Czechoslovak Mathematical Journal

Tibor Salat
On uniform distribution of sequences (a,,z)5°
Czechoslovak Mathematical Journal, Vol. 50 (2000), No. 2, 331-340

Persistent URL: http://dml.cz/dmlcz/127572

Terms of use:

© Institute of Mathematics AS CR, 2000

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127572
http://dml.cz

Czechoslovak Mathematical Journal, 50 (125) (2000), 331-340

ON UNIFORM DISTRIBUTION OF SEQUENCES (a,x)%°

TIBOR SALAT, Bratislava

(Received July 13, 1997)

Keywords: uniform distribution, Baire category, Lebesgue measure, dyadic number of
set, continued fraction

MSC 2000: 11K06, 11B57

INTRODUCTION

There are two possible approaches to the study of uniform distribution (mod 1)
of sequences

(1) (an2)7

where a,, € R (n =1,2,...) and € R. The first such approach is the study of (1)
with a fixed sequence (a,,)$°, « running over real numbers, the second is the study of
(1) with a fixed € R and (a,,)$° running over a class of sequences of real numbers.
The second approach leads to the concept od a-good sequences (cf. [1]).

In the first part of the paper we will apply the first and in the second part the
second approach to the investigation of sequences (1).

The work on this paper was supported by grant No. 5123 of Slovak Academy of Sciences.
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1. UNIFORM DISTRIBUTION (mod 1) OF SEQUENCES (a,2)7°® WITH FIXED (a,)$°

In this part we restrict ourselves to the study of (1) with a fixed sequence (a,,)3°
of real numbers. Denote by H (a1, az,...) the set of all z € R for which the sequence
(1) is uniformly distributed (mod 1) (shortly: u.d. mod 1). It is wellknown that if
an €N (n=1,2,...), a; # a; for i # j, then the set H(a1,as,...) has full measure
(i.e. the set R\ H(a1,az,...) is a null set—cf. [2], [4] pp. 32-33). This results evokes
the question what is the Baire category of the set H (a1, az, ...). We will show that the
“topological magnitude” of H (a1, az,...) depends on the sequence (a,)$°. Indeed, if
we choose a,, = n or more generally a,, =a +nd (n=1,2,...), d > 1, a, d integers,
then by Weyl’s criterion (cf. [4] pp. 7-8) the sequence (a,z)$° is u.d. mod 1 for each
irrational x. Hence H(a1,az,...) contains in this case all irrational numbers and so
it is a residual set. In what follows we will give a class of sequences (a,,)$° of positive
integers such that H(a1,as,...) is a set of the first category.

Theorem 1.1. Let (q;)3° be a sequence of positive integers greater than 1. Put
an=qq2-..qn (n=1,2,...).

Then H (a1, as,...) is a set of the first Baire category in R.

Proof. Forz € R we put

Then by Weyl’s criterion we have
H(al, ag, .. ) g Ho(al, ag, .. .),

where Hy(aq,a2,...) = {x € R: lim S(m,z) = 0}. Denote by C(a1,as,...) the
set of all z € R for which there exists lim S(m,z) = S(z). Then evidently
m—00

(2) H(ai,as,...) C Ho(ay,ae,...) € C(ay,as,...).

Each of these sets has the full measure. By (2) it suffices to prove that C' =
C(ai,az,...) is a set of the first category in R. We prove it in the following.

Obviously each of the functions S(m,z) (m = 1,2,...) is continuous on C
(i.e. the restrictions S(m,z)|C are continuous on C)). Hence the function S(z) =
lim S(m,x) defined on C is in the first Baire class on C. But then the set of all

m— 00
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discontinuity points of S is a set of the first category in C' (cf. [8] p. 185), and so it
is a set of the first category in R, as well.

To complete the proof it suffices to show that the function S is discontinuous at
every x € C. For this it suffices to show that each of the sets

My={zeC: S(x)=0}, My ={zeC: S(x)=1}

is dense in C.
The density of My follows from the fact that My C C' and Mj has the full measure.
We prove that M; is dense in C. It is wellknown that every z € R has the Cantor

series expansion

1@ q2

oo
¢
x—co—f—g —co—i—g -
- a;

Jj=1

where ¢; are integers, 0 < ¢; < ¢j, a; = qiq2...¢q; (1 =1,2,...).
Denote by Ay the set of all z € R of the form

k

— G

(3) x—co—l—zaj,
Jj=1

where k € N, ¢y is an integer and 0 < ¢; < ¢; (j =1,2,...,k). If © € Ay, then a,z
is an integer for n > k. Thus for m > k we have

1k
:EZ

n=1

SIH

i m—k
Z +——>1 if m — oo.
n=k+ m

Put A = G Ag. Then A C M; C C and A is obviously dense in C. The density
of My in C ]t?o:ﬁows. This completes the proof. O

We give the following simple observation.

Proposition 1.1. Let (a;)° be an arbitrary sequence of real numbers. Then
H(ay,as,...) is an F,s-set in R.

Proof. Using Weyl’s criterion we can easily check that

o

H(ay,az,..)= (V) U ) A(n. 1, k),

h#0 k=1 m=1n=m
where
1
<=5
k

A(n, h, k) = {x € R:

n
l E eZnihajz
n

Jj=1

333



n .
Since 1 3" e¥Mhei® (n =1,2,...) are continuous functions, we see that A(n,h, k)

j=1
is a closed set (if n, h, k are fixed) and so H (a1, as,...) is an F,s-set in R. O

Remark 1.1. a) If (a,){° is a sequence of distinct integers then by [2] and
Proposition 1.1 the set H(a1,aq,...) is an Fy5-set of the full measure.

b) For some particular choices of (a,)$° the set H(a,as,...) can belong to lower
Borel classes. For instance if a, = a € R, (n = 1,2,...), then the set H(a1,as,...) is
empty while it coincides with the set @ = R\ Q of all irrational numbers if a,, = n
(n=1,2,...).

2. UNIFORM DISTRIBUTION (mod 1) OF SEQUENCES (a,);° WITH FIXED &

Let a be an irrational number. A sequence a; < as < ... of positive integers is said
to be a-good provided the sequence (a,a)$° is uniformly distributed (mod 1) (cf. [1]).
The sequence 1 <2 < ... <n < ...and the sequence p; < ps <...<p, <...ofall
prime numbers are a-good for each irrational a (cd. [1], [4] p. 22).

For o € @ (@ = R\ Q) denote by D(«) the set of all a-good sequences. Note
that every infinite sequence a1 < as < ... < a, < ... of positive integers belongs to
D(«) for almost all &« € @ (cf. [4] p. 32, Theorem 4.1).

We will investigate the properties of the classes D(«a) for o € @/. We will show
that these classes have several common properties (for all o € @/ ).

It seems to be interesting to deal with the question about magnitude of classes
D(a) (v € @ ). This “magnitude” will be studied from the point of view of dyadic
numbers of sets A C N.

Denote by U the class of all infinite sets
A={a1<as<...<a,<...} CN.

In what follows we identify the set A with the sequence a1 < as < ... < an, < ...
Put

o(A) =Y 27" € (0,1]
k=1

for each A C U. Then p is a one-to-one mapping of U onto (0, 1]. If S is a class of
infinite subsets of N, then we put o(S) = {0(A4): A € S}. The set o(S) “measures”
the magnitude of the class S (cf. [5] p. 17).

We will investigate metric and topological properties of the sets o(D(«)).
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Recall that a measurable set M C (0, 1] is called homogeneous if there is a real
number d € [0, 1] such that for every interval I C (0, 1] we have

AINM)

D) d,

A being the Lebesgue measure (cf. [9], [10]).

Theorem 2.1. For each o € (U the set o(D(«)) is a homogeneous Fys-set in
(0,1].

Proof. According to Weyl’s criterion a sequence a; < as < ... of positive
integers belongs to D(«) if and only if

1 &
Vhe Z h#0): lim — Zrihana — (),
(VheZ,h#0): lim —3 e

n=1

This condition is equivalent to the condition

(4) (VI| > 1)(¥k > 1)(Fv € N)(vm ’m Z scihaan

From (4) we get

where
| A 1
6 h, k) =) 27% € (0,1]: |— Irihaan| < 2 4
© M = {o= Z ]mg .
Construct the functions
1 m
Frnle) = 30 (=125 b€ Zh#0),

where x = Z 27% € (0,1]. These functions are defined for each z € (0,1]. We will
j=
verify that thelr restrictions to @ N (0,1] are continuous on @ N (0, 1].

Let 29 € @ N(0,1], o = Z 27% (by < by < ...) be the dyadic expansion of zg.
j=1
Fix the number m. Notice that the set of all numbers of the form z = > 27%,

Jj=1
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a; =b; (j =1,2,...,m) fils up an interval I,,, containing x¢, the left-hand endpoint

m
of which is the rational number 3" 27% and the right-hand endpoint is

Jj=1
m (%) m
227& + Z 9277 — ZQ*bj + 27bm.
j=1 j=bm+1 j=1

Obviously the function f,, ;, ’@’ N (0, 1] is constant on I,,, and so it is continuous at zg.

From the continuity of functions fm,h|@’ N (0,1] the closedness of the sets
M(m,h,k) in @ N (0,1] follows (see (6)). But then by (5) the set O N o(D(«)) is
an Fys-set in (0,1]. Notice that

o(D(a)) = [@ No(D(@)] U [@N o(D(e))],

the second “summand” on the right-hand side being countable. From this we see
that o(D(e)) is an Fys-set in (0, 1].

The homogeneity of the set o(D(«)) can be proved by using a result form [7]
(cf. [7], Lemma 1, pp. 255-256). We will use the following special case of Lemma 1
from [7]:

(T) Let B C (0,1] be a measurable set. Suppose that for each n = 1,2,... and
k. k' €{0,1,...,2" — 1} we have

AB iy = \(B i),

where
i)

v v+1 "
<2—n, on :|, ’UE{O,].,...,2 *1}

Then B is a homogeneous set in (0, 1].

If now a1 < az <...<ap <...is an a-good sequence and a sequence d; < dg <

. < ...differs from a; < as < ... < ay, < ...onlyin a finite number of terms, then
evidently also d; < ds < ... < ...1is an a-good sequence. Hence the assumptions in
(T) are satisfied and so by (T) the set o(D(«)) is homogeneous in (0, 1].

It is wellknown that the Lebesgue measure of a homogeneous set A C (0,1]is 0 or 1
(cf. [9], [10]). Hence by Theorem 2.1 we have A(o(D(«))) =0 or A(o(D(«))) =1 for
each o € (. We will show that this measure is equal to 1 for each o € Q. O

Theorem 2.2. For each o € @ we have A\(p(D(«))) = 1.

Proof. Let a € Q. Then the sequence (na)?2, is u.d. mod 1 (cf. [4] pp. 7-8).
By a theorem of Peterson (cf. [6]), if (v,)$° is a u.d. mod 1 sequence then for almost all
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oo

r= ) 27% € (0,1] the sequence (v,,)32; (subsequence of (v,)7° ) is u.d. mod 1 as

j=1
o0

well. Hence for almost all z = 3 27% € (0,1] the sequence (a;a)52, is u.d. mod 1.
j=1

But this means that almost all € (0, 1] belong to the set o(D(c)) . O

We now will investigate the magnitude of sets o(D(«)) from the topological point
of view. We prove the following universal theorem.

Theorem 2.3. For every o € QU the set o(D(«)) is a dense F,s-set of the first
Baire category in (0, 1].

Proof. Let a € @. By Theorem 2.1 the set o(D(«)) is an Fs-set in (0, 1].

Further, the set D(«) is non-empty (and such is also the set o(D(«)) since the
sequence 1 < 2 < ... <n... belongs to D(a). The density of o(D(«)) follows from
the above mentioned fact that together with 1 < 2 < ... < n... the class D(«)
contains every sequence a1 < a2 < ... < a, < ... which differs from 1 <2 < ... <
n...only in a finite number of terms.

We prove that o(D(«)) is a set of the first Baire category. For ¢t = p(A), A = a1 <
az < ...<ap <...weput

m :

Denote by M the set of all t € (0,1] (¢t = 0(A4), A = a1 < az < ...) for which there
exists lim g,,(t) = g(t). By Weyl’s criterion we get

(7) o(D(a)) € M.

It is easy to verify that the functions gm|@ N (0,1] are continuous on Q' N (0, 1]
(and so they are continuous on M NQ@ C @ N (0,1] as well). This can be proved in
an analogous way as the continuity of the functions fm,h|@’ N (0,1] in the proof of
Theorem 2.1. Thus the function g|M N is in the first Baire class on M NQY. This
implies that the set of discontinuity points of g’M N is a set of the first category
in MNQ (cf. [8] p. 185).

We will show that the function g is discontinuous at every point of M N Q. To
show this it suffices to prove that each of the sets

My={zeMnQ: g(x)=0},Mi={zeMnQ: g(x) =1}
is dense in M N Q.
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In the first place we prove the density of My in MNQ'. Ifp; <ps < ... <pp <...
o0

is the sequence of all primes then xo = > 27P* belongs to My (cf. [1], [4] p. 22).
k=1
Together with zo each o(A) belongs to My, where A is an infinite set of positive

integers which differs from {p; < p2 < ... < p, < ...} only in a finite number of
elements. From this the density of My in M N QY follows.

For the proof of density of M; it suffices to construct a sequence Ay = a1 < az <

. < ap < ...such that yo = p(Ap) is an irrational number with g(yo) = 1. Such a
sequence can be obtained by the following procedure:

Take into account the continued fraction of a. It is wellknown that if % (n =
1,2,...) are convergents of this continued fraction, then

1
lgna —pn| < — (n=1,2,...)
qn

(cf. [3] p. 27). Further, if n is even then 22 < a (cf. 3] p. 22). But then for such
even n we have 0 < g0 — pp, < i, thus {g,a} = grna — [gna] = gna — pn, < qin. So
we get

Un
{gha}=—, 0<¥, <L
an

Choose a set No = {k1 < ko2 < ... <k, <...} of even numbers such that

(8) lim (qkn+1 - qkn) = +00

n—oo

and put ¢, = ¢ 1,2,...). Then yo = > 2-% belongs to @ since the
n€Nsy

condition (8) guarantees that the dyadic expansion of yg is not periodic. Further,

(n

kn

9/
eriod, — o2mi(laq ] +{aq,}) — 2mi{aqn} — o* (0<¥, <1, ne Ns).

For all sufficiently large n's (e.g. for n > ng) we have

2],

/
n

0<

L
5
So we get
no m
L3 > e o
n: n=ng
1 & 1 <« om0’
+<— Z ZE Z sin n/").

" n=ng+1 n
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Note that

21, 219,
sin ——| < —".
an an
Since ¢}, — 0o (n — 00), we have
1 210, 1 o= 21
’_ Z sin — = <—Z—/H0
m n=ng+1 In m n=1 In

(for m — oo) (Cesaro means).

Further, by the inequality

22
cosz >1— 5 (x €(0,1))

we get (for n > ng)

on’ 1 /29 \?2 o2
cos K,">1—§<K”> >1—L.

n

Therefore we have

1 «— ond, 1 & 2m?
- - 1-— 2=
o Z cos > m Z

n=ng+1

/ /2
qn n=ng+1 an
m m q.2
n=nog+1 n=ng+1 1N

The second summand on the right-hand side has the limit 0 if m — oo while the
first tends to 1. Hence lim g.,(yo) = 1.
m—00

So we have proved that g is a function in the first Baire class on M N @', discon-
tinuous at every point of M N Q. Therefore M N is a set of the first category in
MNQ (cf. [8] p. 185) and so of the first category in (0, 1] as well. Since M NQ is a
countable set, we see that M = (M NQ) U (M NQ') is a set of the first category in
(0,1]. On account of (7) we get that o(D(«)) is a set of the first category in (0, 1].
This completes the proof. O
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