formula for functions in W, (T') (see Zeidler [38], Proposition
23.23, pp. 422-423), we obtain that L*: D* C LP(T,X) — LT, X*) is defined by
L*(v) = =0 for all v € D* = {v € Wp,(T): v(b) = 0}. So L is densely defined (since
C§°(T, X) is dense in LP(T, X)), closed and both L and L* are monotone. Therefore
L is maximal monotone operator.

We will show that problem (7) has a solution. First assume that zop € X N
[¥(0,-),(0,-)]. Define A: T x X — X* by

N
(A(t, x),y) = i > a(t, z,7(x), Dx) Dyy(z) dz.
k=1

Let A1: T x X — X* be defined by A;(t,x) = A(t,z + z9). Using Propo-
sition 7, we have that ¢ — Ai(t,z) is measurable, while x — A;(¢,z) is demi-
continuous and of type (5)4, thus demicontinuous and pseudomonotone. Let
Ay: LP(T,X) — LT, X*) be the Nemitsky operator corresponding to A;(-,);
ie. A(z)(-) = A1(-,x(-)). By virtue of Proposition 1, A;(-) is L-pseudomonotone.
Also let F': LP(T, X) — L(T x Z) be defined by

~

F(z)(t,2) = f(t, 2z, 7(x)(t, 2), DT(2)(t, 2)) + Mu(t, z, (¢, 2))
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By Lemmas 5 and 6, F(-) is continuous. Hence so is Fy(z) = F(x 4 x). Now if
Ty 5z in Wyy(T) and Tim((A1 (z,,) + Fi(2n), 2n — 2)) < 0, we have

— o) + Im((Fy (20), 2 — 7)) <O

, T
1(.(6 )axn - 1’)) +h_m(ﬁ1($n),$n - x)Pq < 0

with (-, -)pq being the duality brackets for the pair (LP(T x Z),L%(T x Z)). Since
qu( ) embeds compactly in LP(T x Z), it follows that =, — « in LP(T x Z) and
so (Fy(2p), 20 — Z)pg — 0. Therefore Lm((A; (), 2, — ) < 0 and since by Propo-
sition 3, A1(-) is demicontinuous and of type L-(S)4, it follows that @, — z in
LP(T,X) and A (z,) 2> Ai(x). Then exploiting the continuity of Fy(-), we have
Ay(wa) + Fi(wa) > Ai() + Fi(2) in LYT,X*) and (Ai(e) + Bi(wa)zn) —
(A1(x) + Fi(z),x) as n — oo, which proves the L-pseudomonotonicity of the

bounded demicontinuous operator Gl( )= Al( r) + Fl( ).
(Gi(2).2)

lzllLr (T, x)
To this end let G(z) = A(z)+F(z), where F(x)(t,2) = f(t, z,7(z)(t, 2), DT(x)(t, 2)).
Because of hypothesis H(a) (v), we have

// Zak t,z,7(x), Dx)Dpxdzdt > // |Dx(t, 2)||P dzdt = cHxHLP(TX
z

k=1

Next we will show that G1(-) is coercive; i.e. — 400 as ||z (1, x) — 00.

N 1/p
(recall that <Z ||Dkx|§> is an equivalent norm on Wy?(Z)). Also from
k=1

Lemma 6, we have that

b
) A/O/Zu(t,z,x(t,z))x(t,z)dzdt>Ac4||x\|gp(m)—Ac5||x\|§;(1m).

In addition, because of hypothesis H(f) (iii), we have

b
; /Z ft, z,7(x)(t, z), DT(x)(t, 2))x(t, z) dz dt

b
< [ 3t + @ (r@@ 2P+ 1Dr@(E ) fate )l dz .

From Gilbarg-Trudinger [16] (p. 145), we know that

Deo(t,z) if p(t, 2) <zt 2)
Dr(x)(t,z) = ¢ Dx(t,z) if(t,z) <zt z) < ot z)
Dy(t,z) if z(t,z) <t 2).
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So via Holder’s inequality, we obtain

b
/ ft, z,7(x)(t, z), DT(x)(t, 2))x(t, 2z) dz dt
0Jz

< (182l arszy + o + 1Dl gam ) 1ol iogrez) (for some cg > 0)

< (07 + Hx||i;(1T7X)) |z||Lr(Txz) (for some ¢z > 0)
< es(e) +co@)lzl T x) + 10zl o (rx 2)

(by Young’s inequality with € > 0 and cs(¢), co(£), c10() > 0)

b
dzd
:AéﬂmmmmwﬂWMW»zt
> — cs(e) — o(@) 2z — 10NN

From (8), (9) and (10), it follows that

(11) (G(x),z) = (c = co@Nl @l (7, x) + (Aca = crol@Dlzl 0 x)
= Acs|lzl 7o (r x) — cs(€)
= (G1(z),z) = (¢ = C(e))]=
+ 20|70 x) + (Aea — cro(E)) |z + @07, (1 x) — ACsl@

+ xOHip(T,X) - 68(5)

for some ¢y(¢), 5, s(e) > 0. Let € > 0 be such that ¢ —¢9(¢) > 0. Then for this
choice of € > 0, we choose A > 0 large enough so that Acy — c10(¢) > 0. Therefore
(11) implies that G1(-) is coercive.

Apply Proposition 2 to obtain x € D(L) such that L(z) + G1(z) = h. Evidently
x + xo = y solves (7) when zo € X N [(0,-),9(0,-)]. For the general case let
xo € [¥(0,-),(0,-)] and let Proposition 2 zf € X N [¢(0,-),»(0,-)] be such that
xg — xo in H asn — oo. To see that such a sequence exists, let {y{ }n>1 € X be such
that y§f — xo in H as n — oo. Set z§ = (y§ V1 (0)) Ap(0) = (y§ A (0)) V(0). From
Gilbarg-Trudinger [16] (p. 145), we have that zf € X for every n > 1. Moreover,
from the continuity of the lattice operations in H, it follows that xf — z¢ in H as
n — o0o. Let x, € Wye(T) n > 1 be a solution of (7) with initial condition z. We
have

(12) in 4+ A(zy) + F(xn) = h, 2,(0) =28 n>1
= (@n, @) + (Alzn), 20) + (F(@n), 20) = (B, 70))-

(13) (s 20) = glea®) = 31 > e
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for some c17 > 0. Also from the previous estimations which established the coer-
civity of G(-), we have

1) (Awa) + F@n),n) > crallonll o — AesslanlZslp s, — cia
Using (13) and (14) in (12), we obtain
(15)  callzalloxy < 1Pllpamllzalloe x) + Acwsl|nllToir ) + €15

with ¢15 = ¢11 4+ 14 > 0. From (15) it follows at once that {z,},>1 is bounded in
L?(T, X) and then by virtue of (12), hypotheses H(a) (iii), H(f) (iii) and Lemma 6,
we obtain that {£,},>1 is bounded in L9(T, X*). So {z,}n>1 is bounded in W, (T)
and by passing to a subsequence if necessary, we may assume that z,, — z in Wy (T)
as n — oo. Since W,,(T) embeds continuously in C(T, H), we also have x,, — in
C(T, H), thus z,(0) = 2(0) in H as n — oco. Therefore 2(0) = 2. Also we have

(16) n((Alen) + Flen), e — 0) < T, o - 2,)-

Once again, employing the integration by parts formula in W,,(T’), we obtain

(17) (&, x — 20)) = —%\x(b)—wn( W+ 5 \x( 0) — z§|” + (&, 7 — )

= lim((&y,, z — z,)) < 0.

Using (17) in (16) and since (F(zy), zn — ) = (F(2), Zn —Z)pg — 0 as n — o0,
we infer that

m((A(zp), 2, — ) < 0.

But recall that A(-) is demicontinuous and of type L-(S);. Hence x, — =z in
LP(T, X) and A(z,) - A(z) in LY(T, X*). Because F(-) is continuous, we obtain
F(z,) — F(z) in L9(T x Z). Thus in the limit as n — oo, we have &+ A(z)+ F(z) =
h, (0) = x, which proves that x € Wy, (T') is a solution of (7) for the initial
condition x¢ € [¢(0,-), »(0,-)]. Therefore the solution set S(xg) C Wye(T) of (7) is
nonempty for every zo € [1(0,-), (0, -)].

Next let K = [¢,¢] = {x € C(T,H): ¢¥(t,2) < z(t,z) < ¢(t,2) a.e. on Z for
every t € T'}. We claim that for every xo € [¢ (0, ) ( J], S(xo) C K. Indeed let
x € S(xp). Since 7 is a lower solution of (2), with (¢ — )1 € Wy (T)NLP(T x Z)+
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as our test function, we have
0
(18) [ (%) - et a10)
[ ] s0. 0w a1, 02 aza
0Jz

/Ob/z h(t, 2) (4 — )4 (¢, 2) d= dt,

¥(0,2) < (b,z) ae. on Z, Y|rxr < 0.
Since z € S(x¢), we have
b /o
(19) (Gt =abe ) dt ato v - 2)1)
b
Jr/o/Zf(t,z,T(x),DT(x))(@b —z)4+(t, z)dzdt

b
—I—)\//utzx b —x)y(t,2)dzdt
//htz W —x)4(t,2) dz dt,

z)=z(b,z) ae.on Z, z|rxr =0.

Adding (18) and (19) above, we obtain

b v
e [ w0 ) dtrale - 2)2) - a6 - a))

// F(t, 2 7(@), D)) — F(t, 2,10, DV) (W — 2)4 (1, 2) dz dt
+)\/0/Zu(t,z,x)(wfwﬁ(t,z)dzdt20.

By virtue of the integration by parts formula for functions in W,,(T") and since
xo € [1(0,-), ¢(0,-)], hence (¢(0,-) — z(0,-))+ = 0, we have

b .
ey [ w0 = -5, - 2.1 <o

Also because of hypothesis H(a) (ii), we have

(22)  a(z, (¥ —2)4) —a(¥, (¥ —2)4)
b N
_ / /ZZ(ak(t,z,T(x),Dx) — an(t, 2,1, D)) () — ) (, 2) dzdt < 0.
k=1
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Finally from the definition of the truncation map 7(-), we have

b
(23) Aé(f(taZ,T(f),DT(f))*f(t,z,w,DQp))(w*ZL’)Jr(t,Z)dZdt:O.

Using (21), (22) and (23) in (20) above, we obtain

b
)\/0 /Z u(t,z,x(t,2)) (Y — )4+ (t,z)dzdt > 0

=0< )\//{w%j} —(p — )Pt 2) (Y — x) 1 (t,2) dz dt
SN —

hence ¢(t,z) < z(t, z) for all t € T and almost all z € Z.

In a similar fashion, we prove that z(t,z) < ¢(t,2) a.e. on Z, t € T. Hence we
have proved that for every zq € [¢(0,-), (0, )], S(z¢) C K = [¢, ¢].

Now let R: [4(0,-), (0, -)] — 2[#©:):¢0:)]1\ {(} be the multifunction defined by

R(y) = (er 0 S)(y) = en(S(y)) = S(y)(b) = {(b): = € S(y)}

(here ep: C(T, H) — H is the evaluation at ¢ = b map). First note that if y = ¢(0, -),
then for every z € S(y), we have 1(0,-) < z(b,-) € R(y). Nextlet v1 € R(y1),y1 < v
and y; < y2 (the order being the usual pointwise partial order on H). We claim
that there is vo € R(y2) such that v; < wve. Indeed let 7 € S(y1) such that
21(b) = v1, £1(0) = y1 and let 71 be the truncation map and u; the penalty function
corresponding to the pair (x1, ). Note that since y; < v1, x1(+,) is a lower solution
for problem (2). Consider the following initial-boundary value problem:

(24) g—f - ZDkak(t, z,m1(x), Dx) + f(t, 2, 71(x), D11 (x)) + Aus(t, 2, x(t, 2))
k=1

=h(t,z) nTxZ

2(0,2) = ya(2) a.e. on Z,z|pxr = 0.

Exactly as we did for problem (2), we can show that problem (24) above has
a nonempty solution set Si(y2) C Wye(T) and that Si(y2) € Ki = [z1,¢]. In
particular, if xo € S1(y2), then o € S(y2) and z1 < x2.

Next we claim that S(x¢) is compact in C(T, H) for every zo € [¢(0,-), »(0,-)].
To this end {x,}n>1 C S(z0). From earlier consideration, we know that {zy},>1 is
bounded in W,,(T"). Thus by passing to a subsequence if necessary, we may assume
that x, — z in Wye(T) as n — oo. From an earlier part of the proof, we know that
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z € S(x0) and Tim((A(x,), z, — 2)) < 0. Since A(-) is of type L-(S)4, we have that
Zn — x in LP(T, X) as n — oo. From the integration by parts formula for functions
in Wpe(T'), we obtain

1 2
Slan(®) = (1)

/N

/ (n(s) — #(5), oa(5) — 2(s)) ds
0

Tn — 2| Lo (1, x)

< |#n — 2l e, x+)
< M|z — 2| Lo(1, x)

for some M > 0 since {&y, }n>1 C LT, X*) is bounded. Therefore

lzn — 2llc(r,m) — 0 asn — oo

= S(x¢) is compact in C(T, H) as claimed.

Then R = ej,0S is a multifunction with nonemty compact values in [¢(0, -), ©(0, -)].
Since the positive cone in L?(Z) is regular, we can apply Proposition 2.2 of Heikkila-
Hu [17] and produce y € [#(0,-), ¢(0, )] such that y = R(y). If x € S(y) C Wpe(T)
is such that x(b) = 2(0) = y, then & € W, (T') is the desired solution of (2). O

4. EXTREMAL SOLUTIONS

In this section we consider a version of (2) in which the coeflicient functions ay
are independent of z and the term f is independent of the gradient Dx. Moreover,
the continuity condition on f(t,z,-) is replaced by a weak monotonicity condition.
For such a problem we prove the existence of extremal solutions in the order interval
[, ¢]; i.e. we show that there exist solutions x.,x* € [¢,¢] such that for every
solution = € [, ], we have x,(t,z) < x(t,2) < z*(t, z) for all t € T and almost all
z€Z.

Solet T, Z C RN be as in section 3. On T x Z we consider the following nonlinear
periodic parabolic problem:

N

(25) E*kZDkak(t,Z,Dx):f(tazax(taz)) inTxZ

=1
.’I)(O’Z) - -%‘(b,Z) a.e. on Z’.’I,“TXF =0.

Our hypotheses concerning the data of problem (25), are the following:
H(a);: ar: Tx ZxRY - R, k=1,2,..., N, are functions such that

(i) for every £ € RN, (t,2) — ax(t, 2,£) is measurable;
(ii) for every (t,2) € T X Z, £ — ay(t, 2, &) is continuous;
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(iii) for every & € RN, |ap(t,2z,€)| < Bi(t,2) + c1|€]|P~1 a.e on T' x Z, with 3; €
LQ(TXZ),01>0,2<p<oo, %4»%:]_’
N

(iv) > (ak(t,z,g) - ak(t,z,gl)) (€x— &) = 0 ae. on T x Z, for every = € R and
k=1

every f,fl e RN
N

(v) Y ar(t, 2, &) = c||€||P a.e. on T x Z for every £ € RN and with ¢ > 0.
k=1

HY: There exist an upper solution ¢ € /qu(T) and a lower solution ¢ € /qu (T) for

problem (25) such that ¢ (¢,2) < (t, z) for all t € T and almost all z € Z.

H(f)1: f: Tx Z xR — R, is a function such that

1) Ol f () € LUT x Z);

(ii) there exists M > 0 such that for almost all (¢,2) € T x Z ¢ — f(t,z,2) + Mz
is strictly increasing on the interval [¢(t, 2), o(t, 2)];

(iii) if z € C(T,L?*(Z)) and for all t € T and almost all z € Z, ¥(¢,2) < z(t,2) <
o(t, z), then (t,2) — f(t, z,2(t, z)) is measurable.

Remark. If f(-,-,-) is a jointly Borel measurable function or more generally a
Shragin function (see Appell-Zabrejko [1]), then hypothesis H(f); (iii) is satisfied.
This includes the case where f(t,z,x) is a Caratheodory function; i.e. measurable
in (¢,z) and continuous in x. Moreover, by virtue of hypothesis H(f); (ii) and
Theorem 1.9 of Appell-Zabrejko [1], we see that H(f); (iii) holds if and only if f is
equivalent to a Borel function; i.e. there exists a Borel function f1: TXx Z xR — R
such that f(t,z,2) = fi(t,z,z) for all (¢,2) € (T'x Z)\ N and all z € R, with N
being a Lebesgue-null subset of T' x Z.

Theorem 9. If hypotheses H(a)1, H} and H(f)1 hold, then problem (25) has
extremal solutions in the order interval K = [, ] = {x € C(T,L*(Z)): 9(t,z) <
x(t,z) < p(t, z) for allt € T and almost all z € Z}.

Proof. As in the proof of Theorem 8, let X = W, *(Z), H = L*(Z) and
X* = W=b4(Z). Let Ko = [1(0,-),»(0,)] = {yo € H: ¥(0,2) < yo(2) < ¢(0, 2)
a.e. on Z}. Given (y,yo) € K x Ky, we consider the following nonlinear parabolic
initial-boundary value problem:

N

0

(26) a—f - ZDkak(t, z,Dx)+ Mx(t,z) = f(t,z,y(t,2)) + My(t,z) inT x Z
k=1

.T(O,Z) = yO(Z) a.e. on Z,.’L“TXF = 0.

N
If A: T x X — X* is defined by (A(t,z),y) = [, > ax(t,z, Dx)y(z) dz, then
k

we can easily verify that ¢t — A(t,x) is measurable, x — A(t, ) is demicontinuous
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and monotone (see hypothesis H(a) (iv)), ||A(t,z)|l. < a(t) + ¢|jz|?~! a.e. on T,
with @ € LI(T), ¢ > 0 and (A(t,x),z) > col|x||P~! for some cg > 0. Thus from
a well-known existence theorem for evolution equations (see for example Zeidler
[38], Theorem 30.A, p. 771), we infer that problem (26) has a unique solution x =

S(y,y0) € Wyqe(T).
We claim that S(K, Ky) C K. To this end let (y,yo) € K x Ko and let x = S(y, yo)-

Because 1 is a lower solution of (25), by using (¢ — )4+ € Wpe(T) N LP(T x Z) 4 as
our test function, we obtain

en [ (% -a)w //Zzaktwwwk(w £).(t.2)dz at

k=1

//ftZT/)tZ Y — )4 (¢, 2) dz dt,
¥(0,2) < (b,z) ae.on Z, |rxr <O0.

Also since © € Wy, (T) is a solution of (26), we have

(28) /Ob <%,(¢—x >dt+/ Zak (t, 2, D2) Du(th — 7)1 (£, 2) dz dt

Z =1

+M/0/Zx(t,z)(wfx)Jr(t,z)dzdt

b
- / / F(t 2yt 2)) (6 — )4 (1 2) dz dt

4 M/Ob/z y(t, 2) (0 — 2) 4 (1 ) d= dt.

Adding (27) and (28), we obtain

(29) /Ob <w,(wx)+> dt

b o N
+ /0 /Zkz:l(ak(t,z,Dx) —ay(t,z, DY) Dy (v — )4 (t, 2) dzdt

=
+M/0/Zx(t,z)(wfxp(t,z)dzdt

b

b
+M/0/Zy(t,z)(wfxﬁ(t,z)dzdt.

485



Note that
) [ (P ) de= G0, ~ 2t s <0

Also because of hypothesis H(a); (iv), we have

b N
(31) / / S (ak(t, 2, D) — ay(t, 7 DY) D( — ). (t, 2) dzdt < 0
072 k=1
Finally hypothesis H(f); (ii) implies that

b
(32) / / (F(t 2t 2)) + My(t, 2) — F(t 2, 0(E 2))
— Mz(t,2) (Y —x)4+ (¢, 2)dzdt

// (t,z,y(t, 2)) + My(t, z) — f(t, 2,9, 2))
— My(t,2) (Y —x)+(t, z)dzdt >

Combining (29) — (32), we obtain

—Mw (t,2)) (b —x)4(t,2)dzdt =0

= //¢>m}(f(t, Z,y(t, Z)) + My(t, z) _ f(t, Z,w(t, Z))
— Ma(t,2))(¢ — z)(t, z) dzdt = 0.

This last equality in conjunction with hypothesis H(f) (ii), implies that T} =
{t € T: ¥(t,") > z(t,-) in L?(Z)} is Lebesgue-null. So because t — z(t,-), t —
W(t,") € C(T,L*(Z)), we infer that x(t,z) > 1(t,2) for all t € T and almost all
z € Z. Similarly we show that x(t,2) < @(t,2) for all ¢ € T and almost all z € Z.
Hence z € K and so S(K, Ky) C K.

Next we will show that S(-,-) is a monotone increasing operator from K x Ky
into K. To this end let (y1,v3), (y2,93) € K x Ko and assume that yi(¢,-) < ya(t,-)
in L2(Z) for all t € T and y§ < y2 in L?(Z). Let x1 = S(y1,4}) and x2 = S(y2, y3).
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We have

(33) /Ob<%,(x1 —x2)+> dt—l—/Ob/ZZN:ak(t,z,Dxl)Dk(xl )y (t2) ddt
, k=1
+M/O/Zx1(t,z)(x1—x2)+(t,z)dzdt
= /ob/z ft, z,u1(t, 2)) (21 — 22)+(t, 2)dz dt
+M/0b/z y1(t, 2)(x1 — x2) 1 (¢, 2) dzdt.

Also we have

(34) —/Ob<%,(xl ~ 22) > //Zkzlak (t, 2, Das) Di(1 — 22) 1 (£, 2) dz dlt
- M/Ob/z Ta(t, 2) (@1 — 22) 4 (t, 2) dz dt
[ s @
=4 / yalt, 2)(w — w2)- (1, 2) dz dt.
Adding (33) and (34), we obtain

(35) /Ob <5($18t m)’(xl - x2)+> dt + /b/ZzN:(ak(t,z,le)

—ag(t,z, Dx2)) Dy (21 — x2)+(t,2) dz dt

+M//x1—x2 x1 — Ta)y dzdt

— /0 /Z (f(t,z,91(t,2)) — f(t,2,y2(t, 2))) (w1 — 22) 4 (¢, 2) dz dt

b
+M//(ylfm)(ﬂﬁl — 9) 4 dzdt.
0JZ

Observe that (x1(0,:) — 22(0,-))+ = 0, because z1(0,-) = y§ < y2 = x2(0,-) in
L*(Z). So

b T —
(36) /0 <3( 1815 2),(x1—x2)+> dtZ%Hxl(b, ) — x2(b, )HL2(Z = 0.
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Also hypothesis H(a); (ii) implies that

b N
(37) / / Z(ak(t, z,Dxy1) — ap(t, z, Dx2)) D (21 — 22)(t, z) dzdt > 0.
072 21
Furthermore, note that

b
(38) M/o /Z(xl —z2)(x1 — x2)4 dzdt > 0.

Using (36) — (38) in (35) and exploiting the monotonicity of x — f(¢, z,z) + Mz
(see hypothesis H(f); (ii)), we obtain

b
/0 /Z (F(t, 2031 (t,2)) + Muya (8, 2) — F(t, 2, ya(t, )

— Mys(t, 2))(z1 — x2)4(t,z)dzdt = 0
= x1(t,-) < 22(t,-) in L3(Z) for every t € T.

So S(-,) is monotone increasing from K x K into K.

Next let e,: C(T,H) — C(T,H) x H be defined by é,(z) = (z,z(b)). Then
define R: K x Kg — K x Ko by R = ¢, 0 5. Evidently R(-,-) is a nondecreasing
map on K x Ky. Let {(yn,y§)}n>1 be a monotone sequence in K x Ky. From the
monotone convergence theorem, we have y — yo in H as n — oo. Let f(t,y)(-) =
ft, -, y(")) for every y: Z — R measurable (i.e. the Nemitsky operator corresponding
to f(t,z,)). Then if up(-) = f(-,yn(-)) + Myn, n > 1, by hypotheses H(f); we see
that {up}n>1 is bounded in LY(T, H). So by passing to a subsequence if necessary,
we may assume that u, — u in LY(T, H). If 2, = S(yn,yg), n = 1, we have

Tn(t) + A(t, 20 () = un(t) a.e.on T
2, (0) = yg'-
Invoking Proposition 4, we have z,, — x in C(T, H) as n — oo, with € W, (T)
being the unique solution of
z(t) + A(t, z(t)) = u(t) a.e.on T
z(0) = yo.
Then R(yn, yf) = (2, 20 (b)) — (z,2(b)) = R(y,yo) in X (T, H)) x H as n — oo.
So we can apply Theorem 1.2.2, p. 23, of Heikkila-Lakshmikantham [18] and produce

(74, 7}) and (x*,23) the least and greatest fixed points in K x K of R (extremal fixed
points). Evidently z, and z* are the extremal solutions of (25) in K = [¢,¢]. O
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5. PARABOLIC PROBLEMS WITH DISCONTINUITIES

In this section we focus our attention to nonlinear parabolic with discontinuities.
So with 7" and Z C R" as in the previous sections, we consider the following nonlinear
initial-boundary value problem:

N

) 3 Dean(t, 2, D) = f(a(t,2)) i T x 7
k=1

2(0,2) = zo(2) a.e. on Z, z|rxr = 0.

Here f: R — R is a locally bounded, measurable but in general discontinuous
function. It is well-known that in the absence of continuity hypotheses on f(-), in
general we can not expect to have solutions for (39). In this case it is advisable to
consider instead a multivalued version of (39), for which an adequate existence theory
can be established. This approach is developed in the book Filippov [15] (for ordinary
differential equations), in the papers of Rauch [34] and Chang [7] (for semilinear
elliptic equations) and in the paper of Feireisl [14] (for semilinear parabolic problems).
Parabolic problems with discontinuities arise in various problems of mathematical
physics and engineering.

To introduce a multivalued variant of (39), for which we will be able to prove an
existence theorem, we define F(r) = [f1(r), f2(r)], r € R, where f1(r) = lim,_,, f(¢)
and fo(r) = lim¢_, f(t). Let o: R — R be defined by o(r) = [ f(t)dt. Then o(-)
is locally Lipschitz and se we can define its subdifferential do(r) in the sense of
Clarke [8]. Then do(r) C F(r) and if the one sided limits f(r*) exist at r € R, then
0o(r) = F(r) (see Chang [7]). In a more applied language, this last equality implies
that the multivalued law is characterized by the Clarke subdifferential of a nonsmooth
potential o(-). Then instead of (39), we consider the following multivalued nonlinear
parabolic problem:

ox

(10) 5 ZDkak(t, z,Dz) € F(x(t,z)) mT x Z

k=1
.’I)(O,Z) = -TO(Z) a.e. on Z,.’L“TXF =0.

Definition. A function ¢ € /qu(T) is said to be an “upper solution” of (40), if
fZ(QO('a )) € Lq(T X Z)’

((%—f,u)) +/0b/ZkZ]iak(t,z,Dx)Dku(t,z) dzdt > /ob/z falp(t, 2))u(t, z)dzdt

for all uw € LP(T, Wol’p(Z))ﬂLp(T X Z) 4, 9(0,2) = xo(z) a.e. on Z and ¢|rxr > 0.
Similarly a function ¢ € Wy,q(T') is a “lower solution” of (40), if f1(¢(,-)) € LY(T'xZ)
and the inequalities in the previous definition are reversed and f5 is replaced by fi.

489



H3Z: There exist an upper solution ¢ and a lower solution v such that ¥(t,z) <
o(t, z) for all t € T and almost all z € Z.

Our hypotheses on the nonlinear discontinuity f(¢, z, ), are the following:

H(f)2: f: R — R belong in LY (R) and for almost all (¢,2) € T x Z and all
r € [1h(t,2),¢(t, 2)], we have that |f(r)] < B2(t,2) + ca(t)|r], with By € L*(T x 2)
and ¢y € L*(T).

Let Y be a separable Banach space and let P(Y') (resp. Pf.(Y')) denote the family
of nonempty, closed (resp. nonempty, closed, convex) subsets of Y. On P¢(Y') we
can define a generalized metric, known in the literature as “Hausdorff metric”, by
setting

h(A,C) = max |sup d(a,C),supd(c, A)
acA ceC

for all A,C € Pf(Y). It is well-known that (P;(Y),h) is a complete metric space
and (Pyc(Y),h) is closed (hence complete) subspace of it (see for example Klein-
Thompson [23]). Also let h*(A,C) = supld(a,C): o € A]l. If V is a Hausdorff
topological space, a multifunction (set-valued function) G: V — 2V \ {f} is said
to be “h*-upper semicontinuous (h*-usc)”, if for every v € V the function v —
R*(G(v"), G(v)) is continuous at v. Recall that if G(-) is upper-semicontinuous (i.e. for
every C C Y closed, G~ (C) ={v e V: G(v) N C # 0} is closed in V'), then G(-) is
h*-usc, while the converse is true if G(-) has compact values. Moreover, both notions
imply that GrG = {(v,y) € V xY y € G(v)} is closed in V' x Y. A multifunction
G: V — P¢(Y) is said to be “h-continuous” (resp. h-Lipschitz), if it is continuous
(resp. Lipschitz) as a function from V into (Pf(Y'),h). For details on these and
related notions we refer to DeBlasi-Myjak [11]. Finally a multifunction F: T —
P;(Y) is said to be measurable if GrF = {(t,y) e T xY: y € F(t)} € L x B(Y),
with £ being the Lebesque o-field of T' and B(Y') the Borel o-field of Y.

The following lemma can be proved as Proposition 4.1 of DeBlasi [9], with minor
obvious modifications to accomodate the presence of t € T'.

Lemma 10. IfT = [0,b], Y is a seperable Banach space and F': T xY — P (Y)
is a multifunction which is measurable in t € T, h*-usc in y € Y and |F(t,y)| =
sup[||lv]ly: v € F(t,y)] < 0(t) a.e. on T with § € L*(T), then there exists a sequence
of multifunctions F,: T xY — Ps.(Y), n > 1, such that for every y € Y there
exist k(y) > 0 and € > 0 such that if y1,y2 € B.(y) = {y € V: ||y —yl| < ¢},
then h(F, (t,y1), Fn(t,y2)) < k(y)0(t)|ly1 — y2lly a.e. on T (i.e. F,(t,-) is locally
h-Lipschitz), F(t,y) C ... C Fu(t,y) C Fuq1(t,y) C ..., [Fa(t,y)| = sup(llofly: v €
FE,(t,y)] < 0(t) a.e. on T, n > 1, for every [t,y] € T xY F,(t,y) 2, F(t,y) as
n — oo and there exists u,: T XY — Y, n > 1, measurable in t, locally Lipschitz
in y and for every [t,y] € T XY u,(t,y) € F.(t,y), n = 1. Moreover, if F(t,-) is
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h-continuous, then t — F, (t,x) is measurable (hence (t,x) — F,(t,x) is measurable
too; see Papageorgiou [29)]).

In this analysis we will be using the following truncation map 7: T x L?(Z) —
L?(Z) and penalty map B: T x L(Z) — L%(Z), defined by
plt,2) if ot 2) < 2(2)
T(t,z)(2) = § #(z) it 2) <w(2) <ot 2)
U(t,z) if z(2) <(t,2)

N

and
x(z) —(t,z) if o(t,z) < x(2)

) <
B(t,2)(z) = { 0 i (t, 2) < 2(2) < ot 2)
2(2) —b(t,2) (=) <UL, 2)

it is straightforward to verify the validity of the following lemmas:

Lemma 11. 7(t,x) is measurable in t and continuous in x.

Remark. From Gilbarg-Trudinger [16] (p. 145), we know that for every ¢t € T
and every x € W1P(Z), 7(t,z) € WHP(Z).

Lemma 12. B(t,x) is measurable in t, continuous in = and satisfies the following
growth condition: there exist a* € L*(T) and c¢* > 0 such that for almost allt € T
and all z € L*(Z)

1B(t2)]l2 < a™(t) + c*[|zl2-

Now we are ready for a theorem, which not only establishes the existence of a
solution in K = [¢, ¢] for problem (4), but also provides information about the
topological structure of this solution set. The set of solutions of (40) located in
K = [, ¢], will be denoted by S(xp).

Definition. By an “Rs-set” we mean a set S in a metric space Y which is home-
omorphic to the intersection of a decreasing sequence {S, }»>1 of absolute retracts.
If every S, is compact, we say that S is a “compact Rs-set”.

Remark. Recall that a closed subset A of Y is said to be an “absolute retract”
(AR), if every homeomorphic image of A in a metric space V, is retract of V. A subset
C of V is said to be a “retract”, if there exists a continuous mapping (retraction) r:
V' — C such that r|¢ coincides with the identity map (see Kuratowski [25]). Hyman’s
theorem [21] states that a subset A of a metric space is a compact Rs-set if and
only if it is the intersection of a decreasing sequence of contractible compact metric
spaces. Observe that every compact Rs-set is a continuous (nonempty, compact and
connected), but, in contrast to contractible sets, need not be path-connected.
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Theorem 13. If hypotheses H(a)1, H2 and H(f)2 hold, then S(x) is a compact
Rs-set in C(T, L*(Z)).

Proof. As before we set X = Wy *(Z), H = L2(Z) and X* = W~14(Z). Let
F: T x H— Ps.(H) be defined by

~

F(t,x) ={h e H: fi(r(t,z)(2)) < h(z) < fa(r(t,z)(z)) a.e. on Z}.
We claim that for every x € H, t — F (t,x) is measurable. To this end note that

GrE(,a) = {(ty) € T x Hi filr(t,2)()) < y(2) < falr(t,2)(2)) ae. on 2}
= {(t,y) eT x H: /Cfl(T(t,x)(z))dz < /Cy(z) < /Cfg(T(t,x)(z))dz,

CeB(Z)}.

Here by B(Z) we denote the Borel o-field of Z. Recall that B(Z) is countably
generated. So there exists a countable field {C), },>1 such that B(Z) = o({Cp}n>1).
Hence we can write

GrF(z) =) {(t,y) eTxH:

n>1

[ actaeas< [ soas [ prnaes)

But fi(-) is lower semicontinuous and fa(-) is upper semicontinuous, hence mea-
surable (see for example Rauch [34] or Chang [7]). Then by lemma 11 and Fubini’s
theorem, it follows that t — [ fi(7(t,2)(2))dz t — [ fa(7(t,2)(2))dz, n > 1,
are measurable. Thus

GrF(,z) =) {(t,y) €T xH:

/ /C it 2)(2))dz < /Cn y(2)dz < /Cn fz(T(t,x)(Z))dZ}
€ L x B(H).

where we recall that £ denotes the Lebesque o-field of T and B(H) the Borel o-field
of H. Moreover, from Papageorgiou [30], we know that

h*(ﬁ(t,x),ﬁ(t,y)):/h*(F(T(t,w)(Z)),F(T(t’y)(Z)))d2~

Z
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But F(+) is h*-usc (since f1(-) is lower semicontinuous, fo(:) is upper semicontin-
uous and F(r) = [fi(r), fa(r)] for all r € R; see Klein-Thompson [23]). Therefore,
via Fatou’s Lemma we check at once for every t € T, ﬁ(t, -) is h*-usc. In addition,
because of hypotheses H(f)2, we have

|F(t,2)| = sup{|v|: v € F(t,z)} < Balt) + c2(t)|z| ae.onT

with Fa(t) = [|B2(t, )| L2(2) and ¢z € L*(T) as in H(f)a. Set

~

Fi(t,z) = F(t,z) — B(t, ).

Evidently by virtue of Lemma 12, we see that Fy (t,x) satisfies the same measur-
ability, continuity and growth properties as F'(t, z).
Let A: T x X* be defined by

N
(At z),5) = / S ai(t, 2, D) Dyy(2) de

Z p=1

for all y € X. We know from the proof of Theorem 9, that ¢ — A(¢, x) is measurable,
x — A(t,z) is demicontinuous, monotone, ||A(t,z)|. < a(t) + ¢||z||?~* a.e. on T
with @ € LY(T), ¢ > 0 and (A(t,z)) > col|z||P~* for some ¢y > 0. Then consider the

following evolution inclusion:

(41) i(t) + A(t,z(t)) € Fy(t,z(t)) ae. onT
x(0) = .

By standard a priori estimation, we may assume without any loss of generality
that |Fy (t,x)| < 6(t) a.e. on T with 6 € L2(T) (see Papageorgiou-Shahzad [32]).

Now let ﬁln: TxH — Ps.(H),n > 1, be a sequence of multifunctions postulated
by Lemma 10. For every n > 1, consider the following Cauchy problem

(42) i(t) + A(t, z(t)) € Fin(t, 2(t)) ae.onT
z(0) = .

Let S(zo) and S, (zo) be the solution sets of (41) and (42) respectively. They
are subsets of W,,(T) C C(T, H) and by virtue of Proposition 4, they are compact
sets in C(T, H) (see also Papageorgiou-Shahzad [32]). We will show that for every
n > 1, Sp(xg) is contractible. Let u,(,z) be the Caratheodory (in fact locally
Lipschitz in z) selector of Fy,(t,z), postulated by Lemma 10. For every r € [0,b)

and z € Sy (z0), let w(t, z)(-) € Wyq(T) be the unique solution of i (t) + A(t, w(t)) =
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Up, ( w(t )/)\ a.e. on [r, b], w(r) = xz(r). For r = b, we set w(b, z)(b) = x(b). Define
h: T x Sp(x0) — Sp(w0) by

Evidently h,(0,z) = w(0,z) and hy,(b,z) = z for every = € S, (z0). It remains
to show that h(-,-) is continuous in C(T, H). To this end let [ry,2m] — [r,z] in
T x S, (z0) C T x C(T, H). We consider two distinct cases:

Case I: 1, > r for every m > 1.

Let vy (t) = hy(rm, @m)(t), t € T. Evidently v, € S, (z0) for all m > 1 and so
by passing to a subsequence if necessary, we may assume that v,, — v in C(T, H)
as m — oo. Clearly v(t) = z(t) for 0 < ¢t < r. Also let y € Wy, (T') be the unique
solution of §(t) + A(t,y(t)) = un(t,v(t)) a.e. on [r,b], y(r) = v(r). Let N > 1. Then
for m > N large enough, v,,(-) satisfies 0., (t) + A(t, vm(t)) = un(t,vm(t)) a.e. on
[rn, b]. Because A(t,-) is monotone, we have

() = 0m (), y(t) = vm () < (unlt, v(t)) = un(t, vm(t)), y(t) — vm(t))
a.e on [ry,b]

= 5 y(t) = vm (O < Jun(t, v(t) = wn(t, vm ()] - [y(£) — v (D)]
a.e on [ry,b]

= %\y(t) —vm(®P < Sly(rn) = vm(ry)?

+/ [tn(s,0(s)) = un(s, vm(s))] - [y(s) — vm(s)| ds.

TN

| =

Invoking Lemma A.5, p. 157 of Brezis [5], we obtain
t
[y(t) = om (D) < y(rn) = vm(ry)] +/ [tn(s, v(s)) = un(s, vm(s))| ds.
TN

Passing to the limit as m — oo, we obtain
ly(t) —v(®)] < [y(ry) —o(ry)| for ry <t <b.

Since y(ry) — z(r) and v(ry) — v(r) = z(r) in H as N — oo, in the limit we
have
ly(t) —=(t)] =0

for r < t < b. Hence v(t) + A(t,v(t)) = un(t,v(t)) a.e. on [r,b], v(r) = z(r) and so
v = h(r,z). Therefore h(rm,xm) — h(r,z) in C(T, H)
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Case II: r,,, < r for every m > 1.

Keeping the notation introduced in the analysis of Case I, we have that v(t) = z(t)
for 0 <t < r. Also via the same argument as in Case I, we have

ly(t) — om ()] < [y(r) — vm(r)] +/ [un(s;0(5)) = un(s, vm(s))| ds
for ¢ € [r,b]
= ly(t) — o) < [y(r) —o(r)| for t € [r,0]

But y(r) = z(r) = v(r). So y(t) = v(t) for t € [r,b]. Hence v = h(r,z), which
implies that h(r,, 2m) — h(r, ) asm — oo in C(T, H). Therefore S,,(x0) is compact
and contractible in C(T, H).

In general we can always find a subsequence {r,,}m>1 satisfying Case I or Case
II. Thus we have established the continuity of h,(-,-), n > 1. So for every n > 1, the
solution set S, (z9) C C(T, H) is compact and contractible.

Next we claim that S(zo) = Sn(zo). Clearly S(z¢) € () Sn(wo). Let x €
n>=1 n>1

N Sn(xo). Then & = p(fn, o) for some f, € L3(T, H) such that f,(t) € Fi(t,z(t))
n>1

a.e. on T. But {f,},>1 is bounded in L*(T, H), so by passing to a subsequence if
necessary, we may assume that f, — f in L?(T,H). Then f(t) € F(t,z(t)) (see

Papageorgiou [28], Theorem 4.5). Also by Proposition 4 = = p(f,z¢). So S(zg) =

N S.(z0). Now the theorem of Hyman [21] implies that S(zo) is compact Rj-set in
n>1

C(T, H). Moreover, from the proof of Theorem 8, we know that §(a:0) CK=1[,q
So S(xg) = S(xg). Therefore, S(xg) is a compact Rs-set in C(T', H). O

An immediate consequence of this theorem is the following Kneser-type result for
problem (40).

Corollary 14. If hypotheses H(a)1, H3 and H(f)2 hold, then for every t € T,
{z(t,) € H: x € S(x0)} is nonempty, compact and connected (i.e. a continuum) in
H = L*(2).

Remark. Analogous structural results for the solution set of differential inclu-
sions in RY, were established by DeBlasi-Myjak [10] and Hu-Papageorgiou [20]. In
addition, Corollary 14 above extends the results of Ballotti [4] and Kikuchi [22], who
consider semilinear parabolic problems with a continuous perturbation term.

Another consequence of Theorem 13, is the following corollary:

Corollary 15. If hypotheses H(a)1, H3, H(f)2 hold and there is a compact, con-
vex set C' C [(0,-),¢(0,-)] € L%*(Z) such that S(zo)(b) = {z(b,-) € L}(Z): z €
S(zo)} C C, then problem (40) has a periodic solution.
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Proof. Let R: C — Py(K) be defined by R(yo) = e5(S(y0)). Recalling that a
compact Rs-set is acyclic, we see that R(-) is pseudo-acyclic in the sense of Lasry-
Robert [26] and so Theorem 8 of [26], gives a yo € R(yo). Let € S(yo). Then

z(0

1]

2]
3]

;) =x(b,+) = yo(+), i.e. = is the desired periodic solution. O
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