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Abstract. We consider the mixed problem for the hyperbolic partial differential-functional
equation of the first order

sz(xay) = f(xvyaz(z,y)a Dyz(%y))a

where z(, ,): [-7,0] x [0,h] — R is a function defined by z(, ,(t,s) = z(z + ¢,y + s),
(t,s) € [-7,0] x [0, h]. Using the method of bicharacteristics and the method of successive
approximations for a certain integral-functional system we prove, under suitable assump-
tions, a theorem of the local existence of generalized solutions of this problem.

Keywords: partial differential-functional equations, mixed problem, generalized solu-
tions, local existence, bicharacteristics, successive approximations

MSC 2000: 35D05, 35L60, 35R10

1. INTRODUCTION

If X, Y are any metric spaces then we denote by C'(X;Y) the class of all continuous
functions from X to Y. Let B = [—7,0]x [0, h], where h = (h1,...,h,) € R}, 7 € Ry,
(Ry =[0,+40)). For a given function z: [—7,a] X [-b,b+ h] — R, where a > 0, b =
(b1,...,bn), b; >0,i=1,...,n, and a point (z,y) = (x,y1,...,yn) € [0,a] x [-b,b],
we consider the function z(, ,): B — R defined by

Z(aa(t,8) = 2z(x +t,y+5), (t,s) € B.
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For any a € (0, a] we define sets

Eg =[-7,0] x [-b,b+h],  OoE,=[0,a] x [-b,b+ ]\ [0,a] x [-b,D),
E, = [0,a] x [~b,b], E* = E; U8yE, U E,.

For given functions f: Ez x C(B;R)xR™ — R, where @ > 0, and ¢: EjUO E; — R,
we consider the mixed problem

(1) Dzz(l',y) = f(xay, Z(z,y)» Dyz(x,y)),
(2) Z(l’,y) (P($,y), (x,y) € ES U aOEd,

where Dyz = (Dy, z,..., Dy, 2).

We call z: Ef — R, where 0 < a < @, a solution of (1), (2) if

(i) z € C(E}; R) and the derivative Dy z(z,y) exists on E,,

(ii) z(-,y): [0,a] — R is absolutely continuous on [0, a] for each y € [—b, ],

(iii) for any fixed y € [—b, b] equation (1) is satisfied for almost all x € [0, a], and
condition (2) holds true for all (z,y) € Ej U dpE,.

In other words we wish to investigate the local (with respect to x) existence of
generalized solutions of the problem (1), (2).

In this paper we deal with the problem in which the hereditary structure of the
equation is based on the operator (z,y) + z(,,,). Note that in this setting f becomes
a functional operator with respect to the third variable. Other settings are based
on the use of abstract operators of the Volterra type or on the dependence of f on
z with the assumption that f is of the Volterra type. Differential equations with a
deviated argument and differential-integral equations are particular cases of (1).

There are various concepts of a solution concerning mixed problems for hyper-
bolic partial differential and differential-functional equations. Continuous solutions
(satisfying integral systems arising from differential equations by integrating along
bicharacteristics) of quasilinear systems were considered by Abolina and Myshkis [1]
or Myshkis and Filimonov [17], [18]. Generalized (in the “almost everywhere” sense)
solutions were investigated by Bassanini [2], Turo [20] and Kamont and Topolski [16]
(see also [15]). Classical solutions in the functional setting were considered in [14].

In this paper we consider the mixed problem for the nonlinear differential-
functional problem. Analogously to [7] we use the method of bicharacteristics
together with the method of successive approximations for a certain integral-
functional system. The method of bicharacteristics was introduced and developed
in non-functional setting by Cinquini-Cibrario [11], [12] an Cinquini [10] for quasi-
linear as well as nonlinear problems. This method was adapted by Cesari [8], [9]
and Bassanini [3], [4] for quasilinear systems in the second canonical form. Some
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extensions of Cesari’s results to differential-functional systems were given in [5], [13],
[19]. The results obtained in papers mentioned above by means of the method of
bicharacteristics concern generalized solutions. Existence of generalized solutions
to nonlinear differential-functional equations with the operator z(,,) was proved
by Brandi, Kamont and Salvadori [7]. An existence result for this equation was
also obtained by Brandi and Ceppitelli [6] by means of the method of successive

approximations.
2. NOTATION AND ASSUMPTIONS
Let R™ denote the n-dimensional Euclidean space with the norm |- | defined by
ly| = oax lyi]. Let C%1(B;R) be the set of all continuous functions w: B — R of
<i<n
the variables (t, s) = (¢, s1,. .., $p) such that the derivative Dyw = (D, w, ..., Ds, w)
exists and is continuous on B. If || - ||o denotes the supremum norm in C(B;R™)

then the norm in C%1(B;R) is defined by ||w||1 = ||w|lo + || Dsw||o-
For any w € (B; R™) let

lollz = sup{lw(t, s) —w(@5)| - (|t =] +]s —5)7": (t,9), (£,5) € B}.

If we put ||wl|lor = |lwllo + llwllz, w1, = llwll + || Dswl||z, then we denote by
CY%+L(B;R), i = 0,1, the space of all functions w € C%¢(B; R) such that ||wl|; 1 <
+o00 with the norm || - ||;,1-

Let Q© = E; x C(B;R) x R". Besides Q) we will consider the spaces Q1) =
E; x C9Y(B;R) x R* and QWD) = E; x COE(B;R) x R™.

Let |||, I
respectively.

Ex denote the supremum norms in the spaces C(E,; R"), C(E;; R"),

Assumption H;. Let f: Q) — R be a function of the variables (z,y,w,q) and
let 0 by any of these variables. Suppose that

1° the derivative Dsf exists on Q) is measurable with respect to  and there is
a nondecreasing function 6;: Ry — R4 such that

‘D(Sf(xvyawaq” < el(Hle) on Q(l),

2° there is a nondecreasing function 62: Ry — R, such that for all (z,y,w,q) €
QL) g.Ge R, h € C%(B;R) we have

‘D(Sf(xvyawaQ) - D(;f(x,@,w + haé)| < 92(”’(1)

lLo)lly =gl + Al + |a — gll-

Remark 1. Note that if § = w then for every (z,y,w,q) € QW) the derivative
Dsf(x,y,w,q) is a continuous linear operator from C%!(B;R) to R. This means
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that in that case the norm of Dsf(z,y,w,q) is a norm of a linear operator while
if § =y or 6 = ¢ it is a norm in the Euclidean space R™. These norms should be
distinguished but for simplicity of notation we use the same symbol |- | in both cases.

Assumption Hy. Suppose that

1° p € C(E§ U 0y U 0o Eg; R), the derivative D¢ exists on Ej U 9y Eg;

2° there are constants Ag, A1, As € R, such that

[o(z,9)| < Ao, [Dygp(z,y)| <Ay on EgUdpE;,
[Dye(z,y) — Dyp(z,§)| < Aoly — gl for (z,9), (z,7) € Eg UdoEa,

and furthermore

lo(@,y) —(Z,y)| < Mafz—Z[,  |Dyp(x,y) — Dyp(Z,y)| < Azlz—Z| on doFEanEjz;
3° the derivative D, p(z,y) exists on 9yE; N E; and the consistency condition

(3) Dx<P(35,y) = f(xayvﬁp(m,y)vDy@(xvy))
holds true on 0gE; N Ej.

Now, analogously to [7] we define two functional spaces such that the solution z
of (1) will belong to the first space, while D,z to the other.

Let Q = (Qo,Q1,Q2), where Q; € Ry, Q; > A; for i =0,1,2, and let 0 < a < a.
If ¢ fulfils Assumption Hy then we denote by C2LT1(Q) the set of all functions
z: EY — R such that the derivative D,z exists on E; and

(i) z(z,y) = o(z,y) on Ef Uy Ey;

(i) [2(2,9)| < Qo, [Dy2(2, )] < Q1 on Eus

(iii) for z, & € [0,qa], y,§ € [—b, b], we have

|Z(.’£,y) - Z(j,y)‘ < Ql‘x - j‘,
[Dyz(x,y) — Dyz(2,7)| < Qzllz — 2| + [y — 7]
Let P = (Py, P1), where P, € Ry, P, > Ajyq for i = 0,1, and let 0 < a < a.

If ¢ fulfils Assumption Hy then we denote by C’%’yL%a(P) the set of all functions
u: F, — R"™ such that

(i> u(x, y) = Dy<P(95a y) on g E, N Eq;
(ii) |u(z,y)| < Po on Eg;
(iii) for z,x € [0,qa], y,§ € [—b, b], we have

u(@,9)| = u(@,9)| < Prlle — 2+ |y — g]].
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3. BICHARACTERISTICS

For any z € Cg’}fL (@), u e C%}JL%G(P) we consider the Cauchy problem

@ S4) = Dyt (), 20wt (D), () =,

and we denote by g[z,u](-,x,y) = (g1]z,u|(-,2,¥), ..., gnlz,u](-,2,y)) its solution,
which exists if Assumption H; holds with § = ¢. Let A[z, u](z, y) be the left end of the
maximal interval on which the solution g[z, u](, z, y) is defined. If D, f(x,y,w,q) >
0,i=1,...,n, on QM then

(Alz, u](z,y), glz, u](Alz, u](z, y), 2,y)) € (Eg U doEa) N Eq
and we may define the following two sets:

Eaolz,u] = {(2,y) € Ea: Alz,ul(2,y) = 0},
Euwlz,u) = {(z,y) € Eq: gilz,u](A[z, u](z,y),x,y) =b;, for some 1 < i< n}.

i
Remark 2. In the sequel we will write 07, ¢ = 0,1, 2, instead of F)Z(Z Qj) for

7=0
simplicity of notation.

Write
Ri=1+Q1+ Q2+ P, Y(tz)=exp{Ri65|z —t|}.

Lemma 1. Suppose that o, p fulfil Assumption Hs and that Assumption H;
is satisfied for § = q. If z € COLTE(Q), z € CB—,’y}fL(Q), u € C’%’yL%a(P), NS
C%yL%a(P) are given functions and (z,y), (Z,§) are such that the intervals K; =
max{A[z, ul(z,y), Alz, ul(2,9)}, min{z, T}], Ko = [max{A[z, u(z,y), Az, @] (z,y)}, 7]
are nonempty then we have the estimates

(t,x){07|x —Z|+ |y — 7|} forte Ky,
t
(t,2) / 03]z — 2| -

fort € K.

(5) lglz,ul(t,z,y) — glz,u](t, 2, 7)| <Y
(6) lglz,ul(t,z,y) —glz,a](t,z,y)| < T

+ |1 Dyz — Dyz|

pr + lu—1dlg, }dr
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Proof. Let g = g[z,u] and g = g[z,@]. If we transform (4) into an integral
equation then by virtue of Assumption H; we have

(gl )t 2,9) — glz (8, 2.9)] < Jy — y|+]/qu (2, u)(r, 7,§)) dr

| [ PPl - Do (Pl )]

<y —gl+ 07|z — 2| +

+ 120, g2,u)(ry29)) — Z(rglz,ul(r,3,9)) 11

+u(r, glz, ul(r, 2,y)) — (7, glz, ¥ (7, 2, 9))|} d7

t
< |y§|+91‘|xf+‘/ 03 B gl ) (7, 2, y) — gl ul(r, 7, )| dr
xT

for t € K, where

(7) P[Z’ u} (t’ Z, y) = (ta g[Z, u] (ta z, y)’ 2(t,glz,u](t,x,y))> u(t’ g[Z, u} (t’ Z, y)))

Thus (5) follows from the Gronwall lemma.
In the same way we get by Assumption H; the estimate

|g[z,u](t,x, y) - g[Z,ﬂ](t,x, y)|

t
SR

t
+ / 65 Ralglz, ul(r, 7,3) — gl @) (r, 7, )| dr

p: + |lu—1l|p, }dr

for t € K5. Now, again using the Gronwall lemma we get (6), which completes the
proof of Lemma 1. O

Lemma 2. Suppose that ¢, fulfil Assumption Hy and that Assumption H; is
satisfied for 6 = q. Furthermore, suppose that for every p € Ry there is 6(p) > 0 such
that we have Dy, f(z,y,w,q) = 6(p), i = 1,...,n, for (z,y,w,q) € QW |w|1 < p. If
zeCIT(Q), z € C’g:}fL(Q), C’%ﬁa a( ), @ C’%LW .(P) are given functions
then for all (x,y), (Z,7) € E, we have

(®) [Alz, ul(z,y) = Alz, ul(Z,9)] < (;OT(O,x){QTIw—fIJrIy—@?I},

9) [Alz,ul(z,y) — Az, @l (2, y)| < (;OT(O,x)/Ox9§{|Z—ZI
By }dr,

B + || Dyz —

where dp = §(Qo + Q1).
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Proof. Let g = g[z,u], A = Nz,u|, § = g[z,4], A\ = A[z,@. Since (8) is
obviously satisfied if (x,y), (Z,9) € Eao[z,u], without loss of generality we may
assume that A(Z,7) < Mx,y) and (z,y) € Egplz,u]. Let 1 < ¢ < n be such that
gi(Mx,y),z,y) = b;. Then we have

gz(/\(‘xay),x,y) - gl()\(.’ﬂ,y),i’,ﬂ)
> gi()‘(‘f’ @),.’I_i,y) - gi(/\(xvy)"f’ g)
Az,y)
= /A(_ ) Dy, f(7,9(7,2,9), 2(r g(r,2.9)), w(T, 9(7, 2,7))) AT
z,y
P 60[)‘(37’ y) - A(ja g)]

The above estimate together with (5) gives (8).

Analogously, since (9) is obviously satisfied if (z,y) € Eqo[z, 4] N Eq(Z, @] we may
assume that A(z,y) < A(z,y) and (2,y) € Eglz,u]. Then for 1 < i < n such that
9i(M(z,y),z,y) = b; we have

gi(/\(xvy)’x’ y) - gi(/\(xvy)’x’ y)

> gz()‘(xay)’$’y) - gz()‘(xay)’$’y)

A(z,y)
= / qu' f(Ta Q(Ta xz, y)’ Z(T,g(r,x,y))a Q_L(T, g(Ta xz, y))) dr

Alz,y)
> 50[A($,y) - )\(l',y)},

which together with (6) gives (9). O

4. A CERTAIN SYSTEM OF INTEGRAL-FUNCTIONAL EQUATIONS

Assumption Hs. Suppose that

1° Assumption Hj is satisfied with § = y, w, ¢ and there is a nondecreasing function
0o: Ry — R4 such that

‘f(xay,U),Q)‘ < 00(Hw||0) on Q(O),

2° for every p € Ry there is §(p) > 0 such that we have Dy, f(z,y,w,q) > 0(p),
1= ]-a sy Ny for (x,yawaQ) € Q(l)’ Hw”l gp
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If ¢, f satisfy assumptions Hy, Hs then for given 2z € C’g’}fL(Q), u € C%L (P)

y$p,a

we define the operators T'[z,u|, V;[z,u], i =1,...,n, by

Tlz,ul(xy) = oz ul (@, ), gl ul MLz, w2, ), 2, 9)
- [f(P[z,uKm,y))

[z,u](z.y)

= Y. Dy APl )l )

Vl[z,u](x,y) = Dyicp()\[z,u](x,y),g[z,u]()\[z,u](x,y),x,y))
Dy, f(Plz,u|(T, z,
+/ o [PusFE )
+ Duf (Pl )(r,2,)) © (i) (gm0 47
for (z,y) € E,, and

Tz, ul(x,y) = @(z,y), Vilz,u](z,y) = Dy,p(z,y) for (z,y) € E5UdyE,,

where g[z,u] is a solution of (4), A[z,u] is the left end of the maximal interval on
which this solution is defied and Pz, ] is given by (7). We will consider the system
of integral-functional equations

(10) z=Tlz,u], u=V]zul,

where V(z,u] = (Vi[z,ul,..., Vylz,ul).

Remark 3. Integral-functional system (10) arises in the following way. We in-
troduce an additional unknown function v = D,z in (1). Then we consider the
linearization of (1) with respect to u which yields

(11) Dyz(z,y) = f(P) + Z Dy, f(P)(Dy,2(x,y) — uj(z,y)),

where P = (z,y, 2(z,), u(7,y)). Differentiating (1) with respect to y; and substitut-
ing u = Dyz we get

JrZquf(P)Dyiuj(xay), 1=1,...,n.
j=1
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Making use of (4) we have

EZ(T’Q[Z’ u]<7—>x7y)) = DwZ(Tag[Z’ u]<7—>xvy))

fZDqu (2, ul(r, 2, ) Dy (7, gLz, ul (7. 2, ).

Substituting (11) in the above relation and integrating the resulting equation with
respect to ¢t on [A[z, u|(z,y), x] we get the first of the equations in (10) on E?. Re-
peating these considerations for (12) and taking into account that z = ¢, u = Dy,
on Ef UdyE, we get the second equation in (10).

Suppose that ¢, f satisfy Assumptions Hy, Hs, respectively. Under these assump-
tions we prove by means of the method of successive approximations that the solution
of (12) exists. We define a sequence {z("™), u(™} in the following way:

1° Let ¢ be any extension of ¢ onto the set E* such that ¢ satisfies conditions 1°,
2° of Assumption Hy on E*. We put

(13) 2Oz, y) = @z, y), uO(z,y) = D,3(x,y),

and then z(© € COLFE(Q), u® € CH" (P).

Dyp,a

2° If (™) ¢ Cg’}l"'L(Q), u™ e Y yL%a( ) are already defined functions then
uw(™*+1) ig a solution of the equation

(14) w=V[zm ),
and
(15) 2(MHD) — P g (D)

where V(™) [2(m) 4] = (Vl(m) [2(M) ], ..., v, [20™) u]) is defined by

(16) V"™ [z u) (2, y) = Dyip(A[2™, 1l (2, ), g1z, ) A2, ) (2, y), 2, )
xr
+ (D, S (P, ul(r,,)
Alz(m) ) (z,y)
+ Dwf(P[Z(m)v u](Ta x, y)) © (uz(m))('r,g[z(m),u](T,:I:,y))] dr
for (z,y) € E,, and

Vi(m) (20 ) (z,y) = Dy, p(x,y) for (z,y) € B UdyE,
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Remark 4. Since the operators V[z("™),.] and V("™ [2(™) .] are not identical we
explain the way in which system (14) is obtained. If z(™) ¢ COLLTH(Q), u™ ¢
C%f% ,(P) are known functions then replacing z with 2("™ in system (12) we get

n
JrZD'JJf(P(m))Dyin(%y), i=1,...,n,

j=1

where P™) = (z,y, z((;n;),u(x,y)) If we assume that D,z(™ = u(™) (see Theorem
1), then by integrating the above system along the bicharacteristic g[z(™), u](-, z, y)
on the interval [A[z("™), u](z,y), 2] we get (14).

Write

Fo(l') =A+ 01‘51:6,
~ 1 1
To(w) = M T(0,2) [ (1+07) + 1[6; + [L+ = T(0.2)0; ] (65 + 67 )
0 0
+ {(91( + QSP()}RlT(O, .’L‘).’I?,
1 1
Iy (z) = A Y(0, 2) [—(1 Lo+ 1} + 8y + 5107 —
(50 50
+ {9§R151 + 9]‘P1}T(0, .13).%‘7
1 1
G(z) = AsY(0, )03 [—(1 Ty 1} 4018, —
50 50
4 03RSy + 07 PLY(0, )03 + 0355,

(0, )05

where
S1 =1+ F,.

Assumption Hy. Suppose that we may choose constants Q; € Ry, Q; > A; for
1 =0,1,2 such that P, = Q;41 for i = 0,1, and that for sufficiently small a € (0, a|
we have the inequalities

Ao + [05 + 0 Pola < Qo, max{To(a),T(a)} < Qu,
max{I'i(a),0iT1(a)} < Q2, aG(a)<1.
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5. THE EXISTENCE OF THE SEQUENCE OF SUCCESSIVE APPROXIMATIONS

The problem of existence of the sequence {z(m), u(m)} is the main difficulty in our
method. We prove that this sequence exists provided a, 0 < a < a, is sufficiently
small.

Theorem 1. If Assumptions Ho—H, are satisfied then for any m € N we have

(L)) 2™ u("™) are defined on E}, E,, respectively and we have z(™) € CLLH(Q),
ul™ € C%Z o(P);

(IL,,) D,z (z,y) = u(™(2,y) on E,.

Proof. We will prove (I,) and (IL,) by induction. It follows from (15) that
(In), (IIp) are satisfied. Suppose that conditions (I,,) and (IL,,) hold true for a given
n e N. We first prove that u(™t1): E, — R" exists and u(™*t1) € C% fw o(P).

We claim that given (™ € CYLTE(Q) the operator V[z(™),.] maps CDW’G(P)
into itself. For simplicity of notation we ignore the dependence of g, A\ and P on z(")
and u. It follows from Assumptions Hy, Hs and (5) that given u € C’ODLW o(P) then
for all (z,v), (Z,7) € E, we have the estimates

xT

VO ()] < Ay + / 0:5, dr,
A

(z,y)
VO (2, y) — VO [0, u)(z, 37)\

< AQT(O,x){[l + 91]5 + 1}{0*|x —Z|+ |y —gl}

AZ,9)
’/ 0751 dr| + ’/ 07 S1dr
Az, y)

+ {07z —Z|+ |y — 7|} {05R151 + 07 P }Y (1, 2)dr.
Az,y)

Hence by Assumption Hy we get

(17) |V(m) [z(m),u}(x, y)| < P07
VO u)(a,y) = VI [0 (2, )| < Pz — 2] + |y — 9]

for (z,y),(Z,9) € E,. Since V™ [z(™) 4] = D, on E§ UG E, it follows from (17)

that V™ [2(m) .] maps C'IODL@ .(P) into itself.

If u,a € C%yL%a(P), then analogously, by Assumptions Hs, Hs, (6), (9) and the
relation V(™) [z(™) 4] = VM) [2(m) 4] = D, ¢ on E§ U dyE,, we get

a
VL, = VL, s, < [ Gl e, dar
0
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Thus Assumption Hy yields that V(™) [2(™) .] is a contraction with the norm || - ||z, .
By the Banach fixed point theorem there exists a unique solution u € C’%’yL%a of (14)
which is w(m+1),

Our next goal is to prove that z("*+1) given by (15) satisfies (II,,11). For x € [0, a],
y,7 € R™ put

A(z,y,5) = 2" (@, y) — 2D (@, 5) — oD (2,9)(y - 7).
By the Hadamard mean value theorem we have
Az,y,79) = @(A(w ), 9z, y), 2, 9)) — (M, §), 9(M(x, §), 2, 7))
= Dye(Mx,y), g(A(x, ), ,9))(y — 7)

/</ Dy f(Q(s, 7)g(r, 2, 9) — g(r,z, 7)] ds dr

(m) (m)
+ /m ) /0 Duf(@Q(5:7)) @ [2( g(r.a)) ~ *(rag(rain] 457
x 1
+ / / D,f(Q(s, 7)) [u(m+1)(7,g(7,x, y)) — u(m+1)(7,g(7,x, g))] dsdr
A(z,y) /0O

[ AP D glr)
WNCE))
= Dof (P(7,,5))u" (7, g(7,2,5)) } dr

Az,7)
+ / [F(P(r,2,9)) — Dyf (P(r,2, 7)) ul™ ) (7, (7,2, 5) } dr
Az,y)

~ / o, (Do (P2.0) & Duf (Pl ) o ul™ eyt AT =),
ZI/’,y

where Q(s,7) = sP(7,z,y) + (1 — s)P(7,z, 7). Let us define

A0(‘/17’ yvy) = QO()‘(‘/E’ y)vg()‘(‘r’ y)vxvy)) - @(/\(.’L‘,g) g()\(x,y),x, g))
— Dap(Ax, ), (A, ), 7, y) ( ]
— Dyp(A(z,y), 9(AM(z, ), 2, y)

\(,9.) A (D, f(Qs.7)) — yf<P<r,x,y>>]

(w,y
[9(T,2,y) — g(7,2,7)] ds dr,

/)\(m,y / [Duf(Q(s,7) = Duf(P(,2,y))]

g(A
g(A

_om)
o [ s~ Frg(ramgy] ds AT,
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~/)\(;zy / Dyf(Q(s,7)) = Daf(P(r,2,9))]

x [u™ (7, g(r,2,y)) — w" (7, g(7, 2, 7))] ds dr,

x
Ay(z,y,79) = /)\(m ” Dy f(P(r,2,y)) o [Z((:?;(T,z,y)) éT;(T z,7))

a5 2.0) 2. )] 0
As(z,y,7) = M, y) = M@, 9)] - Dep(A(2, ), 9(A(2,9), 2,9))
AMz,y)
-/ (LY
Aﬁ(xay,y) = [g()\(x,y),x,y) - g()‘(xag)axay)] : Dy<p(/\(x,y),g()\(x,y),x,y))

Az,y)
+ / Dy f(P(r,2,5))u™ ) (r, g(r, 2, 7)) dr,
A(z,7)

and

Ao(z,y,7) = Dyp(Mz,y), 9(A(@,9), 2,9)[g(A\(z, y), =, y)
- g(/\(x,y),a:, g) - (y - g)}v

Ai(ey.5) = / ( DuS(P ot 9) — 2. 0) ~ (0~ D)7

Dy f(P(T,z,
4 /A(w) f(P(r,2,1))

Ul 9T, y) = g(r 2. 5) — (y - )] dr,

Batr )= = [ IDaf(PO) = Duf (Pl I g, 2. 9)
With the above definitions we have
(18) Aw,y,9) =D Ailwy9) + 3 Ai.y.9).
Since g(-, x,y) is a solution of (4) we see that

g(’raxay) 79(73*’53@) 7(y7y) = /x[qu(P(g’x>y)) *qu(P(f,l’,g))} dg
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Substituting the above relation in A; and in Ag with 7 = 0 and changing the order
of integrals where necessary we get

(V)

> Ao = [ DS (P )) — Dof (P(r 2, )] | Dyso(0, (0,2, )

i=0 (z,y)

(z,y)

i /x ) Dy f(P(&,2.)) o Ul nyyy 46 = "D (7 g(r . y)) | dr
z,y

_ /A  IDuf(P(ra.y)) — Dof(P(r.7))]

(z,y)
X [V(m) [Z(m)a u(m+1)](7, g(Ta €, y)) - u(m+1)(7—, g(Ta Z, y))] dr = 0,

6
from which and from (18) we get A(x,y,7) = > Ai(z,y,7). In the above transfor-
i=0
mations we have used the group property

g(& 1.g(1.z,y) = g(& z,y) for (x,y) € Eq,7,& €(0,a].

Assumptions Hs, Hs, (5) and the existence of derivatives Dy, Dyz(m) = (™) yield
that for « € [0,a], i = 0,4, we have

1 . _
(19) HAi(Uva,?) —0 if ly—g|—0.

From Assumption H3 and (5) we get the existence of some constants C;, i = 1,2, 3,
such that

|Al(x?y7y)‘ < CZ|y_ g|27 T € [O,CLL y»@ S [_bab}v 1= 1a273~

Writing As, Ag in the form

Az,y)
Bs(ey) = | [P0 9000~ S (P
x,y
A(z,y)
BoGeyd) = [ DI PE ) g(r,)
m’y

- DZJ(p()‘(x’ y)?.g()‘(x’ y),x,y))] dr

and making use of the consistency condition (3) and the relation u(™+%) = D, ¢ on
0o E, N E, we get estimates of the same type for ¢ = 5,6. This means that (19) holds
true also for i = 1,2, 3, 5,6, which completes the proof of (IL,,11).
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Finally, we prove that z(™+1) defined by (15) belongs to the class C’g:};rL (Q). Since
Dy 2+ = 4 (m+1) it follows from (17) and from Assumption Hy that

Dy (2,y)] < Qu,
Dy (2, ) = Dy (2, 7)] < Qallr — 2] + |y — 7]

for (z,y), (Z,7) € E,. By Assumptions Ho—H, we easily get
2 (@, ) < Qo [T (2, y) — 2 (E,y)| < Qe — 7

for (x,y), (%,y) € E,. This together with the relation 2™+ = ¢ on EfUJyE, gives
2(m+1) ¢ C’g:}fL(Q), which completes the proof of (I,4+1). Thus Theorem 1 follows
by induction. O

6. THE MAIN RESULT

o H* (t) = H(t) + H(t) exp { /0 a© dE} /0 (e de,

where

1 1
H(t) = Ay T(0, )63 [%(1 L)+ 1} + 01 5150(0,0)65

F[05R1 Py + 07 R Y(0,8)05t + 07 + 03P,

Theorem 2. If Assumptions Ho-H, are satisfied then the sequences {z(m)},
{u(™)} are uniformly convergent on E,.

Proof. Foranyt € [0,a] and m € N we put

z(m) (t) = sup {\z(m) y) — z(m_l)(x,y)|: (x,y) € Et}7
ym (t) = sup {\u(m (z,y) — u(m_l)(x,y)|: (z,y) € Et}.

Using the same technique as in the proof of Theorem 1 we get by Assumptions Hs,
Hj and (6) for any = € [0,a] and m € N the estimate

UM+ (g / G(U™+Y (7)dr +/ G(r) (2™ (r) + U™ (1)] dr.
Making use of the Gronwall lemma we have
(20) U™ (z) < exp{/ G(r dr}/ G(r) [z )—i—U(m)(T)] dr.
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By Assumptions Hs, Hs, (10) and (20) we get the estimate
(21) Zm+D) (g / H*(r (m)(T) + U(m)(T)] dr, z€]0,qa].

Thus if we take

Mo =ewp{ [ 610)ds 6o + ()

then using (20), (21) for any = € [0, a] we have
ZmH) () + U () < M, / (2™ (1) + U™ ()] dr.
0

Now, by induction it is easy to get

Mgn—lxm—l

ZM) () + U™ (z) < [(ZW(a) + UM (a)], x€[0,d],

(m—1)!
and consequently
m m—1 i i
(22) Y 1290+ U ()] < [2W(a) + UD ()] Y Mo
i=k i=k—1

Since the series Z is convergent it follows from (22) that the sequences {z("™)},

i=1
{u(™} satisfy the uniform Cauchy condition on E,, which means that they are

uniformly convergent on E,. This completes the proof of Theorem 2. O

Theorem 3. If Assumptions Ho—H, are satisfied then there is a solution of the
problem (1), (2).

Proof. It follows from Theorem 2 that there exist functions Z,# such that
{21 {u™} are uniformly convergent on E, to Z, 1, respectively. Furthermore,
D,z exists on E, and Dyz = @. We prove that z is a solution of (1).

From (12) it follows that for any (z,y) € E.o[2, DyZ] we have

(23) Z(z,y) = ¢(0,3(0,z,y)) P[z,Dyz|(1,z,y))

\

*ZD [ (P2, Dy2(7,@,y)) Dy, 2(7, 2, ) | dr,
j=1

where § = g[z, D, z].
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For a fixed = we define the transformation y — §(0,x,y) = . Then by the group
property g(t,z,y) = §(t,0,&) and by (23) we get

Z(.’ﬂ,g(.’t, 0’5)) = QP(O,E) + A |:f(7—,g(7_a 0,5)3 Z(T,g(T,O,f))a DyZ(Tag(T,Oag)))

- Z quf<7—7g<7—7 Oa 5)7 Z(T,Q(T,O,@)a Dyz(Tag(Ta 07 f)))Dij(T, g(T> Oa 5)) dr
j=1

Differentiating the above relation with respect of  and making use of the reverse
transformation ¢ — §(x,0,£) = y, we see that Z satisfies (1) for almost all = with
fixed y on Eq [z, DyZ].

Analogously for any (z,y) € Eq[2, DyZz] we have
(24) #(e,) = 0(0.9(0.,0)) + [

A(z,y)

- Zquf(P[Z',Dyé](T,x,y))Dij(T,x,y) dT>
j=1

[f(P[z,Dm(T,x,y))

where A = A[2, D,z|. For simplicity of notation suppose that g;(A(z,y),z,y) = b;
for i = n and write & = (&1,...,&n-1), §5(91,- -, Gn-1). For a fixed x we define the
transformation y — (' (A, ), z,y), AM(x,y)) = (¢',n). Then by (24) and the group
property we get

Z(z, g(x,n, ¢, n)) p(n, &', bn)

f 7, g 7,1, 5 b ) Z(T,g(-r,n,f’,bn))aDyZ(Tag(T’nag/abn)))

M:s\

quf(T g(T 7, f b ) Z(T,é(ﬂn,&’,bn)%Dy2(7->z(Tag(Tanaf/abn)))
1

ij(T,g(T,ﬁ,fl,bn))} dr.

J

X
S

Differentiating the above relation with respect to z and making use of the reverse
transformation (¢',7n) — g(x,n,&,b,) = y, we see that Z satisfies (1) for almost all
x with fixed y also on Egp[2, Dy z]. Since obviously z fulfils condition (2), the proof
of Theorem 3 is complete. O

Remark 5. If in Theorem 3 we assume that f is continuous then we get existence
of classical solutions of problem (1), (2).
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Remark 6. The existence results of our paper can be extended to weak coupled
differential-functional systems

szz(xvy) = fl(xa Y, Z(z,y)a Dyzz(xvy))a i = 1a R} ka
Zz(x,y):(pz(‘xay), (x,y) GEE;U@O-E&, i:]-a“'aka

where z = (z1,...,2x), with given functions f;: Ez x C(B;R") x R* — R and
wit By UOoEs — R.

Now, we show some examples of differential-functional equations which are par-
ticular cases of (1).

Example 1. Given ]?: FE; x R x R™ — R let us consider the differential equation
with a deviated argument

~

(25) sz(x,y) = f(x,y,z(a(x),ﬁ(x,y)),Dyz(x,y))7

where a: [0,a) — R, B: E; — [-b,b], and a(z) < = for z € [0,a]. We define a
function f by

o~

f(x,y,w,q) = f(x,y,w(a(x) - .Z,ﬂ(l’,y) - y)aQ)

for (z,y,w,q) € E; x C(B;R) x R*. If (a(z) — =, B(z,y) —y) € B for (z,y) € F;
then (25) is a particular case of (1) under natural assumptions on «, 3, f.

Example 2. With J/"\as in the previous example consider the differential-integral
equation

(26) Dyz(z,y) = f(x, v, / z(x+t,y+s)dtds, Dyz(z, y))
B

If we define a function f by
f(xv Y, w, Q) = f(x, Y, / U)(t, S) dt dS, q)
B

for (z,y,w,q) € E;z x C(B;R) x R™, then it is easy to formulate assumptions on f
in order to get the existence theorem for (26) as a particular case of (1).
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