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1. INTRODUCTION AND NOTATION

The geometric formulation of the calculus of variations has been carried out in the
last decades in different fashion (see, for instance, [1], [2], [3], [4], [6], [7], [9], [11],
[12], [13], [16]). These methods, used in the process of generalizing from mechanics
to the higher order case and several variables, may seem somewhat artificial. For
instance, in the construction of a general Poincaré-Cartan form, one utilizes a method
involving determination of coefficients under certain prescribed conditions, and other
adhoc techniques. It is not always clear what the real significance is of the role played
by new objects (e.g. a linear connection on the base manifold) that are extrinsic to
the problem.

We offer a new approach that unifies the classical methods and their generalizations
to field theories of higher order and the study of the variational bicomplex in a natural
and rather simple way. We make use of two basic tools; first, a decomposition of
operators that is trivial in the first order case. This is where the above mentioned
connection comes in. Second, we introduce a formal covariant derivation law which
is the geometric analogue of the derivative of variations with respect to time in
mechanics.

For a differentiable manifold M, we make the key remark that the algebra " of
differential forms of maximal degree is a right module over the ring 2 of differential
operators. With each linear connection on M we associate a morphism whose effect is
to decompose the higher order tangent fields 7%, k > 1 (% C 2) as a composition
of ordinary tangent fields with differential operators of order £ — 1. With this we
achieve a factorization, via the exterior differential, of the action of 7% on the 2-
module 2". Mutatis mutandis, it is possible to generalize the method to the valued
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case Q"®.47, when & is a left Z-module through the action of the covariant derivative
associated with a derivation law.

Let € be the contact module on the jet spaces of a fibred manifold with base
manifold M. By making use of the formal or total derivative, we define a covariant
derivation law on M with values in ¥’. This law yields a differential ¥ -valued calculus
on M that allows us to recover in a natural way the main objects and manipulations
of the classical variational calculus and then to generalize it to the higher order and
several variables case; in particular, the Euler-Lagrange form appears as a result of
a certain action on the Lagrangian density.

The integration by parts formula (called ‘decomposition formula’ in [6]) relates
the differential of the Lagrangian density, the Euler-Lagrange form and an exact
differential form. As shown in [6], to find a Poincaré-Cartan form is equivalent to
finding an ‘integral’ of this exact form. We do this by means of a constructive process
which is based on the factorization of the action of .7 on Q" ® ¢.

Obviously, the @-valued calculus admits extension to a calculus with values in the
exterior algebra of ¥’. This extension allows us to define the so-called variational bi-
complex ®™*. We give a canonical construction (without reference to the coordinate
expressions) of the Euler-Lagrange resolution. Finally, with the same technique with
which we have built the Poincaré-Cartan form (relative to a specific linear connection
on M), we give the decomposition of the spaces ®™" (dim M = n) explicitly finding
an ‘integral’ in ®™"~! of the exact term in this decomposition.

The paper is structured as follows. In §2 we see how a linear connection on M
produces a notion of degree in . By making use of the homogeneous components of
§2 we find in §3 the decomposition morphism of 7*. In §4 we recall some properties
of the Z-modules. In §5 we will see how to use the decomposition morphism (§3) to
factorize the action of 7% on Q™. In §6 we make some remarks on Weil’s definition
of the jet spaces and the vertical lift of tangent vectors. In §7 we recall the definition
of the formal or total derivatives. With the results of §7 we give in §8 the definitions
of the structure form, the contact module ¥ and the ¥-valued differential calculus.
In §9 we recover the fundamental elements of the calculus of variations, generalizing
them to higher order and several variables, and we give our construction of the
Poincaré-Cartan form. Finally, in §10, we apply the above techniques to the Euler-
Lagrange resolution.

We now fix notation and a few conventions that we will use later. For a differ-
entiable manifold M we will write €°°(M) for the ring of infinitely differentiable
functions, T'M for the tangent bundle, T*M for the cotangent bundle and AP M for
the bundle of exterior forms of degree p. If 7: N — M is a projection between
differentiable manifolds, we will write TV(IN/M) for the bundle of vertical tangent
vectors of 7; if FF — M and G — M are vector bundles, we will write Fy for the

586



pullback 7*F and F ®ps G for the tensor product ; when there is no risk of confu-
sion we will understand that the tensor product is taken before a suitable pullback.
Calligraphic letters will be reserved for the modules of sections of the correspond-
ing vector bundles; for instance, 7 M will mean the ¥°°(M)-module of sections of
TM, i.e. the module of tangent vector fields. As an exception QP(M) will mean the
€ (M )-module of sections of AP M.

2. GRADUATION OF DIFFERENTIAL OPERATORS

Let M be a differentiable manifold, dim M = n and m, the maximal ideal of
functions vanishing at a point x of M.

A differential operator of order k on M is, by definition, an R-linear morphism
P: €°°(M) — €°°(M) that sends mk*! to m, for each z € M. We will denote
the set of differential operators of order k on M by Z*.

Let p: M x R — M be the projection onto the first factor, J*p the fiber bundle
of k-jets of sections of p (i.e. the functions on M) and /kp the module of the
corresponding sections. The map j*: €>(M) — /kp, associating with every
function its k-th Taylor expansion, represents 2% in the following sense: for every
P € 2" there is a unique morphism P: #*p — €¢>°(M) such that P = P o j*.
In other words, Z* is the dual ¢°°(M)-module of _#*p. Therefore 2" is locally

free, with rank (":k), and, if (z1,...,7,) is a local chart on M, 2* is generated
by 0“ = (%)al 0...0 (%)O‘ as @ = (aq,...,qy) runs through the multi-indexes

la| < k (0° means the constant function 1). If & < 7, then there is a natural
immersion 2% C 9" (observe that 2° = €>°(M)).

Besides the structure mentioned, every Z* has a second canonical ¢'>° (M )-module
structure. If g € €>°(M) and P € 2*, we define the operator g * P € 2" according
to the following rule: (g * P)f = P(gf)for every f € €°°(M). This new structure
for 2% will be denoted by Z*. The € (M)-module Z* is also locally free with the

same local generators.

The subbundle T**M of I kp comprised of those k-jets whose projections over
M x R are zero is, by definition, the k-th cotangent fibre bundle of M. The fibre of
each x € M is T)*M = m,/mi ! C €°°(M)/mk+1 = Jkp. The module of sections
of T** will be denoted by .7*.

The dual of T is called the k-th tangent fiber bundle of M. We will denote it
by T*M. Equivalently, T%M is the incident of R in J*p. The module of sections
of T*M will be denoted by .7*M. The elements of .7*M can be characterized by
Leibniz’s rule of derivations of products. On the other hand .7*M is, at the same
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time, a quotient and a submodule of Z*; in fact we have the decomposition
PP ~E°(M)® TEM

where we put P = P(1) + (P — P(1)) for each P € 2*.

For the sake of simplicity, we will write 7% instead of Z*M and .7 instead of
JIM. For k > 0, the quotient of the ¥°°(M)-modules 2*/2%~1 has the fibre
(mk /mE+1)* ~ G*(m, /m2)* at each point x € M, where ( )* means taking the dual
and S* means the k-th tensor symmetric product.

From the above, making use of the isomorphism (m,/m2)* ~ T,, we infer the
exact sequence

0— "' — 98 ~sF7 —0.

The image under the projection 2% — S*.7 of an element P € 2" is known as
the symbol of P.

Remark 2.1. The same exact sequence holds for the tangent bundles (taking
into account the inclusions 7% C Z%):

0— F+t gk __8kg 0.

We can consider €>°(M) and S*.7 as the homogeneous minimal and maximal
degree components of 2%, respectively. We will show how to define the remaining
components for a specific linear connection.

Lemma 2.2. A linear connection V on M gives the module 9% a graduation

k
via an isomorphism @ S*7 ~ % (where S°T = €>°(M)).

r=0

Proof. It suffices to find sections s, for the exact sequences
0—9" 9" 8T —0 r=1,...,k
For r = 1, the sequence is
0 — (M) — 2" — T —0

and we take the section s1: 7 — 2! as the natural inclusion. For r > 1 we define
the section s,.: S™9 — 2" by the rule

T

1
Sr(Dl N Dr) = ; Z(Dz ] Sr—l(Dl .. ~Di—1Di+1 N Dr)

i=1

— 8. 1(DY(Dy...Di_1Diy1...D,)))
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where D; ... D, is the symmetric product of r tangent vector fields D; and DY is
the covariant derivative that V induces over S"~1.7.

It is easy to check that each s, is well defined, ¥°°(M)-linear and it is also a
section of " — S" 7. O

See [5] for another construction of this graduation of Z*.

We obtain the expression of this in coordinates by letting (z1,...,2,) be a local
chart for M, 0; = 52, 0°* = 9*...0% € S"T, 0% = 0{* o...0 0% € I" with

a=(o1,...,0n),|al =r and V the local linear connection defined by (z1,...,zy).
Then s,.(0%°*) = 9°.

3. DECOMPOSITION MORPHISM OF HIGHER ORDER TANGENT BUNDLES

If P is a differential operator of order £k — 1 and D is a tangent vector field, the
composition P o D belongs to .7*. This type of compositions defines a €°°(M)-
module morphism that we will explain in what follows.

Define a map

G: 1@y T — T*

where G(P ® D) = P o D and extending by linearity.

The map G is well defined by the choice of the structure for 2*~1. However, G is
not ¢°°(M)-linear. Now let .4 be the €°°(M)-module obtained from Z+~1,, @ 7
by defining the product by functions as follows: for each f € €°°(M), we put
fe(P®D)=(fP)® D;i.e., only multiplying f by the first factor and throughout
the first structure for #*~1. Over 44, the map G is €°°(M)-linear.

Definition 3.1. Henceforth G: .4 — 7% shall be known as the composition
morphism.

We are interested in determining a section of the morphism G for subsequent use.
The following is the precise statement of this.

Theorem 3.2. FEach linear connection V on M produces a section Hy: T% —
N, of G, i.e. Go Hy = Id. We will call Hy the decomposition morphism.

Proof. It suffices to define the images by Hv for each of the homogeneous
components of the graduation produced by V (Lemma 2.2). Let Dy, ..., D, be vector
fields on M.

For r = 1, we define Hy(s1(D1)) = D;.

589



For » > 1, we put

1
Hy (s¢(D1 ... D)) = — > (DioHy(sy—1(D1...Di1Diy1 ... Dy)

%

— Hy(s,_1(DY(Dy...Di_1Diy1...D,)))

where the symbol ‘o’ means composing D; with the first factor of the tensor product.
As with s, it is easy to see that Hy is well defined and €°°(M)-linear. We will
verify that Hy is a section of G:

1
G o Hy(sy(D1...Dy)) = = > (G(Dio Hysy_1(Dy...D; 1Dty ... D))

- GHvSr_l(DiV(Dl e Di—lDi—i-l e Dr)))
1
- > (DioGHysp_1(D1...Di1Dity ... Dy)

— GHys,_1(DY (D1 ...Di_1Dit1...D,))).

By the induction hypothesis, GHys,_1 = s,_1, hence

1
Go HV(ST'(Dl .. Dr)) = ; Z(Dz o Sr—l(Dl . Di—lDi+1 e Dr)

i

- Sr_l(Div (Dl e Di—lDi+1 e Dr)))

O

Remark 3.3. For orders £k = 1 and k = 2 the morphism Hy is independent of
the connection V. Indeed, in order 1 it is clearly independent, and in order 2 we
have

1
H(D1 ODg) = §(D1 QR Dy +Dy®D1+1® [Dl,DQD

where [D1, Ds] is the Lie bracket of D; and Ds. In general it can be deduced from
the construction of Hy that Hy depends only on the (k — 2)-jet of the symmetric
connection associated with V.

In local coordinates, if V is the connection that the local chart (x1,...,2,) in-
duces on M, we have that Hy (0%) = Y. [ar0%" % ® 0; where ¢; is the multi-index
i

(i)
(0,...,0,1,0,...,0).
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4. 9-MODULES

We have taken certain definitions and properties of Z-modules from Schneiders
[18]. These properties will be used in the subsequent sections.

Definition 4.1. The injective limit of the system (2*);en, where the inclusions
9% C 9" for k < h are considered, will be called the ring of the differential operators
(of the manifold M) and denoted by 2.

The ring Z inherits the ¢°°(M)-module structure of 2%. On the other hand, 2
is a non-commutative ring under composition of operators. Therefore, we need to
distinguish between left and right Z-modules. The proof of the next results can be
found in [18].

Proposition 4.2. Let o/ be a €°°(M)-module and let a: €°°(M) — Endr &/
be the associated multiplication morphism. Let us assume that there exists a map
X: < — Endg & defining an R-linear action of 7 on < such that:

1) (D), a(f)] = a(Df) (resp. —a(DS),

2) [(D1),x(D2)] = X([D1, Dal)  (resp. —x([D2, D),

3) a(f) o X(D) = X(fD) (resp. x(D) o alf) = x(D))
for every D1, Do, D3 € 7 and every f € €°(M).

Then there exists a unique structure of the left (resp. right) Z-module enlarging
the actions o and x.

Corollary 4.3. The exterior algebra Q"™ (M) comprised of the forms of maximal
degree possesses a unique structure of the right Z-module that extends its structure,
a, of the €>°(M)-module, and also extends the action of .7 given by w-D = —Lpw
for any w € Q"(M),D € . (Lp being the Lie derivative).

Corollary 4.4. Let @71, 9% be two left Z-modules and £ a right 2-module.
Then:

1) The action of 7 on the €°°(M)-module o Q) o/ given by D(a; ® az) =
Da; ® as + a1 ® Dag for any D € T, a1 € &, as € 45, extends to a unique
structure of the left 9-module on 2/, Qs ofs.

2) The action of .7 on the €*°(M)-module B ®p; /2 given by (b®a)-D =
b-D®a—b® Da forany D € T, b € B, a € a5, extends to a unique structure
of the right 2-module on X Qp; s.
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5. FACTORIZATION OF THE ACTION OF HIGHER ORDER TANGENT FIELDS ON 2"

Let D be a (tangent) vector field on M and w a form of maximal degree. Then
for the action defined in 4.3 we have w- D = —Lpw = d(—ipw) (ipw being the inner
contraction of w with D), in other words, we can build an explicit integral for the
exact form w - D. We want now to extend this result for the action of higher order
vector fields P € . 7%, k > 1. The key to this resides in the decomposition morphism
(Theorem 3.2).

Theorem 5.1. Given a linear connection V on M, for each P € 7%, there is an
R-linear map ®p: Q"(M) — Q" 1(M) that makes the next diagram commutative:

O (M) —F— Q"(M)

|

QnL(M) == Q=1 (M)

where - P is the action of P and d is the exterior differential. In other words, for any
w € Q"(M), pw is an integral of w - P.

Proof. If Hy(P)= > Q ® D € .4 then we can define Ppw = —> ip(w- Q)
which gives

dpw=dY —ip(w-Q) =w- (ZQOD) —w- (GHyP)=w- P,

where we have made use of the fact that Lp = dip on Q"(M). O

Remark 5.2. When P is of order 1 or 2, the decomposition morphism is inde-
pendent of the linear connection, as a result of which ®p is also independent.

On the other hand, provided that dim M = 1, V is another connection and ®p is
the associated operator, then ®p can only differ from ®p in a constant term. Both
®p and ®p depend linearly on P, thus we deduce that this constant term is zero.
Therefore, if dim M = 1 for any order k, ®p is also independent of the connection.

Remark 5.3. The result obtained in the theorem is automatically generalizable
to the following (‘valued’) case: let o/ be a ¥°>°(M)-module with a covariant deriva-
tion law such that the Lie covariant derivative converts </ into a left Z-module
(Lemma 4.2). The ¥°*°(M)-module Q" (M) Qs & is now a right Z-module (Corol-
laries 4.3 and 4.4). Explicitly: if D € 7, w € Q*(M) and a € &/ we put

(w®a) D=w-DR®a—w®Da=—-Lpw®a—w® Lpa=—Lp(w® a),
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where L means the covariant derivative of a by D and Lp(w®a) is the Lie covariant
derivative. Hence Theorem 5.1 holds, with the same proof, when one replaces Q™ (M)
by Q"(M) ® &7, and d by the correspondent exterior covariant differential.

Corollary 5.4. Let L: %@y Q"(M) — Q"(M) be the morphism associated
with the action of 7% C 9 on Q"(M). Given a fixed linear connection there exists
a map ® that makes the next diagram commutative:

T @ Q1 (M) 22— Qn(M)

' |

QL (M) =—= Q" (M)

Proof. Define ®(PRw)= ®pw with P € 7% w € Q"(M) and ®p the operator
defined in 5.1. Extending ® by linearity the proof is complete. (]

Remark 5.5. In the same way as 5.1, Corollary 5.4 is valid in the ‘valued’ case.

6. JET SPACES AND VERTICAL LIFT

Let 7: E — M be a fibred manifold and J* = J*(E/M) the space of k-jets of
sections of 7. It is known that there is an isomorphism

T*M @5 T (E/M) ~T"(J'/E),

i.e., if p! is a 1-jet of J! that projects over p € E and x € M, with each pair (w,, D,),
comprised by w, € T;(M) and D, € T;(E/M), we can associate canonically a
tangent vector in T (J1/E).

It will be shown in this section how to generalize this operation in higher orders.
The result obtained is equivalent to [7] ((14) of §1). Nevertheless, our calculations
make use of an alternative construction of the jet spaces [14], following Weil’s sug-
gestions (see [20] and [8]).

In agreement with [14], a k-jet p* € J* over a point # € M is a morphism of
algebras €©°(E) — €°°(M)/mF*! such that, restricted to C°°(M), this is the
quotient by mkE+1,

In categorical terminology we would say that p* is ‘a point of E with values in
€>(M)/mE+1’. The principal advantages of this construction stem from always
working over the same ring ¢*°(FE).
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In accordance with this, the tangent space to J* at p* vertical to M, T;k(Jk/M),
is identified canonically with the derivations over (M) of the ring ¥°°(E) having
values in € (M)/mk+1l where the latter is a ¥°°(FE)-module throughout p* (see
[14] for details).

Now let Dyx € T, (J¥/M) and w, € T*1M = m,/mEt2. Let us denote the
multiplication by w, on €>°(M)/mk+! by .w,. We have a composition

D
C(B) =5 6 (M) /mi 5 my fmlt C € (M) /ml .

Further, if p**! is a (k + 1)-jet over p*, (‘w;) o D,x can be identified as above
with a tangent vector at p**! which is vertical to J**! — E (and not only to
JEHL — M),

Thereby this defines a morphism:

(+) T @ s T M) — T (T E)

(recall that the calligraphic letters mean modules of sections).

Definition 6.1. Henceforth the morphism
d: yv(Jk/M)Jk-l—l — gk+l & gr+1 yU(Jk—H/E)

obtained from (%) by transposing .7 ***! shall be called the vertical lift.

To express this in coordinates, let (z1,...,2,) be a local chart on M and let
(y1,-..,Ym) be local coordinates on the fibres of m: E — M. These charts produce
the usual fibred coordinates (z;,yja), i = 1,...,n,7=1,... m, |a| < k on J*. Then

0 o+ 0
05, —)= > ( 5ﬁ)aa®a_77
YiB 1<jal<hiatBl<h+1 Yiots
where 0% = (%)al o0...0 (%ﬂ)a"7 a=(ar,...,an).

7. THE FORMAL DERIVATIVE

In this section the concept of ‘formal’ (also known as ‘total’) derivative will be
defined (refer to [10] or [15]).

By means of the immersion J**1 c J'J*, we associate with each pF+1 ¢ Jk+1
an element of J!.J* that will be denoted by p*!. Following [14], p*! is a morphism
> (JF) — €>°(M)/m2. Thus for each function f € €°°(J*) we have p*'f €
E>(M)/m2.
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Remark 7.1. With the usual construction of jet spaces, p**! is the (k + 1)-jet
of some local section s in z of m: E — M, i.e. p**1 = j¥*ls Let 5 = j*s be the
local k-jet prolongation of s. Then p¥! = jl5 and p*!f is the class of the function
f o5 modulo m2.

Definition 7.2. Each tangent vector field D € .7 produces a derivative
D: €®°(J*) — €= k>0

defined by the rule (Df)p*™ = D, (p*1f) € €>°(M)/m, ~ R. We will call D the
holonomic lift of D to the jets. Similarly, we can consider D as a section of (T'J*) jk41
or as a map J¥*1 — T J* over J*. Later on we will use the notation D = by1(D).

Remark 7.3. The holonomic lifts to different orders are compatible with each
other. This fact allows us to use the notation D without reference to k.

Let (x;,Y;a) be fibred coordinates as above. Then % = 82_ + Y Yjote % .
' " al<k -

Definition 7.4. Let D be a vector field on M. We will call the map defined
below the formal inner contraction with respect to D:

in: QP(JF) — QPR

defined by the rule (iz0)pe+r =ip oy, for any o € QP(J*) and pkt! e Jhtl

over p¥; the second member of the equality being an ordinary contraction (observe
that Dpk+1 is in Tpk Jk).

Definition 7.5. We will denote the formal Lie derivative with respect to the
vector field D on M as the derivative

Ly: QP(JF) — Qp(JFh)

defined by Cartan’s formula Ly =izd + dip .

The formal Lie derivative verifies the usual properties of the ordinary Lie derivative
(see [10], [15]).
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8. DIFFERENTIAL CALCULUS WITH VALUES IN THE CONTACT MODULE

In this section we will recall the definition of the contact module and then see
how the restriction of the formal Lie derivative (Definition 7.5) produces a covariant
derivation law.

The holonomic lift, by: T(M);x — T(J*71)x, is a canonical splitting of the
exact sequence

0 — T°(J*Y/M) o — T(J* V) jo — T(M) ju — 0.

Definition 8.1. The retract 8% associated with by is known as the structure
form of J*. Through pull-back to J*, 6% defines a section of the bundle T*J* @
TY(JE=1/M).

With the above notation, in a fibred local chart (x;, y;) we have

0
0k = Z eja ® W where F)ja = dyja — yjaJrEidxi.
3,0<]al<k—1 I

As is known, a section 5 of the projection J¥ — M is holonomic (i.e., is the k-jet
prolongation of some section of 7: E — M) if and only if #* vanishes on the image
of 5.

Definition 8.2. We will call the ¥°°(J*)-module comprised by those 1-forms
of J* that become zero over the holonomic sections as the contact module of J¥,
denoted by .

The module %), is generated by the components of % (the above ‘Dja-s’). The
fibre bundle associated with %}, will be denoted by Cj.
It is useful to observe that the dual map of 6% produces an immersion

(ek)*: TU(kal/M)jk _ (T*kal).]k,

which identifies the dual of T%(J*~1/M) ;x with Cy. In particular, the holonomic
lifts of tangent vectors on M are incident with Cj.

Denote the natural projections J* — J7, 0 < r < k, by 7¥. Each €, with r <k
induces a submodule of €}, via the pull back by 7%.

Definition 8.3. We will call the injective limit of the system (¢}, 7¥) the contact
module ¢
% = lim (gk
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The restriction of the formal Lie derivative in Definition 7.5 to 4, C Q'(J*)
takes values in %,1. Indeed, if s is a local section of 7: F — M, j*t1s is the
(k + 1)-prolongation and o € %}, then because izo = 0 we have (j*™!s)*Lzo =
(j**1s)*igpdo = ipd(j¥s)*c =ipd0 =0, hence L0 € Gq1.

In a local chart (z;,y;a) as above, we have L5 00 = 0jate, .
3oy
Because of the compatibility of the holonomic lifts with the projections 7, it is

possible to define, for any tangent vector field D on M, the formal Lie derivative
Lpy: € — .

Recall that ¥ is, in particular, a ¢°° (M )-module.

Proposition 8.4. The assignment D — Lp produces a covariant derivation
law on the €°°(M)-module €.

Proof. If f€ €*°(M), D €7 and o € € we have
L@(fd) = Df‘CTJrfLECT and L?BO':LfBCT :iff)da' = f(i@d(f) = foJCT.

O

This law allows us to define a ¥-valued differential calculus on M. In particular,
we will have a formal covariant exterior differential

d: (M) @y C — QT (M) @y €
and a formal covariant Lie derivative
Lp: Q(M)®y € — QP(M) @ €
(by putting Lp=ipd+ EiD).
Remark 8.5. d and L p satisfy the relations

d(QP (M) @ Gr) € PTH(M) @1 Crga

and
Lp(QP(M) @ G) C QP (M) ®@np Crogr-

Moreover, in local coordinates we have dfj, = > dz; ® 0jq+e, -
i

Proposition 8.6. The module € has the structure of a left Z-module, precisely
that defined by the Lp action.

597



Proof. Let a: €*°(M) — Endg % be the multiplication corresponding to
the structure of the ¥°°(M)-module of € and let us define x: .7 — Endg ¢ by
x(D) = Lp forany D € 7.

We must check properties 1), 2) and 3) of Proposition 4.2 as follows:

For D,Dy1,Ds € 7, f € €°(M) and 0 € ¥,

1) (D), A f)lo = Lp(fo) = fLpo = Df -0 + fLpo — fLpo = a(Df)o.

2) [x(D1), x(D2)]o = LDILD20 — LDZLDIO' = L[D1 D10 = X([D1, Da])o.

3) a(f)ox(D )CT—fLDCT—fZDdO'—ZfDdO'—LfDCT— x(fD)o. O

Corollary 8.7. Q"(M) ®p € has a right Z-module structure (n = dim M ).

Proof. According to Corollaries 4.3 and 4.4, the former structure is obtained
by extending the following action of 7: for any w € Q"(M), 0 € € and D € T we
put (W@o) - D=w-DR®c—-w®D-0=-Lpw®c—-w®Lpoc=—Lplw®s). O

In a fibred local chart (z;,yja), let D = ai 0; € 7, P =20°%¢ 2 and
n=> 1Njabja @dri A... Ndx, € Q"(M) @ €. Then
Jjo

n-D= —Ziaj(njaeja)(@dxl/\~-~/\dxn

Jjo

= — Z((é\m]a)@a + anHjaJrgj) Qdx1i N...Ndxy,

ja
and analogously

n-P= Z Ld T]]a ]a) Qdri N...Ndx, =

_ Z NEEY (g) (0" Nja)bjary @ dzy A ... Ad,

yHv=p

where (fia)ﬁ = (*Zal)ﬁl 0...0 (*Zc’)n)’&“

Remark 8.8. The %-valued differential calculus is extensible in an obvious way
to a calculus with values in A%, S¥¥, etc.

Remark 8.9. If n € Q"(M)®) %), and P € 2" or € 7" then - P € Q"(M) @
Croth-

Remark 8.10. Corollary 8.7 and Remark 5.3 say that the factorization Theorem
5.1 is available for the Q" (M) ®p € case.
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The passage of the @-valued calculus to the ordinary one is carried out via the
morphism
n: QP(M) Qm G — QP—H(Jk).

This process consists of a combination of introducing QP (M) and %}, into " (J*) and
then alternating. This is equivalent to taking the exterior product, multiplying by
the structure form 6% relative to the bilinear product that the duality between %
and 7 V(J*~1/M) ;. produces (see Definition 8.2).

Definition 8.11. We call 5 the antisymmetry operator.
The morphism 7 relates d to a certain differential on J*.

Definition 8.12. The unique antiderivation of degree 1,
dp: QP(JF) — QPFL(JF+L),

such that
1) for p =0, dy = H od, where H: Q'(J*) — QY(M) jsr C QL(J*FL) is the
transposed operator of the holonomic lift by, (Definition 7.2);
2) dpod=—dody
will be called the horizontal differential.

In local coordinates (x;, y;q) We have

dyz; = dx;, dgdx; =0, dBYja = Yjate, dTi,
dudyje =Y dv; Adyjote,,  dubjo =Y dz; AOjare,.
It is a simple process to check the following;:

Proposition 8.13. On QP(M) ®p; 6k, dg and c/l\satisfy no d= dg on.

9. CONSTRUCTION OF THE POINCARE-CARTAN FORM

In the classical variational calculus the equations for the critical sections are found
by using integration by parts. Briefly, if the problem is defined by a lagrangian
function ¥ = Z(¢,qi,qi), where t, ¢; and ¢; are the time, position and velocity
coordinates of a mechanical system, respectively, the variation of .Z dt is written as

() 5(Zdt) = (ag d 33) d <ag )

- — 0q;dt + — | =—d¢q; dt
qu dt 8q2 ¢ + dt ﬁqz ¢
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by making use of %5% = d¢; (this ‘6’ does not relate to the vertical lift).

The construction that we give below is based on an adequate interpretation of
the elements in the above formula. The variation is viewed as a type of vertical
differential in such a way that with the obvious notation, dq; = dq; — ¢; dt, d¢; =
dg; — g;dt, 0. = %&]i + %&ji are contact forms; the second term of the second
member of (*) is the formal derivative with % of 3%5% dt, and the last is simply
the result of applying the vertical lift to the structure form (dg; — ¢; dt) ® a%i, and

then to acting on % dt.

From the above we deduce that the @ -valued differential calculus of §8 appears
as the best framework for the generalization of the calculus of variations to several
independent variables and the higher order case.

In general, let A be an element of Q™ (M) jx, i.e. a Lagrangian density of order k
over 7: E — M, and let 6% € 6}, @ j» TV (J*~1/M) be the structure form on J*.

Definition 9.1. We will call the 1-form 0* = §00* € €, @ j» T* @ ju TV(J*/E)
the vertical lift of the structure form (J is the vertical lift morphism defined in 6.1).

We will consider also 0%(\) € 7% @y €, @ Q" (M), the result of contracting d\
with the index of 0% in .7V (J*/E) (i.e., to ‘derive \ by 6%7).

Now let us denote by L the morphism given by the action of 7% C 2 on €, @
O"(M) (Corollary 8.7 and Remark 8.9):

L: @ 6 Qumr Q" (M) — o @p Q" (M).

Definition 9.2. Let A\ = L(6%()\)) € %o, @n Q*(M) and let us define the
vertical differential of A as d’\ = 0**1()\) € €1 @ Q*(M) (in the same sense
as the definition of §%()\)). Then we will call the ¢-valued form & = Ay + d’\ the
Euler-Lagrange form associated with the Lagrangian density .

Remark 9.3. Definition 9.2, written in the form d"A = & — A,, is the identity
corresponding to integration by parts (*) in the classical variational calculus.

Let (z,Yjo) with 0 < |a| < k& — 1 be fibred local coordinates in JE=1 and analo-
gously, in J* with 0 < |a| < k, and let A\ = Lw, where £ = Z(2i,Yja) € €°(JF)
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and w =dxy A ... ANdzx,. Then

0
k _ .
o= 5o ® 5~

0<a|<k—13)

gt = 3 (O‘;ﬂ)é)ja@@aB@

118l le4-Bl<k—155

Wjatrp’

9k+1(/\) = Z gigja ® w,

. j
o<|al<ksg 7Y

05 (\) = Z <a+ﬁ>a’6® 0L Oja ® w,

1<|8)sla+B]<k—1;5 p Wja+ts

Ay = Z (a ; ﬂ) (ﬂgﬂ.a ®w) v

a .
1<I6lilatBI<k—1 Yjorts

- Y () S (D) (5o ) e o

1<18lil a8l <k 155 rvir=p Wiats

and

) Yja
0] afs5 J

Taking into account the coordinate expression for & we obtain

Proposition 9.4. The Euler-Lagrange form & belongs to (€1) jox @ Q" (M).

The utility of the integration by parts (Remark 9.3) depends critically on the fact
that A, is an exact differential.

Theorem 9.5. By fixing a linear connection V on M, there is a €-valued
(n — 1)-form

O1 € Gor_1 QM Q"_l(M) such that A, = E@l

from which it can be deduced that d°A = & — d©y.
Proof. The operator (depending on V)
®: TF @ G @ QY (M) — Gop1 @pr Q" H(M)

is constructed as in Corollary 5.4 in such a way that L = do®. Hence Ay = LO*(\) =
d(®0%()\)). By putting ©; = ®0%()\) the proof is complete. O

601



Via the antisymmetry operator 7 (Definition 8.11), the objects &, ©; and d*\ can
be understood as forms in QP(J") (for suitable values of p and r).
We will use the following notation:

&=mno0é, ©;=700; and d'A=nod’\=d\

Definition 9.6. We will call the n-form © € Q"(J?72) 2.1 defined by © =
©1+ ) the Poincaré-Cartan form associated with the Lagrangian density A (and with
the linear connection V).

Remark 9.7. In fact © € Q"(J*71) j2x-1 because . depends only on the Y,
with |o| < k.

In a fibred local chart (z;,yja), if V is the local connection produced by (z;) on
M and if Hy is the associated decomposition morphism (3.2), we have

Hvék(/\) _ Z (Oé + ﬁ) &az ® aﬁ—ai ® ﬂg]a ®w,

e AR DYjotp
Ja+Bl<k
atB) b Z1/7 \B—e; 0L
0, = < )_(_1)ﬁ| (La),@ € < 9. ® wi
g;%l At Wiatrs '
ot B|<k
Jst
o+ v+ +5i! —1 [yI+IT] 0.%
- Z ( 7| lTl ey i Ojaty @ wi
o<|al, ], r|I<k—1 QYT v+l +1 Ojotrytrie:
< ) j;z‘ S
i 1)
— Z w(_l)w Z (a)& .
0<o<k—1 o oit, \v/ I+ 1
o< r|<k—1
Jst

- 0%
T —— ) 06 Qu;
( ayj0+7'+€i ) !

where w; = ip,w. Finally, we make use of the combinatorial identity

o (-pht || r|!
2 (v) Y+l +1 (o] 4|7+ 1)!

a+t+y=o

to obtain
©=0;+A\

o |l T|! o~ 0<
_ Z (a'—i'—T-i-Ez) |o] ‘T" (-1)\7157 (7> Ojo Nwi + Lw.
o<|ol,|7|<k—1 alrl(lo| +[7| + 1)! OYjotre:

Jit
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The above expression coincides with that obtained in [12] and [16].

Theorem 9.8. d\ =& — dy©.

Proof. This is a direct consequence of Theorem 9.5 and the relations
(nod)®1 = (di on)O; = dp®©,,  dgA=0. O
Remark 9.9. The property enunciated in the last theorem or, equivalently, the
correspondent one in Theorem 9.5 is known as ‘decomposition formula’ in [7]. This
formula makes it possible to find the equations for the critical sections in a variational
problem defined for a given Lagrangian density (see [7]).

As demonstrated in [6], any other form verifying ‘decomposition formula’ as ©; is
of the form ©; + G, where G € (6}) jor—2 @ar Q" ~2(M).

Remark 9.10. There is no total agreement on this topic. One can consult [4] and
[13] for a discussion concerning the construction of the Poincaré-Cartan form. See
(1], [2], [3], [9], [11], [12] and [16] for other references of the geometric formulation of
the calculus of variations (naturally, the above list is not exhaustive).

10. APPLICATION TO THE EULER-LAGRANGE RESOLUTION

The %-valued differential calculus of §8 allows us to define intrinsically the ele-
ments of the Euler-Lagrange resolution. We will follow Tulczyjew’s paper [19] (it
can also be consulted in [17]).

We fix the projection 7: F — M and work on the infinity jet space J* =
proj lim J*.

Let us consider the tensor products ®"* = A"€ @) Q°(M). Via the antisymmetry
operator, the ®™* spaces are identified with the (r+ s)-forms on J>° that are r times
vertical and s times horizontal.

The formal Lie derivative (Proposition 8.4) over ¢ extends naturally to the whole

exterior algebra A €. Analogously, we have a valued formal differential
C/i\Z ®™5 ., prostl
In the same way as in Proposition 8.6, one checks that A ¢ ®a Q" (M) (dim M =

n) is a right Z-module. Let us denote by L the action of Z over A € @ Q"(M),
ie.

L: 2@u \Cou Q" (M) — N\EouQ"(M)
PRo@w+— (cQuw)eP

where e means ‘action’.
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Remark 10.1. d corresponds, via the antisymmetry operator, to the horizontal
differential dgr of [19]. Moreover, this notation is coherent with Definition 8.12.

On the other hand, the vertical lift morphism (Definition 6.1) can be dualized
giving us a morphism &} : €j1 — 6 @ r+1 ¥ . With notation as above, in local

5;;9]'04 = Z (:) 7 ® Ghﬁ.

Bty=a
0<[BI<k—1
1<]yI<k

The morphisms &} are compatible with the inclusions ¢}, C €, 7 € 7", k <r. In
this way it is possible to define dJ; on the injective limit, thus obtaining a map

coordinates we have

0" € — € T
where 7> = projlim 7% = {P € 2/P(1) = 0}. The local expression of §* is the
same as that of 0;. Now we extend ¢* to a derivation over the exterior algebra of %
We get the map (keeping the notation)
5 N€ — \Cou T

The composition L o §* is denoted by 7:

7 \Cou QM) — N\Cou Q" (M).
We will make use of the notation
J=1,--dr)s Ji €N, A= (ay,...,qa,) with a; a multi-index,
0ja =00, N.. . Nbj .,
0746 =000 Ao o ANOj_taiy ANjisiay Ao ABj o, and
w=dx1i N...\Ndx,.

In this way the elements of A"¢ @ Q" (M) have the form

,u:Z,uJAQJA®w with pya € €°°(J%).

J,A
Therefore
) r » ‘ a; + G;
0= Z Z(_l)r ! Z " @ (Hyaba A < ' .ﬁz> 0j.3.) ®w

i=1 J,A Yit+Bi=a; i

[vi|>1
= Z Z(_l)r_i Z 0" @ (gabyai N <ai +ﬁz> 0j.8,) ®w —rp

i=1 J,A Yit+Bi=ay v

[vi|=0
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and
= Lot = 3 (~1) (=) Eo)™ (nrabra) A b0 © w — T
i,J,A
Since for any 1 € &%, T is obtained by applying L, we deduce (Corollary 5.4, Remark
5.5) that for each linear connection V on M, there exists an element F), € ®™"~1
such that 7u = EFM. Now let us modify the definition of 7 over each ®™" by putting
T, =T+ r-Id, where Id is the identity map. In local coordinates, if u is as above,
we have
Fopp= > (=) H(=D)N(Lo)* (1ya A Oyai) Ao @ w.
i,J,A

Moreover, T,u = EF# + 7 - p. Finally, if we put 7, = %Fr and Fla = %Fm then
Trph = c/l\FF’L + u.

One can deduce as in [19] that 7, o d=0. By applying this equality we deduce that
Tp O Tpft = Ty O dF;/L + 7.4 = 7. In other words, 7, is a projector in ®™".

Theorem 10.2. The subspace A" = 7,.®™"™ is a complement of dorm—1 in e

P~ AT @ C/i\q)r,n—l.

Proof. With each u € ®"" we assign the decomposition pu = 7.u — EF/L The
rest follows since 7. is a projector and 7. o d = 0. O

Remark 10.3. Even though F /i depends on the choice of the connection, the
element dF/L is canonically defined.

Remark 10.4. The above theorem can be viewed as a generalization of the
procedure in Theorem 9.5 (by taking there u = d¥.%2w). As in Theorem 9.5, it is
easy to find the explicit expression of F;’L

Spreading the vertical differential d” to every ®™™ as in Definition 9.2 and following
[19] we can define the variational operators v” = 7,41 o d”. Ultimately, the Euler-
Lagrange resolution is the sequence (see [19])

N Po-1 _a,

v

él\ 0 1 r—1 s
0 — 990 @ AL AT S AT

The operator ° is known as the Euler-Lagrange operator and v! is known as the
Helmholtz-Sonin operator (inverse problem of the calculus of variations).
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