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Abstract. Every separable Banach space with C™ _smooth norm (Lipschitz bump func-
tion) admits an equivalent norm (a Lipschitz bump function) which is both uniformly

Géateaux smooth and C(™-smooth. If a Banach space admits a uniformly Gateaux smooth
bump function, then it admits an equivalent uniformly Gateaux smooth norm.

Let (X, -]|) be a separable Banach space. Then it is easy to construct an equiv-
alent uniformly Géateaux smooth norm on it. Indeed, let {z;: j € N} be a countable
set contained and dense in the unit ball of X. Then

o0
o 1? = lla*)” + D a*(z)?/2, 2" € X*,
j=1

is easily seen to be an equivalent, dual, and weak* uniformly rotund norm on X*.
Hence the corresponding norm || - || on X is uniformly Gateaux smooth. For more
details see [DGZ, Section I1.6]. Now assume that X admits an equivalent C(™-
smooth norm. A natural question then is whether X admits an equivalent norm
such that this norm would be both uniformly Gateaux smooth and C(™-smooth. If
n = 1, then X* is separable [Ph, Corollary 4.15, Theorem 2.19] and we can assume
that the dual norm || - || on X* is locally uniformly rotund. Then the norm |- || on X
constructed above is both uniformly Gateaux smooth and C")-smooth. However, if
n > 1, we seriously doubt that || - || would be C("™-smooth provided that || - || is.
The aim of this note is to construct such a norm:

* Supported by grants AV 101-97-02 and GA CR 201-98-1449
1 Supported by grant GA UK 1/1998, GA UK 186, and GA CR 201-98-1449
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Theorem 1. Let (X, || - ||) be a separable Banach space admitting an equivalent
C™_smooth norm, wheren € {1,2,...}U{oc}. Then X admits an equivalent norm
which is both uniformly Gateaux smooth and C™-smooth.

We start with some preliminaries. The sets of positive integers, and real numbers
are denoted by N, and R, respectively. Let (X, | - ||) and (Y, ] - ||) be Banach spaces
and n € N. The symbol £"(X,Y) denotes the (Banach) space of n-linear bounded
mappings from X to Y endowed with the norm

IL|| = sup{||L(h1,. .., ho)l|l: P1,...,hn € Bx}, Le€Z™(X,Y).

If n =1 we write Z(X,Y). If Y = R we simply write Z"(X) = .Z(X,R). We use
the symbol X* instead of #*(X). The closed and open unit balls in X are denoted
by Bx and B x respectively.

Let f be a mapping from X to Y and x € X. We say that f is Gateauz differen-
tiable at x if there exists L € Z(X,Y") such that

1
|-G+ 7h) = f@)] ~ L)~ 0 as 70
.
for every h € X. Then we denote f/(x) = L. Let £ be an open subset in X. We
say that f is uniformly Gateauxr smooth on Q) if f is Gateaux differentiable at every
point in © and for every h € X

leu+7mffmnff@meﬂo as T —0

T

uniformly for z € Q. It is easy to check that if f is Lipschitz on 2, then f is uniformly
Gateaux smooth on € if and only if f is Gateaux differentiable at every point of €2
and for every € > 0 and every h € X there exists d > 0 such that

I/ @) = F @0 <

whenever z,z € Q and ||z — z|| < 6. We say that the norm || - || is uniformly Gdteaux
smooth if it is uniformly Gateaux smooth on the set {z € X: ||z|| > r} where r is
some (actually any) positive number.

We say that f is 1-times Fréchet differentiable at x if it is Gateaux differentiable
at x and

H%Uu+7mffmnff@meﬂo as T —0

uniformly for h € Bx. Now let n € {2,3,...} and assume that we have al-
ready defined the (n — 1)-times Fréchet differentiability and the symbol f(*~1(z) €
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£ (XY). Assume that the mapping f is defined and (n — 1)-times Fréchet dif-
ferentiable at the points of a neighbourhood of = and let there exist L € (™ (X,Y)
such that

[fO D (@ + mha)(ha, o ha) = FO D @) (2 )] = L(ha - h)

— 0

E
!

asT—0

uniformly for hi, ha,..., h, € Bx. Then we say that f is n-times Fréchet differen-
tiable at x and we denote f(™(x) = L. (It is known that f(")(z) is then symmetric
with respect to the variables hy,...,h, € X [C, Chapitre 1, Théoréme 5.3.1]. But
we shall not need this fact.)

Let @ C X be an open set and n € N. We say that the mapping f is C(™-
smooth on  if it is n-times Fréchet differentiable at every z € ) and the mapping
x — fM(z) from Q to £"(X,Y) is continuous on . We can easily check that f is
C_-smooth on € if and only if it is n-times Fréchet differentiable at every point of
Q and for every x € Q and every ¢ > 0 there is § > 0 such that

H% D (2t rhn)(has s ) — FO @) (B hin)] = L, )| <

whenever 0 # 7 € (=0,0), z € Q, ||z — x| <6, and hy,...,h, € Bx. We say that f
is C'*-smooth on € if it is C(™-smooth on § for every n € N. The 0-smoothness
means just the continuity of f and we put f(© = f.

Proof of Theorem 1. A rough scheeme of the proof: Applying integral convo-
lutions on the norm || - || on X countably many times (see [FWZ, Theorem 3.1]), we
construct a convex uniformly Gateaux smooth function f. If || - || is C(™-smooth,
then f will also be C(™-smooth. Now an implicit function theorem produces from
f a C™-smooth norm. However we are affraid that the implicit function theorem
does not work for the uniform Gateaux smoothness in general. Hence we need more
work: From f we construct, via an integration, a new, better function g. Applying
then the implicit function theorem to g, we get a norm which satisfies the conclusion
of our theorem.

Step 1. Basic construction. Let {z;: j € N} be a countable set which is contained
and dense in the unit ball of X. Denote

Q = [71,1}’\1’ and
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Note that T, @Q and K are compact spaces. Let ¢: R — [0,+00) be a Cl-smooth
function, with support in [f%, %} and such that [, = 1. Form € N, and ¢t =
(t1,t2,...) € Q we define

Um(t) =D tiw; and  om(t) = 2p(201)40(4ts) ... 2™ p(2 ).

j=1

Let 4 be the product of countable many Lebesgue measures on [—1,1]. For m € N
we define

fonl) = /Q 12— o (D) | om(®) du(t), € X.

Note that the integrand here is continuous on (the compact) Q. Hence f,(z) is well
defined for every = € X. Observe also that f,, is a convex function and that

(@) — Fonw)] < 1z — ol /Q () dp(t) = |z —y|| forall z,ye X,

Observe further that

m2
@~ @l < [ [ Y bz,
Qllj=m,+1
mo+1
< Z 2_j—>0asm1<m2—>oo
j=m1+2

Pm, (1) du(t)

uniformly for z € X. Hence we can put
fl@)= lim f,(z), zeX.

This is a convex 1-Lipschitz function on X and || - || — % <F<+ % O

Step 2. For a function g: X — R, z € X, and h € X we put

Dy(a)(h) = lim Z[g(z + 7h) ~ g(x)]
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if this limit exists and is finite. Fix x € X and ¢,m € N, ¢ < m. Then
1
Dfm(@)(w:) = lim —[fom(x +72:) = fin(2)]

1%7{/ fotxj t, —T)x;

20(201)4p(4ts) ... 2™ p(2" ) du(t)

J#i
- / x =Y timy — tiwi||20(2t)dp(4ts) . . 2™ (2 ) dpu(t)
Q i
lim x — thxj 20(2t1) ... 27 (27 1 21)2 = [(24(t 4+ 7)) — 9(2°)]
7—0 Q = T

x 2 (27 1) L 2™ 0(2M ) dpu(t)
= [ llz = vn(0llein(® duto)
Q
where
@l () = 20(2t1) ... 27 Lp(207 1, 1)2%00 (204) 27 (27 4 1) ... 2™ (2 ),
t = (t1,t2,...). Here we used the substitution ¢; — 7 +— t;, the fact that ¢ is a

CM-smooth function and the Lebesgue dominated convergence theorem. O

Step 3. Fix x € X and i € N and denote I = (—1,1). Put
p(s) = flz+szi), sel,

om(8) = fm(x +sz;), se€lI, meN.
Then
om(s) —@(s) = fm(x + sz;) — f(x +sx;)) =0 as m — o0

(uniformly) for s € I. Also, since ¢,/ (s) = D fp,(z + sx;)(z;), we have, by Step 2,
that

mo—+1

|om." () — omy( Z 277 221/|g0 (2t;)|dt; — 0 as i< myg <mg— 00
Jm1+2

uniformly for s € I. By a well known theorem from real analysis we then get that ¢
is a C(M-smooth function on I and that

¢'(s) = lim ¢,/(s) for sel.

m—0o0
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Thus, in particular,

Df(x)(z:) = ¢'(0) = lim n'(0)

m—0o0

= lim | o= ¢m(t)l¢),(t) du(t).
Q

m—0o0

From this and the definition of ¢!, it follows that the function x +— Df(x)(z;) is
Cy-Lipschitz, where C; = 2 [, [¢/(s)|ds. O
Step 4. Fix x € X and take any h € Bx and any € > 0. We find ¢ € N so that
||h — ;|| < /2. Since f is 1-Lipschitz, we have
, 1 1 ,
limsup |~ [f(z+ 7h) — f(2)] = —[f(e +7'h) - ()]

! —0 | T T

< limsup [2[f(e -+ ) — F(@)] = S[f (@ +7'm) = f@)] + 20—zl <

!
7,7’ —0 T

Hence Df(x)(h) exists. Now, since f is convex and Lipschitz, we conclude that f is
Gateauz differentiable at x. O

Step 5. Fix h € Bx. Then for z,y € X we have by Step 3
[f'(@)(h) = f' )W) < 1f' (@) (i) = £ W) @)l + (LF @1+ 1 @)Ih =l
< Cillz =yl + 2[|h — z4|.

So, if ¢ € N is such that ||h — 2;|| < £/4 and if ||z — y|| < /(2C;), we get |f'(z)(h) —
f'(y)(h)| < e. From this it follows that f is uniformly Gateauz smooth on all of X.
O

Step 6. Using an implicit function theorem, we could produce an equivalent norm
from f. However, we are not quite sure if such a norm would keep the uniform
Gateaux smoothness. (For a better understanding of our worries, see Step 9.) In
what follows we “improve” f. Let n: R — [0,+00) be a C''-smooth function with
support in [1,2] and such that [, n = 1. Put

amzﬂj@mM@m,xex.

We can easily check that the function g is well defined on all of X, and that g is
convex and 2-Lipschitz. Moreover, as || || — 2 < f < | - || + %, we have

1 1
]| — 3 S g(z) < 2||z| + 5 TEX
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Step 7. Fix x € X and put
L) = [ flen)msns)ds, hex
R

It is easy to verify that L(h) is well defined and that L is a linear bounded functional
on X, with |L(h)| < ||h]| [; sn(s)ds < 2||h]|, h € X. Fix any ¢ > 0 and any h € Bx.
Since f is uniformly Gateaux smooth (Gateaux differentiability is actually enough),
there is § > 0 so that

|f'(sz + 2)(h) — f'(sz)(h)| <e/2 whenever se€[1,2] and z€ X, |z < 24.

Thus for 0 # 7 € (—6,J) we have

g+ 7h) — 9(a)] ~ L(h)

/ (Hf(S(erTh)) — f(sz)] — f/(suf)(h)S)n(s) ds
R

_ ‘ /R [F' (s + Bs7h) () — f(s2)(h)] dBsn(s) ds

0

< /(5/2)57](8) ds < 2e/2=c¢.
R
This means that g is Gateauzr differentiable at x and
§'(2)(h) = / Fse)(h)sn(s)ds, z€X, heX.
R

Now, since f is uniformly Gateaux smooth on X, the above formula yields that g is
also uniformly Gateauxr smooth on X. Moreover, integrating by parts, we obtain

(%) g'(x)(z) = - /R fsz)(s/'(s) +m(s))ds, x€X.

Step 8. Consider the set
U={zxeX: g(z) <1}

From the properties of g we can easily deduce that U is a convex, closed, and bounded
set. Since g(0) = f(0) < 1/2, the interior of U contains 0. Let p denote Minkowski’s
functional of U. Then p will be positively homogeneous, convex, continuous, and
p(z) =0 if and only if x = 0.
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In what follows we shall show that p is Gateaux differentiable and we shall derive
a formula for p’. We shall proceed as in [BF|. Fix € X, with p(z) = 1 and let ¢
be an element of the subdifferential dp(z). Note that then g(z) = 1. Let h € X be
such that £(h) = 0. Then p(x + 7h) > p(x) = 1 for 7 > 0. Take any r > 1. Then
p(r(x + 7h)) = rp(x + 7h) > 1 and hence r(z + 7h) ¢ U, ie., g(r(z +7h)) > 1
for all » > 1 and all 7 > 0. Thus g(x + 7h) > 1 (= g(x)) for all 7 > 0. It follows
g'(x)(h) = 0. This holds for every h € X satisfying {(h) = 0. Therefore £ = A\¢'(x)
for a suitable A € R. But

1=p(z) =&(x) = Mg (z)(x),

so & = [¢/(x)(z)] tg'(x). Hence ¢ is uniquely determined, which means that p is
Gateaux differentiable at x and p’(x) = £. Thus, for every 0 # 2 € X we have

(- o =17 (;5) Gl 7 Gi)

O

Step 9. It remains to prove that p is uniformly Gateaux smooth outside of a
neighbourhood of the origin, say on Q = {z € X: p(z) > r}, where r is a fixed

positive number. So fix A € X and consider any x,y € ). Write & = ﬁ, J= %.
Then p(z) = p(y) = 1 = g(Z) = 9(9),
9'(@)(7) = 9() —9(0) > 3, B > 3.
and
P (@)(h) =P )(h) = [¢@@)] g @) - [¢ @ @] ¢ @)
= [f@@)] ' [9@h) — g @A)
+ ¢ @@ D@D [ @G - 9 @)@ @) ()
<2|g'(@)(h) — ¢' @) (B)| + 4|(¢' D) (@) — ¢'(@)(@)||g' (&) (h)]

Recall that |¢/(Z)(h)| < 2/|h]|. Also, from (x) we get |¢'(7)(9) — ¢'(2)(%)| < k[|g— 2|,
where k =2 [, [sn(s) + n(s)| ds. Thus

Now, recalling that g is uniformly Gateaux smooth on X, it is enough to show that
|Z — g is majorized by a multiple of ||z —y||. From the definition of p we know that
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it has all features of an equivalent norm but the symmetry. So there are constants
a,b > 0 such that a|| - || < p < b|| - ||. Thus for z,y € Q we have

R lz =yl vl p(y) — p(2)]
== 5wl < T

1 b
<l =yl + —llz =yl
T ar

Therefore p is uniformly Gateauxr smooth on Q.

Putting ||z|| = p(z) + p(—z), x € X, we get an equivalent uniformly Gateaux

smooth norm on X. O
Step 10. From now on fix n € N and assume that our original norm | - || on X is
C(™-smooth . We shall show that the norm || - || defined in the previous step is in

fact C("-smooth .
Claim. The functions fm,, m € N, from Step 1 are C™ -smooth on X\ %BX and

£ @)y o) = /Q 117 (@ = Y (D) (1, )0 (2) du(t)

foerX\%BX and hy,...,h, € X.

Proof. Surely, the claim is true for n := 0. Assume that the claim was verified
for n — 1. Fix € X, with ||z|| > 1/2, and for m € N put

(b, ha) = /Q 119 @ = G () ) o (®) Ault)s s i € X

Note that the integrand here is equal to 0 for all t € Q \ T. Further  — ,,(¢) # 0
for all t € T. And, since || - ||(™) is continuous on X \ {0}, Ly (hy,...,hy,) is well
defined and L,, € Z"(X).

Let € > 0 be given. From the compactness of K and from the continuity of || - || ™)
we find & € (0, 3|z|| — %) so that

1199 = ) = 1172 = v 0D < <

whenever z € X, ||z —z|| <25, meN, and t € T
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Now take any 0 # 7 € (—6,6), h1,...,h, € Bx, m € N, and y € X with

lly — z|| < é. Then, by the induction assumption,
1
S+ Tha) (e ) = S5 @) )] = Lo )

/Q (% - 19Dy + 7ha = Y () (ha, - hn)
— 1"y = () (R ha)] = - 1™ (@ = P (£) (P - .,hn))gom(t) dﬂ(t)’
‘// [ 1 (y + 07hy — Y (t))(ha, ., ha)
QJ0
‘WWWW—%NmewmﬂMwﬁmmﬂ<a

(Here we used the continuity of || - ||®) and the integral mean value theorem.) This
means that f,, is C")-smooth at x and that

Fad @) (s h) /Ql'll(")(wwm(t))(hl,-~-,hn)¢m(t)dﬂ(t)~

O

Step 11. Claim. The function f defined in Step 1 is C™)-smooth on X \ %BX
and
1750 (@) = f (@) =0 as m — oo
for every x € X, with ||z|| > 1/2.

Proof. Surely, the claim is true for n := 0. Assume that the claim was verified
for n—1. Fix 2 € X\ $Bx. From the compactness of K and the continuity of ||- ||
we get that

119 = o () = 11 @ = ) )| =0 a5 mamy — o0
uniformly for ¢t € T'. Hence, by Step 10,

Hf},?(x) - f,%)(x)H —0 as mi,mgo — 0.

Thus, we can define L = lim f,(,?) (z) and L belongs to £™(X).

Fix £ > 0 and let ¢ be that chosen in Step 10. Take 0 # 7 € (=6,0), h1,...,h, €
Bx, and y € X, with ||y — z|| < 6. Then, according to Step 10, we have

1
-

£y 4 7ha) (hay -y b)) — F7D (@) (o, o ha)] — £ (@) (hay e b)) | < €
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for all m € N. Now let m go to co. By the induction assumption, we thus get that
1
—[FV o+ Th) (hey b)) = POV @) (e, )] = L(h- s ha)| < e

This means that f is C("-smooth at 2 and that f((z) = L (= lim f(”)( ). O

m—0o0

Step 12. Claim. The function g defined in Step 6 is also C"™) -smooth on X\%BX
and

0 @), ) = /R FO (s2)(has .- h)s™(s) ds

for allweX\%BX and all hy,...,h, € Bx.

Proof. Surely, the claim is true for n := 0. Assume that the claim was verified
forn— 1. Fix z € X \ Bx and put

L(hl,...,hn):/f(")(saz)(hl,...,hn)s"n(s)ds7 hi,...,hp € X.
R

As earlier, we can check that L is well defined and that L € £™(X). Let € > 0 be
given. We find 6 € (0, 3[z|| — §), 0 < 1, such that

1™ (s2) — fM(sz)|| < e2™™ whenever ze€ X, ||z — x| <26, and s € [1,2].

Then for 0 # 7 € (—4,6), y € X, |ly — || < 0 and hq,...,h, € Bx we have
1

’;[g("_l)(y—l—Thl)(hg,...,hn) — g V() (ha, ... hn)] = L(ha, .- ., )

= 1 {/ f(" 1)( (y+7—h1))(h2,...,hn)s"_ln(s)ds

/f(” D (sy)(  hi)s™In(s) ds] — / F™(sz)(ha,. .. hn)s"n(s)ds
R
= // (£ (sy + 0sTh1)) (b1, ... hy) — f (s2)(Ras . . ., hy)] dOs™(s) ds
< / "n(s)ds < e.
R
This means that g is C("")-smooth at x. O

Step 13. Claim. The function p defined in Step 8 is C"™")-smooth on X \ {0}.

Proof. From the formula (xx) we can see that the mapping p’ is a composition
of g, ¢’ and some elementary mappings. More carefully:

(k) p'=do0{aoyolg oBo(aop,id),Bo(aop,id)],g o Bo (aop,id)},
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where

B(t,z) =tx, teR, =ze€lX,
7§
(&)=t teR, EeX*,

and “o”

means the composition of two mappings. We note that the mappings «, 3,
7, 6, id are C*>°-smooth while ¢’ is C(™~Y-smooth. The formula (+*) guarantees
that p is C(Y-smooth on X \ {0}. If n > 1, then () together with [C, Chapitre
1, Théoreme 5.4.2] subsequently gives that p is C@-smooth, C®-smooth, ..., C"-
smooth on X \ {0}.

Finally, the C(™-smoothness of p trivially implies the C'")-smoothness of the norm
-1

If the original norm || - || is C*-smooth, then our norm | - || will be C(™-smooth
for every n € N, and hence C*°-smooth. O

Remark. We note that in Steps 1-9 we did not need any smoothness of the norm
|- |I. If || - || is at least C))-smooth, then we can save some work in Steps 3 and 4.
Also, in Step 9, we can use the standard implicit function theorem [C, Chapitre 1,
Théoreme 4.7.1].

A function f on a Banach space X is called a bump if its support supp f := {z €
X: f(x) # 0} is nonempty and bounded.

Checking Steps 1-5, 10, and 11, we get

Theorem 2. Let a separable Banach space X admit a Lipschitz bump which is
C™_smooth, where n € NU {oo}. Then X admits a Lipschitz bump which is both
uniformly Gateaux smooth and C'™) -smooth.

In its proof we just must pay more attention to showing the linearity of the function
h+— Df(x)(h) in Step 4. This can be guaranteed if we require in Step 1 that the set
{z;: j € N} is closed under making convex combinations with rational coefficients.
The above remark also applies to this proof.

By putting together the proof of [FWZ, Theorem 3.2] and Steps 6-9, we get, in a
different way, a recent result due to Tang [T]:
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Theorem 3. If a Banach space X admits a uniformly Gateaux smooth bump b,
then X admits an equivalent uniformly Gateaux smooth norm.

Proof. Step 1. We shall first show that b is a bounded function.
Find ¢ > 0 such that b(x) = 0 whenever z € X and |z|| > ¢. Find then h € X
such that ||h|| > 2¢. Since b is uniformly Gateaux smooth, there is m € N so that

‘m[b(x + %(ih)) - b(m)} - b’(x)(ih)‘ <1 forall zeX.

Fix any xz¢ € X with b(zg) # 0. Then ||zo|| < ¢ and so b(zg + h) = 0. Put

tj:b<x0+lh), sj:b'<x0+ih)(h), j=0,1,...,m—1.
m m
Then we have

’m(thrl*tj) 78]” <1 and |m(tj7tj+1)+5j+1| <1l, 57=0,1,...,m—1.

Thus, for j =0,1,...,m — 1 we have

|55 < lsjn = s+ [sja| <T+1+[sin

)

| <
|Sj’ < 2+ ’Sj+1| <4+ |Sj+2’ <...<2m+ ’Sm’ = 2m,
and further,

m|t;| < 14 |s;] + m|tje1] < 1+ 2m+m|t;]
< 2(1+2m) +m|tj+2| <...< m(1—|—2m)—|—m’tm| = m(l +2m)_

So, in particular, m’t()’ < m(1+2m), and hence |b(x0)| = ’t0’ < 1+ 2m. We proved
that sup |b(z)| < 14+2m. (We note that b is then Lipschitz, see [MV, Remark 2.1(a)].
zeX

But we shall not use this fact.)

Step 2. Replacing our b by z — ab(Bx+2)+6, x € X, with suitable o, € R and
z € X, we get a new uniformly Gateaux smooth function, denoted again by b, such
that b: X — [0,+00), b(0) < 1/3, and b(x) = 6 whenever x € X and |z| > 1/2.
For z € 6Bx put

=1
m m
g o =1, g ajxjx,mGN}.
Jj=1 Jj=1
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It is immediate to check that 0 < f(0) < 1/3 and that f(z) =6 if and only if z € X

and ||z|]| = 6. Further it is standard to verify that f is a convex function on 6Bx.
Take 0 # x € 6Bx. Then z = (1 — ”xH )0+ Hg” f;” and the definition of f gives

6
f@)<<1u§56m)+iﬂ%<uﬂ)< + -
Ao, if [y < 3, then by) > 0 > y] ~ 4, and if § < [yl < 6. then b() = 6 > ]
Therefore f(z ) > |lz| — 4. Summarlzlng up, we get that
1

Hx||—§ < flz) < §+||xH for all = € 6Bx.

—_

We shall show that f is Lipschitz on 5Bx. Take x,y € 5Bx. We find ¢t > 1 such
that z := (1 — t)z + ty has norm 6. Then y = 22 + (1 — 1)z and from the convexity
of f we get

1

fe)+ (1= 3) @) =3 + @) - 11 <

Sl

fly) < -+ f(z).

t

hence f(y) — f(z) < &. On the other hand
Lzl =zl < Iz = 2l = tlly — =]

Therefore
f(y) — f(z) <6|ly — x| whenever x,y € 5Bx.

Step 3. We claim that f is uniformly Gateaur smooth on 4Bx. Fix h € Bx and
e>0. We find § € (0, £) such that

() = [blx +th) — b(x) — b (z)(h)] <

1
i whenever z € X and t € (0,66).

oo ™

Fix for a while any = € 4By and any ¢ € (0,6). Then f(z) < 1/3+ |z| < 5. Find
e’ € (0, 5/4) so that f(x )+5t < 5. We find ay,... ) O >0and z1,...,2, € 6Bx

satisfying Z a; =1 and Z a;xj; = x, and such that Z a;b(z;) < f(x) +€'t. We
J=1 Jj= Jj=1
may, and do assume that b(xl) < b(x2) < ... < b(zy). Let k be the largest j such
k

that b(z;) < 6. Then, putting « = ) «;, we have « = 1 if k = m, and
j=1

m

5> Y ajb(z;)=(1-a)-6

j=k+1
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otherwise. Hence o« > %. We note that
k + m
o+ th = ( + ) z;
Za] xr; £ ah + Z 05T
j=1 j=k+1

and
t t 1 .
Ha:ji—hH<Hxﬂ|+—<—+66<6 forj=1,...,k.
« a 2

(Recall that b(x;) < 6 implies ||z;]| < 1/2.) Also £ < 64. Thus, using (*), we have

& | =

[f(z +th) + f(z —th) — 2f(z)]
k
< D asglble; + 4) + ol = £8) — 20a)] + 27

£
8

N

3
< Oéj‘2 +21<€.

.
Il
-

This holds for every x € 4Bx and for every t € (0,6). Hence f is uniformly Gateaux
smooth on 4§X.
Step 4. Define

g(z) = 3/ f(sz)n(s)ds, =z € 2By,
R
where 7 is the function from Step 6. Then g is a convex Lipschitz function on 2Bx.

Step 5. Asin Step 7, we can check that g is uniformly Gateaux smooth on 2By and
that the function z — ¢/(2)(z) is Lipschitz on 2Bx. Moreover g(z) > 3 whenever

re€Xand ||z]|=1(as f = || — 3) and g(0) = 3f(0) < 1.
Step 6. It remains to apply the lemma below; its proof is contained in Steps 8
and 9. 0

Lemma. Assume that there exists a convex, Lipschitz, uniformly Gateaux smooth
function g: 2Bx — R, with g(0) < 1 and g(z) > 3 whenever z € X and |z| = 1.
Assume moreover that the function z — ¢'(x)(z) is uniformly continuous on 2Bx.
Then X admits an equivalent uniformly Gateaux smooth norm.
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