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RADICALS OF GREEN’S RELATIONS

STOJAN BoGDANOVIC and MIROSLAV CIRIC, Ni§

(Received March 20, 1996)

Abstract. Some structural descriptions of semigroups in which the radicals of Green’s
relations are semilattice congruences will be given.

MSC 2000: 20M10

A semigroup S is called an epigroup if for each element of S, some its power lies in
a subgroup of S. L. N. Shevrin proved in [14] that in an epigroup VD is transitive if
and only if it is a semilattice congruence. A more general result has been obtained by
M. S. Putcha [11], who proved that in an epigroup, the transitive closure of \/y is the
smallest semilattice congruence. Since 2 = _# on any epigroup, the above Shevrin’s
result can be also derived from the one of M. S. Putcha. Various characterizations of
regularity of semigroups by Green’s relations have been investigated by A. H. Clifford
and G.B.Preston [6], J. T. Sedlock [13], B. Pondéli¢ek [10] and D. W. Miller [7].

In this paper we characterize semigroups in which V.2 (1(2)) (2 € { #, 2, %,
RH,7}) is a semilattice congruence. We also describe semigroups in which 7(.%) is
band congruence.

Throughout this paper Z* will denote the set of all positive integers. The division
relation | on a semigroup S is defined by

a|b<= Jz,y € S*) b =ray
and the relation — is defined by

a—b<= Gnel)alb"
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For an element a of a semigroup S we define the following set £1(a) = {z € S |a —
z} and an equivalence relation oq on S by

ao1b <= Y1(a) = L1(b).

By 7,9,%,%, ¢ we denote the well known Green’s relations and by o we denote
the least semilattice congruence on a semigroup S.

For a relation ¢ on a semigroup S, the radical of o, in notation ,/p, is a relation
introduced by L. N. Shevrin [14] as follows:

(a,b) € Vo <= (Fm,n e 7% (a™,b") €
Here we also define the radical 7(o) of a relation ¢ on S by
(a,b) € 7(0) <= (Fn € ZM)(a",b") € o

For undefined notions and notations we refer to [1], [2], [6] and [8].

The first characterization of semilattices of Archimedean semigroups is due to
M. S. Putcha [12] (see also T.Tamura [15]). Some other characterizations of these
semigroups are given by M. Ciri¢ and S.Bogdanovi¢ [4] (see also the survey [3]).
By the following theorem we give some new characterizations using the radicals of

Green’s relations.

Theorem 1. Let 2 € { ¢#,%,}. Then the following conditions on a semi-
group S are equivalent:

(i) S is a semilattice of Archimedean semigroups;

(ii) /o1 is a congruence on S;

(iii) 7(o1) Is a semilattice (band) congruence on S;

(iv) Vo1 = o1;

(V) VZ Cor.

Proof. (i) = (iv). Let a,b € S and (a,b) € \/51. Then there exist m,n € 7+
such that (a™,b") € o1. By Theorem 3 [5] we obtain that acia™o1b"01b. Thus
(a,b) € o1, so \/o1 C o01. Since the opposion inclusion also holds, we have the
assertion (iv).

(iv) = (v). Let a,b € S, and (a,b) € V2. By Lemma 5 [5], (a,b) € /1, s0
(a,b) € o1. Thus VI Co.

(v) = (i). Let (v) hold. Then for every a € S we have that (a,a?) € v/ 2". Thus
(a,a?) € o1, and by Theorem 3 [5] we obtain (i).
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(ii) = (i). Let /o1 be a semilattice congruence. Then for all a,b € S we have
(ab, a®b) € /o1, whence ((ab)*, (a®b)") € o1, for some k,l € Z*. Thus (ab)* € Sa®S,
and by Theorem 1 [4] we have that S is a semilattice of Archimedean semigroups.

(iv) = (ii). By Theorem 3 [5] we have that oy is a semilattice congruence, and
thus /o1 is also a semilattice congruence.

(iii) = (ii). If 7(o1) is a semilattice congruence, then 7(o1) = 0. Since 7(01) C
\/01, we then have that ¢ = 7(01) C /o1 C /o = 0. Thus /o7 is a semilattice
congruence.

(i) = (iii). By Theorem 3 [5] we have that (a,a?) € oy, for all a € S. If
(a,b) € oy, then for all k € 7+ we have (a*,b*) € o1, so (a,b) € 7(01). Thus
o1 C 7(01). Assume that (a,b) € 7(01). Then (a*,b*) € oy for some k € 7,
whence (a,b) € 1. Thus 7(01) C 01. Therefore, 7(01) = 01 and by (i) < (iv) we
obtain that 7(01) = /o1 = 01. Now by (iv) < (ii) we have that 7(01) is a semilattice
congruence. O

For an arbitrary Green’s relation 2" € { ¢, 2, %, %, 5}, we say that a semigroup
S is V2 -simple if (a,b) € V2, for all a,b € S.

Theorem 2. Let 2 € { ¢,%,}. Then the following conditions on a semi-
group S are equivalent:

(i) V.Z is a semilattice congruence;

(il) VZ = oy;

(iii) S is a semilattice of v/ 2 -simple semigroups.

Proof. We will prove only the statement concerning the relation _#.

(i) = (ii). Let \/_# be a semilattice congruence. Then for all a,b € S, (ab, a®b) €
\/? . From this it follows that for every a,b € S there exists n € ZT such that
(ab)™ € Sa%S, and by Theorem 1 [4], S is a semilattice of Archimedean semigroups.
Now by Theorem 3 [5] we have that — is a quasi-order. Assume that (a,b) € \/_7.
Then a € ¥1(b) and b € ¥4 (a) and by transitivity of — we have that ¥1(a) = 31(b).
Thus (a,b) € o1. Therefore, \/j C o1 C 0, and since o is the smallest semilattice
congruence on S, we obtain that \/j =07.

(ii) => (i). We have that \/_# = o1 = /o7, so by Theorem 1 we obtain that
\/y is a semilattice congruence.

(i) = (iii). This is obvious.

(iii) = (ii). Let S be a semilattice ¥ of \/y—simple semigroups S,, a € Y, and
let o be the corresponding semilattice congruence. Since the g-classes are semilattice
indecomposable semigroups, we then have that ¢ = 01 (= ¢). By Theorem 1 we
have that \/y C o1. Let (a,b) € 01, a € So, b€ Sg, a, 8 €Y. Then a — b and
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b — a, whence a = 8. Thus a,b € S, and so (a,b) € \/_#. Hence, 01 C /_7, so

\/jidl. O

Theorem 3. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice (band) of nil-extensions of simple semigroups;

(ii) 7(_#) is a semilattice (band) congruence;

(iil) 7(7) = /.7 =015 (7(F) =/ F S o)

(iv) (Va € S)(Vb € S')(ab,a®b) € T(_7).

Proof. (i) = (ii). Let S be a semilattice Y of nil-extensions of simple
semigroups S,, @ € Y and let g be the corresponding semilattice congruence. Then
for (a,b) € p there exists n € Z* such that o™ _#b". Thus o C 7(_#). If (a,b) €
7( 7 ), then a™_#b", forsomen € Z*. Ifa € Sy, b € Sp, , 8 € Y, then by Lemma 9
[4] we have that o = 3, so agb. Hence 7(_#) C p. Therefore, 7(_#) = o, i.e. 7(_¥)
is a semilattice congruence.

(i) => (iii). Let 7(_#) be a semilattice congruence. Since 7(_#) C \/_#, we then
have that S is a semilattice of \/y -simple semigroups. By Theorem 2 we obtain
that

T(f) < \/?: 01(: U)’

whence we conclude that (iii) holds.

(i) = (ii). By Theorem 2 we have that \/_# is a semilattice congruence.
Therefore, 7(_#) is also a semilattice congruence.

(ii) = (iv). This is obvious.

(iv) = (i). From (iv) it follows that for every a € S there exists n € Z* such that
a"/aQ", i.e. S is an intra-m-regular semigroup. On the other hand, for any a,b € S
there exist n € ZT such that (ab)” € Sa?S. By Theorem 1, [4] S is a semilattice of
Archimedean semigroups. Now by Theorem 2.12 [12] we have that S is a semilattice
of nil-extensions of simple semigroups. O

Corollary 1. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of left simple semigroups;

(ii) 7(L) = VL = 01;

(iii) 7(.Z) is a semilattice congruence;

(iv) (Va,b € S)(ab,ba?) € 7(L).

Corollary 2. The following conditions an a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of groups;
(ii) 7(5) is a semilattice congruence;

(iti) 7(H) = VH = 01;
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(iv) (Va,b € S)(ab, (ba)?) € 7(7).

By a right regular band we mean a band satisfying the identity zyax = yx [7]. By
the following theorem we describe semigroups in which 7(%¢) is a band congruence.

Theorem 4. A semigroup S is a right regular band of nil-extensions of left simple
semigroups if and only if 7(.£) is a band congruence on S.

Proof. Let S by a right regular band Y of nil-extensions of left simple semi-
groups Sy, a € Y. It is clear that 7(.%) is reflexive and symmetric. If (a,b) € 7(.%),
then a,b € S,, for some o € Y, and by this it follows that 7(%) is a transitive
relation. Also, for any z € S we have that ax,bx € Sg, for some 8 € Y. Thus
(az,bx) € (L), so 7(L) is a right congruence. Similarly we obtain that 7(.Z) is
a left congruence. Therefore, 7(.%) is a congruence relation on S. Since S is left
m-regular we have that 7(%) is a band congruence.

Conversely, let 7(%) be a band congruence. Then S is left m-regular and 7(.£)-
classes are left Archimedean and left w-regular subsemigroups of S, so these are
nil-extensions of left simple semigroups. Further, for every z,y € S there exists
n € 77T such that

(xy)" L (wy)*" L (ya)*" " y.

Since .Z C 7(.Z), we have that

(zy)" (L) (yx)*" 1y
whence
2y (L) (2y)" (L) (yz)*" Hy.

From this it follows that
xyxT (L) (yx)Z"T(,iﬂ)yx

Hence, S/7(%) is a right regular band and S is a right regular band of nil-extensions
of left simple semigroups. O

In a similar way we can prove the following two theorems:

Theorem 5. /77 is a band congruence on a semigroup S if and only if S is a
band of v/ 7 -simple semigroups.

Theorem 6. The following conditions on a semigroup S are equivalent:
(i) 7(4€) is a band congruence;
(ii) S is a band of nil-extensions of groups;

(iii) (Va,b € S)abr()abr(H)ab?.
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Problems. We state the following problems: (i) Desribe bands of \/_#-

sim

is a

1]

Trg

ple semigroups, (ii) Describe semigroups in which V&', Z € { #,2, %, %, 5},

congruence.
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