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INTRODUCTION

H. Steinhaus [7] proved that if A is a measurable subset of the real line R with
positive Lebesgue measure, then the distance set of 4, i.e. D(A) = {|z—y|: z,y € A}
contains an interval of the form (o,h) for a certain value of h. Many papers are
devoted to the study of the set D(A) for various A.

If (E, o) is a metric space with a linear measure u defined on E, then the following
property is referred to as the Steinhaus property for distance sets:

If A is a measurable subset of E with a positive measure, then D(A) = {o(z,y):
x,y € A} contains an interval with the origin as its end point.

A simple curve C' C F is the image of a continuous injective mapping f: [0,1] — E
and if p(C) is finite, then C' is called a simple rectifiable curve. Also, since [0, 1] is
compact and (C, p) is Hausdorff, the surjective restriction of f: [0,1] — C is a
homeomorphism.

Besicovitch and Taylor [1] showed that the Steinhaus property does not hold, in
general, for all simple rectifiable curves. E. Boardman [2] proved that under certain
conditions on the metric space (F,p) all simple rectifiable curves in E have the
Steinhaus property for distance sets.

M.S. Ruziewicz [6] proved the following theorem:

Theorem. Let A C R be a set of positive Lebesgue measure. For any set of m
positive numbers ki, ko, ..., kn, there exist a positive number d and (m + 1) points
21 < Ty < ...< Xy of the set A such that ;41 —x; = kid (i =1,2,...,m).

In this note we prove a result similar to that of Ruziewicz for a subset with positive
linear measure of a simple rectifiable curve in a metric space and also some other
results related to sets of positive measure in a metric space.
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PRELIMINARIES

Let (E, ) be a metric space. For a set A C E, let

A(A) = sup {inf{z d(A;): A; CE.d(A;) <6 and | JAiD AH,
> i=1 i=1

where d(A;) stands for the diameter of A;. Then A* is a metric outer measure and
the restriction of A* to the measurable sets is known as the linear measure A. With
respect to the outer measure all Borel sets are measurable.

The mapping f induces a linear ordering on the curve C such that for z, y € C,
x <y if and only if f~1(z) < f~1(y).

If @, b € C and a < b, the subarc (a,b) of C is defined by (a,b) = {c € C:
a < ¢ < b}. For a subarc (a,b) of C, we see that A((a,b)) = I({(a, b)) where [({a,b))

denotes the length of the arc (a,b) defined by I({a,b)) = sup{ > o(wr—1, xr)} where
r=1
the supremum is taken over all finite subdivisions {z¢,z1,...,2,} of {(a,b) with
a=x9g<x1<...<xp=0">.
It may be verified that A is continuous in the sense that if b € C, a, € C,
apn, < apt1 < b and lim o(a,,b) = 0, then
(1) lim A({an,b)) = 0.

n—o0

Now we present some definitions which may be readily seen in Boardman [2] and
Lahiri [3].

Definition 1. Let B C C and r > 0. Then B(r) = {# € C: Ju € B such
that u < z and o(u,2) = r} and B(—r) = {z € C: Ju € B such that z < u and
Q(uv Z) - T'}.

Definition 2. A simple rectifiable curve C is said to satisfy the condition (A),

if there exist real numbers ¢ > 0 and dy > 0 such that for each subset B C C,
0 <r < do implies d(B) > c[d(B(-1))].

Definition 3. Let G be a family of all linearly measurable subsets of C' and let
A, € G,r=1,2,.... If there exists a set A € G such that A[4,AA] — 0 as r — oo,
then the sequence of sets {4, } is said to converge to the set A in G where the symbol
A stands for the symmetric difference (Lahiri, 1981).

Theorem 1.1. Let C be a simple rectifiable curve in a metric space (E, o) sa-
tisfying the condition (A). If S is a linearly measurable subset of C' with A(S) > 0
and o, a9, ... ,0, is any set of m positive real numbers then there exists an open
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interval (0,0) such that to any x € (0,0) there correspond (m + 1) points ag(z) <
a1(z) < ... < am(z) of the set S for which o(a;—1(z),a;(z)) = oz (i =1,2,...,m).

Proof. Let C be determined by f: [0,1] — C C E and let A(C) < co. Then by
(1) we assume that dist (f(1),S) > 0. Since S is measurable and C is rectifiable there
exists a compact set K and an open set G such that K C SC G C C, f(1) e C\ G
and A(K) > 2A(G \ K), which may be deduced from Theorem 13.5 of Munroe [4]
as indicated by Boardman [2]. Let &' be such that A(K) — ¢’ > 1A(G \ K). By the
definition of A(K) there exists 9 > 0 such that for all ¢’ with 0 < &’ < &, all covers
{A;}32, of K with d(4;) < &’ have the property

2) id(A,») > A(K) -0 > %A(G \ K).

Since the curve C satisfies condition (A), hence by Definition 2 there are positive
real numbers ¢, dy such that for each subset B C C, 0 < r < dy = d(B) >
c[d(B(-r))]. Let @ = max(a1, az, ..., an) and di = dist(K,C \ G) so that di > 0.
Also let 171 = min{do, d1,£0/3}. If we put 61 = 1,4, then for any = € (0,1) we have
0 < ax < ny. Then we have 0 < h; <1 < dy where hy = ayz. So,

(3) K(hy) C G.

First we show that SN S(hy) # 0.
Let ¢ be any number satisfying 0 < e < g¢,3 and let B; C C (i = 1,2,...) be such
that d(B}) < € and

(4) K(hy) C | B
i=1
As f(1) € C\ G and hy < dy, so if u; € K, then Q(f(l),ul) > hy. Also, since

(u1, f(1)) is connected there exists z; € C such that u; < z; and o(u1,21) = hy.
This implies that u; € B],(—hq) for some m. Hence

() KcC GBQ(—

If s(z), t(x) € Bl(—h1), then there exist p, ¢ € B] such that o(p,s(z)) = h
and Q(q, (z)) = hi. Therefore o(s(z),t(z)) < 2h1 +d(B}) < %2 + £ = ;. Thus
d(Bi(—h1)) < &0 and by (2),

" Bl(~h1)) > A(K) — &' > 2A(G\ K).
Z ( ) -
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Since h1 < do, we have by the property (A)
> d(B)) = ¢ d(Bj(~h)) = ¢(AK) =) > MG\ K).
i=1 i=1

It follows from (4) that
(6) A(K(h1)) =2 ¢(A(K) —d') > MG\ K).
If X = KNK(h), then X =G\ [(G\ K)U (G\ K(h1))]. So

AX) 2 AG) - [MG\ K) + A(G\ K ()]

> AG) = [A(K(h)) + AG) — A(K ()| = 0.

Therefore A[K N K (hy)] > 0. Since K C S, K(h1) C S(h1) for hy € (0,71), hence
A(SNS(hy)) >0 and so SN S(hy) is non-empty.

Let SN S(hy) = Sp. Since S is a set of positive measure and S; C S, we can
show in a similar manner that there exist an 7 and a d2 = 73/, such that for any
x € (0,62) we can select a positive number hy(= agx) € (0,72) with the property
that A[Sl n Sl(h2)} >0, i.e. SN Sl(h2) 75 0.

Proceeding in this way, after a finite number of steps we obtain an 7,,, > 0 and a set
Sm—1 C S such that for any € (0,0,,)(0m = N/ o) We can select a positive number
hn (= amz) € (0,7, such that A[S,, _1NSm_1(hm)] > 0,i.e. Sp_1NSm_1(hm) # 0.
Therefore, in general, S;—1 N S;—1(h;) #0 (i =1,2,...,m) where Sy = S.

Let 6 = min(dy,d2,...,0,). Then for every = € (0,4) there exists a;(z) € S;—1 N
Si—1(h;). Then there exists a;—1(x) € S;—1 such that a;_1(z) < a;(z) for which
o(ai(z),ai—1(x)) = hi =z (i =1,2,...,m).

Thus for every x € (0,0) there exist m + 1 points ap(z) < a1(z) < ... < am(z) of
the set S such that o(ai—1(z),ai(z)) = az (i =1,2,...,m). O

Corollary. Let S be a measurable subset of positive measure of a simple rectifiable
curve satisfying the property (A) in a metric space (E, p) and let a1, aq,...,q, be
any system of m positive real numbers. Then there exists an open interval (0,0)
such that for any x € (0,0) there are points ag(x), a1(x),...,am(x) in S with the
property
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Proof. We have established that
SN S1(h2) =5N S(hl) n S1(h2) cSsSn S(h1) n S(hg)

Proceeding in this way, after a finite number of steps we obtain a positive number
R = (ama) and a set S,,—1(C S) such that A(Sm,l N Sm,l(hm)) > 0 and also
Sm—1NSpm—1(hm) =5SNS(h)NSi(ha) N ... N Sp—1(hm)
cSNShi)NShe)N...NS(hp).
Hence the set S N S(h1) N S(he) N...N S(hy) is of positive measure. Thus for
every z € (0,0) there exist ap(z) € S and a;(x) € S (i = 1,2,...,m) such that

o(ai(z),ao(x)) = h; = a;z, i.e.

_ Q(a1($),ao($)) _ Q(a2(x)’a0($)> Q(am(x)’a0($)> )

251 a2 O

O

Theorem 1.2. Let C be a simple rectifiable curve in a metric space (E, o) satisfy-
ing the condition (A) and let S be a linearly measurable subset of C' with A(S) > 0.
If {r,} is a sequence of positive real numbers converging to zero, then the set of
points belonging to S for which for infinitely many n there exists u,, € S such that
o(x,up) =1y, Is a set of positive measure.

Proof. When proving Theorem 1.1 we have shown that there exists n(> 0) such
that for any 7(0 < r <n), A(SNS(r)) > 0. Let C,, = SNS(ry). Since r, — 0, there
exists a positive integer Ny such that 0 < r,, < 5 for n > Ny and hence A(C),) > 0
whenever n > Ny. Let B be the set of all those points x in S for which there exist

infinitely many w,, € S such that o(x,u,) =7,. Then B= (| U Cn = () Dn
N=1n=N N=1

where Dy = |J Cp. Here A(Dy) > A(Cn) > 0 for N > Ny, while each set of
=N

the decreasing sequence {Dy} is a subset of the set S. As the Hausdorff measure is
regular, A(B) = A}im A(Dy) [5]. It follows that A(B) > 0. O
— 00

Theorem 1.3. Let C be a simple rectifiable curve in a metric space (E, p) satisfy-
ing the condition (A) for ¢ > 1. Suppose K is a compact subset of C with A(K) > 0.

If {r,} is a sequence of positive real numbers converging to zero, then K(r,) — K
in G.

In order to prove the theorem we require a lemma.

Lemma. If A, — A as r — oo, where A,, A € G, then A(A,) — A(A4) in G.

The proof of the lemma is easy and omitted. O
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Proof of the theorem. Since K is a compact subset of C, then given an
€ (> 0), it is possible to find an open set G containing K such that A(G \ K) < £.
Let d = dist(K,C \ G). Then d > 0. Since r,, — 0, it is possible to find a positive
integer N7 such that 0 < r, < d for n > N;. Consequently, K (r,) C G for n > Nj.
Let X, = KN K(ry). Then X,, = G\ [(G\ K)U (G \ K(ry))]. So, for n > Ny,
A(X,) > AG) — [AG\ K) +A(G\ K(ra))):

Let = min {do, d, %} Then we can find positive integer N such that 0 < r, <7
for n > N,. Then, proceeding in the same manner as in Theorem 1.1, we have
A(K(rm)) > A(K) — £ for n > Na. Let N = max(N1, N;). Then A(X,) > A(K) —
25 > A(G) — ¢ for n > N. Consequently, A(K(r,)AK) < ¢ for n > N. Hence
K(rp,) — K in G. O

Corollary. For any measurable set B in C satisfying the condition (A) with ¢ > 1,
K(rp,)NB — KNB inG.

Proof. We have

A[(K (1)1 B)A(K 1 B)] < A[K(r)\ K] + A[K\ K(r)]

A
A[K(r)AK] — 0 as r — oo.

O
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