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Abstract. The paper describes the general form of functional-differential equations of the
first order with m(m > 1) delays which allows nontrivial global transformations consisting
of a change of the independent variable and of a nonvanishing factor. A functional equation

fltuwo,uvg, .. umom) = f(z,v,v01, .. om) gtz u, g, . um)uth(t T, u, g, . um)

for u # 0 is solved on R and a method of proof by J. Aczél is applied.
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1. INTRODUCTION

The theory of global transformations converting any homogeneous linear differen-
tial equation of the n-th order into another equation of the same kind and order on
the whole interval of their definition, was developed in the monograph of F. Neuman
[8] (see historical remarks, definitions, results and some applications). The most
general form of global pointwise transformations for homogeneous linear differential
equations of the n-th order (n > 2) is
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where ¢ is a bijection of an interval J onto an interval I (J C R, I C R) and L(t)
is a nonvanishing function on J, i.e. this global transformation consists of a change
of the independent variable and of a nonvanishing factor L. The form of the most
general pointwise transformation of homogeneous linear differential equations with
deviating arguments was derived in [3, 9, 10, 11]. This form coincides for an arbitrary
order with the form considered for linear differential equations of the n-th (n > 2)
order without deviation.

In this paper we derive, similarly to Aczél [1], the general form of differential
equations of the first order with deviating arguments

y'(@) = fl2,y(@),y(& @), y(Em(@)))

which allows the transformation z(t) = L(t)y(¢(t)).

2. NOTATION, BASIC DEFINITIONS

Consider two functional-differential equations with m(m > 1) deviating arguments

(1) y'(x) = f(@,y(@),y(6 @), - y(Em(@)))

(2) Z/(t) ="t z(t),2(m @), -, 2(nm(t)))
defined on I and J respectively.

Definition. We say that (1) is globally transformable into (2) if there exist two
functions ¢, L such that

— the function L is of the class C*(J) and is nonvanishing on J;

— the function ¢ is a C! diffeomorphism of the interval J onto I,

and the function

3) 2(t) = L()y(#(1))

is a solution of (2) whenever y(z) is a solution of (1).

We say that (3) is a stationary transformation if it globally transforms the equa-
tion (1) into itself on I, i.e. if L € CY(I), L(x) # 0 on I, is a C! diffeomorphism of
I onto I = ¢(I) and the function z(z) = L(x)y(p(z)) is a solution of

Z(x) = f(z,2(2), 2(6(2)), - -, 2(€m(2)))
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whenever y is a solution of

V(@) = [z, y(@),y(6 (@), y(Em (@) z € 1.

Hence, if (3) is a stationary transformation of the equation (1) with a solution y(z),
then L(z)y(p(x)) is also a solution of the same differential equation.
If (1) is globally transformable into (2), then (see [3, 5, 7, 9, 10, 11])

(4) &i(e(t)) = ¢(n;(t))

is satisfied on J for deviations &;, n;; j = 1,2,...,m, and we say that (1), (2) are
equivalent equations.

Observation 1. Every homogeneous linear functional-differential equation of the
first order is a particular case of the equation (1). Consider two functional-differential

equations
(a) ¥'(x) = flz,y(@),y((2));- - y(Em(2))) = po(z)y(z) + J;pj(w)y(fj(w))y
rel,

(b) 2'(t) = f(t,2(), 2(m (1)), - -, 2(0m () = qo(t)(t) + ;Zj?l g5 ()z(n;(1)), t € J.

If (a) is globally transformable into (b), then the functions ¢, L satisfy L'(t) =

(po(p(2))¢' (t) — qo(t))L(t) and p;(p(t))e’(t) = q;()L(n;(t))/L(t), j = 1,2,...,m,
on J. Thus ¢’ is a function depending on ¢, L, L(m1), ..., L(nm), i.e.

@/(t) = g(t> @(t)’ L(t)’ L(nl(t))v EER) L(nm(t)»

and
L'(t) = ha(t, o(t), ¢'(t), L(t))
= ha(t,o(t), g(t, (), L(t), L(n(t)), - .., L(nm(t))), L(2))
= h(tv W(t% (t)>L(771(t))v 7L(77m(t))>
on J.

Assumption. For transformations of homogeneous functional-differential equa-
tions of the first order we assume that there exist two differential equations such
that

on J.
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3. TRANSFORMATIONS

Lemma 1. The transformation (3) is a stationary transformation of the equa-
tion (1) if and only if £;((t)) = ¢(&;(t)) on I = ¢(I) and the real functions f, g, h
satisfy a functional equation in several variables

(5) fltuv,urvr, . U Um) = f(z, 0,01, 0m)g(t T, u ug, . U U
+h(t,x, u,ug, .oy Uy )V
fort, x, u, w1, ..., Um, U, V1,...,0m ER, u£0;j=1,2,...,m.

Proof. There exists a global stationary transformation of the equation (1) if and
only if (1) is globally transformable into the equation 2'(t) = f(¢, z(¢), z(&1(t)), . . .,
z2(Em(t))), t € I = ¢(I), by means of (3) and &;(¢(t)) = ¢(&(t), j =1,2,...,m,
t € I. According to the definition of a global transformation,

1=1,2,....m;t e J.
We denote z; = z(§;), x = ¢, uj = L(§;), v
j=1,2,...,m. Then 2’ = L'y(p) + Ly(¢)¢" (-

y(e)s v = y(&(@)) = y(@(&))),
d/dyp) implies that

2t = ft 2,21,y 2m) = fEuv, v, . oy U U
= f(x,vavla cee avm)g(t,x,uaul,- .. ,um)u + h(taxaU,ula cee ,’LLm)'U
and we obtain the functional equation (5). O

Theorem 1. The general continuous solution of the functional equation (5) is of
the form

f(t,’l),’l)1, . -avm) = a(t)b(v

)o(v1, -y Um) + q(t)v,
g(t,zu,ur, ..y uy) = a(t)b(u)d

Uty .oy Um)/(a(z)u),

h(t, zyu,ugy .y tum) = ulg(t) — q(a)g(t, z,u,ug, . ooy )],

>
—_~

where a, q are arbitrary functions on J C R (a(z) # 0) and functions b, 0 are
continuous solutions of Cauchy’s power equations

b(uv) = b(u)b(v)
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and
O(urv1y oy U Um) = 0(Ut,y ooy U )O(V1, o, Uy)

respectively.

Proof. We have the functional equation (5), i.e.

flt uv,urvr, . U Um) = fla, 0,01, Um) gt Ty Uy U, ey U U
+ h(t,x,u,ur, ..y UV
on the domain as above, moreover let u # 0. Choosing u; = 1(: = 1,2,...,m) and

x =1 we have
(6) fltuv o1, .00 0m) = F(Lv,01, .0, o) gt w)u + h(t, u)v

where §(t,u) = g(t,1,u,1,...,1), h(t,u) = h(t,1,u,1,...,1). Then (6) and v =
give

(7) f(t,uavla s ,Um) = 5*(’121, o -avm)g(t,u)u + E(t,u)a
0 (v1y. .. yom) = f(1,1,01,...,0m). If we combine (7) with (6) we get

8 (U1, -+, V)G (t, uv)uwv 4 h(t, uv)
= [6%(v1, -+ )G (1, v)0 + R(1,0)]G(t, wu + h(t, w)o,

and

(8) 9t w) = g(1,v)4(t, u),

9) h(t, uv) = h(1,0)g(t, u)u + h(t, u)
are satisfied because §*(vy, ..., v,,) is independent of v.

First we solve the functional equation (8). For v = 1 we have

(10) G(t,v) = a(t)b(v)
where (JL(~ ) = §(t,1) and b(v) = §(1,v). Equations (8) and (10) imply that a(t)b(uv) =
a(t)b(u)b(v) and we obtain Cauchy’s power equation

(11) b(uv) = b(u)b(v).
Then the second functional equation (9) is of the form
(12) h(t,uv) = a(t)b(u)ud(v) + h(t,u)v,
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where d(v) = h(1,v) and the function b satisfies (11). Choosing u = 1 we obtain

(13) h(t,v) = a(t)b(1)d(v) + ¢(t)v,

c(t) = h(t,1). Substituting (13) into (12) we have
(14) b(1)d(uv) = b(u)ud(v) + b(1)d(u)v.

Hence b(1)d(uv) = b(1)d(vu) implies d(v)(b(u) — b(1))u = d(u)(b(v) — b(1))v and
(15) d(v) = ¢(b(v) —b(1))v

(¢ € R is an arbitrary constant) for a nonconstant solution of the equation (11).
Thus, in view of (7), (10), (13) and (15), we have

(16) flt,v,01,. .0 0m) = a(t)b(v)d (v, ..., vm) + q(t)v,

where §(v1,...,Um) = 0*(v1, ..., 0m)+cb(1), q(t) = ¢(t)—ca(t)b(1)? and b(v) = b(v)v
(16

satisfies Cauchy’s power equation (11). According to (5) and (16) we have

a(t)b(uv)d(uiv1, . . ., UmUm) + q(t)uv
= h(t,z,u,u1,. .., um)v + [a(z)b(V)d(v1, ..., vm) + q(z)v]g(t, z, u, u1, ..., Um)u

and for the function §(v1,...,v,,) we have two conditions
a) q(t)uv = q(z)g(t, ,u,u1, ..., Um)uv + h(t, 2, u, 1, ..., um)v, ie.
(17) h(t,z, u,u1, ..., um) = [q(t) — q(x)g(t, z,u,u1, ..., um)|u
and
b) a(t)b(uv)d(uivy, ..., Umvm) = a(z)b(v)d(v1, ..., 0m)g(t, T, u w1, . .., Uy )y, ie.
(18) g(t, zyu,ur, .. um)u = a(t)b(u)d(u, ..., um)/(a(z)K)

using v; =1 (i =1,2,...,m), b(uwv) = b(u)b(v), K =46(1,...,1).
Now we substitute the functions f, g, h [i.e. (16), (17) and (18)] into (5). Then

(19) Ko(uivg, ooy umOm) = 0(u1, .oy U )0(V1, ..oy Om).

Without loss of generality, we may take K = 1 because 6 = 8 /K is a solution of
5(u1v1, e U Upy) = S(ul, o um)g(vl, ey Um)

whenever 0 is a solution of (19).
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Summarizing (16), (17) and (18) we conclude that for a nonconstant function b

ftv,01,0 0 0m) = a(®)b(v)d(v1, . .., vm) + q(t)v,
g(t,z, u uy, .. Uuy) = a (

h(t, zyuyug, .y um) = [q(t) — q(x)g(t, zyu,ugy ...y um)]u,

where a, ¢ are arbitrary continuous functions (a(z) # 0) and the function b(u)
is a continuous solution of Cauchy’s power equation b(uv) = b(u)b(v) and 0 is a
continuous solution of Cauchy’s power equation

O(urv1y oy U Um) = 0(Ut, -« oy U )O(V1, o, U)

in several variables.

We have b(v) = b(1) = 1 in the case that b(v) is a nonzero constant solution of (11).
From (10), (13) and (14) one gets j(t,v) = a(t), h(t,v) = a(t)d(v) 4 c(t)v, where the
function d(v) satisfies a functional equation of derivations d(uv) = ud(v)+d(u)v (see
Aczél [2], p. 23). Repeating the above arguments we get

flt,v,01,. .0 0m) = a®)vd(v, ..., vm) + a(t)d(v) + c(t)v,
g(t,z u,ur, . um) = a(t)o(ug, ..., um)/a(x),
h(t,z,u,ut, ..., um) = [at) — a(x)g(t, z,u,u1, ..., up)]ud(v)/v
+ [e(t) — c(@)g(t, , u, un, .. um)u + a(t)d(w),
where §(v1,...,0m) = 0*(v1,...,vy,) satisfies Cauchy’s power equation in several

variables. We also have d(v) = kv (k € R) because the function h is independent
of v. By virtue of the functional equation of derivations we obtain k = 0, i.e. d(v) = 0
and (15) is satisfied with ¢ = 0. In this case §(v1, ..., Vm) = 0*(v1,. .., Um), ¢(t) = c(t)
and b(v) = b(v)v = v in accordance with (16) and the assertion of Theorem 1 holds
in all cases. g

Observation 2. For every k > 1, let f;, gi, hy (1 = 1,2,...,k) be different
continuous solutions of the functional equation (5), i.e.

filt,uv, ugvr, .o U Um) = fi(@, 0,01, .« o, U )gi(E T, ur,y .o U U

+ hi(taxaU,ula s ,’LLm)'U
for i € {1,2,...,k}. Then there exist functions

(20) f:F(flafZa"',fk:), g:G(gl,gZ,"'agk)a h:H(hlahZ,"'ahk)
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satisfying the functional equation (5) if and only if the identities

F(fi(t,uv,uiv1, ..., UmUm)y -« [r(t, w0, u101, . . ., U Um))
= F(figiu+ hiv,. .., fegru + hio)
= F(flvaa .. 'afk)G(glvg27' . 'agk)u+ H(hlahQa .. .,hk)’l}

hOIda where fZ = fi(l',v,vl,“-avm)a g9i = gi(t,x,u,ul,...,um) and hl == hi(t’x’ua
Uty e ooy Um), ©=1,2,.. k.

Theorem 2. For k > 1, let f;, gi, h; (i = 1,2,...,k) be different continuous
solutions of the functional equation (5). Then the general continuous solution of the
functional equation
(21)

F(figiu+ hiv, ..., frgru + hgv) = F(f1, ..., fx)G(o1, - gx)u+ H(h1, ... hi)v

defined on R is of the form
k
F(fhf?a"'vfk) = Zcifia
i=1

k
H(hlah23-~-,hk) = ZCihh

i=1
G(917927~-~a9k) =01 =92 = ... = Gk,

where ¢; € R (i =1,2,...,k) are arbitrary constants.

Proof. We consider an arbitrary fixed k& (k > 1). Choosing v = 0 in (21) one
gets

(22) F(figru, ..., frgru) = F(f1, ... fr)G(g1, .- -, gr)u

and substituting (22) into (21) we obtain

(23) F(figiu+ hiv, ..., frgru + hgo) = F(figiu, . .., fegru) + H(h, ..., hi)v.
Then h; =0 (i =1,2,...,k) gives

(24) H(0,0,...,0) =0.
Similarly, f; =0 (i = 1,2,...,k) in (21) implies that

(25) F(hyv,...,hgv) = F(0,...,0)G(g1,-.-,9k)u+ H(h1,..., hi)v.
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Substituting h; =0 (1 =1,2,..., k) into (25) we obtain
F(0,...,0)=F(0,...,00G(g1,-..,9k)u+ H(O,...,0)v
and by (24) we have
(26) F(0,0,...,0) =0.
Hence (25) implies that
F(hiv, ..., hgv) = H(hy,..., hg)v

and choosing v = 1 we obtain
(27) F(hy,...,hg) = H(h1, ..., hg).

If we now define u; = fig;u (¢ =1,2,...,k) and put v =1 in (23), then we obtain
Cauchy’s functional equation

(28) F(u1+h1,...,uk+hk):F(ul,...,uk)+F(h1,...,hk)

according to (27). The general continuous solution of (28) is of the form

k
(29) F(uy,...,ug) :Zciui,
i=1

where ¢; € R (i =1,2,...,k) are arbitrary constants (see [2]). Thus, by using (27),

k
(30) H(hl,...,hk) :Zcihi
i=1

From (22) and (29) we have

uzczfzgz = UG gla“'agk Zczfza

=1

ie.
k k
> cifigi =Y cifiGlgr.- ... gr).
=1 =1

We choose successively k-tuples (c{,cé, e ,ci) such that CZ =1 for j = i and
cl =0for j#14;4,5€{1,2,...,k}. So we prove that

(31) G(gl,gZ,"'agk):gl:92:...:gk.

The functions (29), (30), (31) are solutions of the functional equation (21) and the
assertion of Theorem 2 is proved. O
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Remark 1. Cauchy’s power equation is of the form

(32) g(zy) = g(x)g(y),

where g: R* — R, R* = R — {0}. The general solutions in the class of functions
continuous at a point are given by

(33) g(x) =0, g(z)=|z°, g(z)=|z|°signz,

¢ € R being an arbitrary constant (see Aczél [2]). Moreover, g(1) = 1 and g(z) =
g(my) g( )g(y) if y # 0 for a nontrivial solution g. If we consider Cauchy’s power
equation in several variables

(34) F(ziy1, 2y2s - - oy TmYm) = F(x1, 22, .o, 2m) F (Y1, Y2, - -« Ym),
F: (R*)™ — R, then

F(z1y1,T2y2, - - -, TmYm)
=F(x1,1,...,)F(1,zo,...,1)... F(1,1,...,2m)F(y1,Y2, - - -, Ym)

holds and we have

m

(35) F(.Tl,.TQ, N ,.%‘m) = Héz(xz) = (51(.%‘1)(52(.%‘2) . ..(Sm(.’L‘m),

i=1
0i(xz;) = F(1,...,1,24,1,...,1). Moreover, z; = 1 (¢ = 1,2,...,m) implies that
Fy1,y2,---yym) = F(L,1,...,D)F(y1,y2, .-, Ym), thus F(1, ,1) = 1 and we
obtain
(36) 5(1) = F(1,1,...,1) =1

for i € {1,2,...,m}. Using (34) and (35) one gets H 0i(ziy;) = H 0i ()0 (ys)

and choosing z; = y; = 1 for ¢ # j, j being fixed, we get 0j(xjy) = 6 ()05 (),
i,j € {1,2,...,m}, with regard to (36). Consequently, the general solutions of the
equation (34) are of the form (35), where d; (i = 1,2,...,m) are the general solutions
(33) of Cauchy’s power equation.

Theorem 3. If (3) is a stationary transformation of the equation (1) then

m

k
(37) f(t,v,vl,...,vm):z H ij (v5)
i=1

j=1
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holds for arbitrary functions a;,q on the interval J and an arbitrary k (k > 1), and

=1
38 t = !
( ) g( , Ly U, U, 7um) al(x)u
for every i € {1,2,...,k};
(39) h(t, zyuyug, ..y um) = [q(t) — q(x)g(t, zyu,ugy ...y um)]u,

where functions b;, §;; are continuous solutions of Cauchy’s power equations.
Proof. The assertion follows from Lemma 1, Theorem 1 and Theorem 2 with

k
respect to Observation 2 and Remark 1. We have used ¢(t) = > ¢;(¢) in Theorem 3.
i=1

g
Remark 2. In the case k < m we obtain from (37) a linear functional-differential
equation
(40) y'(@) = q@)y(@) + a1 (2)y(&1(2)) + - - + ar(2)y &k (2))

choosing b;(z) = |y(z)|® = 1 for every i € {1,2,...,k}; 0;;(y(&)) = [y(&)° = 1 if
Jj# i and 6;(y(&)) = |y(&)| - signy(&), 4,5 € {1,2,...,k}, according to Observa-
tion 1.

Theorem 4. The transformation of the form z(t) = L(t)y((t)) is the most
general transformation converting any equation

m

(41) v (@) ZZai(w) i ) +q(x)y ()

[
—

defined on I into another equation

(42) Z(t) = Z H +Q(t)=(t)

defined on J. Moreover, (41) is globally transformable into (42) if and only if the
functions L, p satisfy the relations

(43 &0 = (1), T =12..oms o) = .
@ Q0= T8 el 0, Ay = — OO
(L0 {1 6 (L 0))
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on J. Here the functions b;, 0;; (i =1,...,k; j =1,...,m) are continuous solutions
of Cauchy’s power equation.

Proof. We prove that the transformation z(t) = L(t)y(¢(t)) converts any
equation (41) into another equation (42). We have

2(t) = L(t)y(p(t)) = L()y(x), L(t) #0,
z2(n; () = L(n; )y (e(n; (1)) = L(n;(8)y(&; (0 (t)) = L(n;()y(&;(x))

(j=1,2,...,m;i=1,2,...,k), similarly to the proof of Lemma 1. We have the
identities

210) = LE(el) + Lo} () = (20

®
e OLO o) TLosm0)
bi(rie) 11 0

s 3 (L(n;(1))) i=1

Ai(t)bi(=(t)) H 9ij (2(n; (1)) + Q()=(t), (- =d/dy)

" Q(<P(t))¢’(t)) 2(t)

+

s.
i Mw
I

I

=1

and (44) are valid on J. According to Remark 2, every linear differential equation is
a particular case of the equation (41). The most general pointwise transformation
for the linear differential equation (see [3, 10]) is of the form z(t) = L(t)y(x(t)).
This fact implies that (3) is the most general transformation for the equation (41).
Moreover, the transformation (3) converts (41) into (42) if and only if (43) and (44)
hold on J. g

Corollary 1. The transformation (3) is a stationary transformation of the equa-
tion (41) if and only if ¢ is a simultaneous solution of

Gilp(@) = (&), G=12,....m; p(I) =1

(see [12, 13]) and

ai(p(2))¢’ (z)L(z) = ai(z)bi(L(z)) H 6 (L(&(2)); i=1,....k;
L(x) = (a(x) — glp(@))¢ @) L), wel.
Here the functions b;, 0;;,1 € {1,2,...,k}, j € {1,2,...,m}, are continuous solutions

of Cauchy’s power equation.
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Remark 3. The equation (41) involves the equations

y'(2) + p(x)ly(r(2))|* signy(r(x)) =0, A>0;

/$ _ ('7"_1)3
v )7332(33—2)2

Y (@) = 21"y (22) Py (3w )y (da) 3,
ly( + sin )| sign y(z + sinz)]y(z + cos x)|°2 signy(z + cos z)
2P| In(z + sinz)|*1 | In(z + cos z)|*2

y($ - 1)33 =3

y'(z) =

)

22, a; >0, a=a1 +as > 1, <1,

considered in [4].

Remark 4 (see [6] and [9], pp. 355, 357). In a situation when the deviating
arguments in equation (41) are constant deviations

i(x)y=x—cj, ¢c;eR={0}; j=1,2,...,m,
the condition &;(p(t)) = ¢(n,(t)) becomes a system of the Abel equations
e (1) = o(t) —¢j5 j=1,2,...,m.
When the deviating arguments in (42) are
ni(t) =t —dj, dj € R—{0},

then we get
et —dj) =) —c; j=1,2,...,m.

If we require that the delayed arguments be converted into delayed ones (or the
advanced into advanced), then we need ¢'(¢) > 0, t € J. Let d;/dj, be irrational for
a pair j,k € {1,2,...,m}. Then for each fixed j € {1,2,...,m}, the Abel equation
o(t — dj) = ¢(t) — ¢; has a general solution ¢ € C1(J), ¢'(t) > 0, p(J) = I, of the
form
ot) =Lt +k keR
d;

For the existence of a simultaneous solution ¢ it is then sufficient and necessary to
have g9 = ¢;/d; (a constant not depending on j) for all j € {1,2,...,m}.
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Example. Consider two equations
y'(x) = ay exp{Aa}|y(x)|” signy(x)y(z — c1)
+byexp{a}y(e — 1)/ 7y(z - e2) + qry(2),
z el =la,00),
2'(t) = ag exp{Aat}|2(t)|* sign z(£)z(t — dy)
+ by exp{ pat} 2 (t — d1)|Pz(t — do) + qoz(t),

t € J = [b,o0), with constant deviations, a;,b;, ¢;, d;, qi, Aiy i, o, 8 € By i = 1,25
Z—; being irrational, Z- > 0. These two equations are of the form (41) and (42),
respectively. We have

by(u) = |u|“signu, d11(u) = u, d12(u) =1,
bo(u) = 1, o1 (u) = |ul?, dao(u) =u, u e R
and the coeflicients
a1(z) = ayexp{ iz}, ao(x) =byexp{mz}, q(x)=q, x €1,
A1(t) = agexp{Aat}, Aa(t) =baexp{uat}, Q) =qo, t€J.

Due to Theorem 4 the equations are equivalent if and only if

p(t—dj) =e(t) —cj, @) =1, j=12;
L'@t)

0 Q) — alp()¢'(t) = g2 — ¢/ (1),
At) = a1 (p(0)¢' (DL () ___alp@)¢ (0L
! bl(L(t))(Sll(L(t — dl))(slg(L(t — d2)) |L(t)|a sign L(t)L(t — dl)
__aa(e(t)e'(t)
(L@ L(E = dv)’
As(t) = az(p(t))¢’ (t)L(t) aa(p®)¢ (H)L(t)

 0a(L(1))d21 (L(t — d1))d22(L(t — da)) — |L(t — dv)|°L(t — do)
on J.
In accordance with Remark 4 we have o(t) = ot +k, 0= 2 = & >0,k € R—{0}

and (t) = o(t — b) + a for p(J) = I. Then LL/((tt)) = g2 — q10 and we obtain L(t) =
cexp{kt}, k = g2 — q10, c € R — {0}. From the last two conditions we get

a0 exp{Aiot} exp{(a — b)A1}
cle|otexp{ (o — 1)kt} exp{kt} exp{—kd;}’
cbio exp{ 10t} exp{(a — ob)u1} exp{kt}
c|c|® exp{kBt} exp{—kBd;} exp{kt} exp{—kda}’

ag exp{Aat} =

by exp{puat} = tel
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Thus the equations are equivalent with respect to the transformation z(t) =
L(t)y(p(t)) if and only if there exist c € R — {0} and p € R, ¢ > 0, such that

Cj :Qd] (.7:1’2)7 (J2—(J1Q:k57
ag|c|® signc = pa; exp{(a — pb) A1} exp{kd; }, A2 — o\ + ka =0,
bo|c|? = oby exp{(a — ob)u1} exp{kBd; } exp{kds}, po — op1 + kB = 0.

For ¢, k we get the transformation functions L(t) = cexp{kt}, p(t) = (t — b)o + a.

I am most grateful to Professor J. Aczél and Professor F. Neuman for valuable
remarks improving this paper.
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