
Czechoslovak Mathematical Journal

Mumtaz Ahmad Khan; Ajay Kumar Shukla
On some generalized Sister Celine’s polynomials

Czechoslovak Mathematical Journal, Vol. 49 (1999), No. 3, 527–545

Persistent URL: http://dml.cz/dmlcz/127508

Terms of use:
© Institute of Mathematics AS CR, 1999

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/127508
http://dml.cz


Czechoslovak Mathematical Journal, 49 (124) (1999), 527–545

ON SOME GENERALIZED SISTER CELINE’S POLYNOMIALS

Mumtaz Ahmad Khan and Ajay Kumar Shukla, Aligarh

(Received August 15, 1996)

Abstract. Certain generalizations of Sister Celine’s polynomials are given which include
most of the known polynomials as their special cases. Besides, generating functions and
integral representations of these generalized polynomials are derived and a relation between
generalized Laguerre polynomials and generalized Bateman’s polynomials is established.

Keywords: Ultraspherical type generalization of Bateman’s polynomials, ultraspheri-
cal type generalization of Pasternak’s polynomials, Jacobi type generalization of Bate-
man’s polynomials, Jacobi type generalization of Pasternak’s polynomials. Sister Celine’s
polynomial, Hahn polynomial, Generalized Hermite polynomial, Krawtchouk’s polynomial,
Meixner’s polynomial, Charlier polynomial, Sylvester’s polynomial, Gottlieb’s polynomial,
Konhauser’s polynomial, generating functions, integral relations

1. Introduction

In 1947, Sister Celine (Fasenmyer [2]) concentrated on polynomials generated by

(1− t)−1pFq




a1, . . . , ap;
−4xt
(1−t)2

b1, . . . , bq;


 =

∞∑

n=0

fn




a1, . . . , ap;

x

b1, . . . , bq;


 tn,(1.1)

which yields

fn




a1, . . . , ap;
x

b1, . . . , bq;


 = p+2Fq+2



−n, n+ 1, a1, . . . , ap;

x

1, 1
2 , b1, . . . , bq;


(1.2)

Her polynomials include as special cases Legendre’s polynomials Pn(1 − 2x),
some special Jacobi polynomials, Rice’s Hn(ξ, p, v), Bateman’s Zn(x) and Fn(z)

and Pasternak’s Fm
n (z) which is a generalization of Bateman’s Fn(z). The simple

Bessel’s polynomial is also included.
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In this paper a generalization of (1.2) is given which includes Legendre’s poly-

nomials Pn(x), Gegenbauer’s polynomials Cν
n(x), ultraspherical polynomials, Rice’s

polynomials Hn(ξ, p, v), Bateman’s polynomials Zn(x) and Fn(z), Pasternak’s poly-
nomials Fm

n (z), simple Bessel’s polynomials yn(x), and provides ultraspherical type

generalizations of Bateman’s polynomial Zn(x) and Fn(z) and Pasternak’s polyno-
mial Fm

n (z).

Of these generalizations, the one for Zn(x) was given by Bateman himself but
those of Fn(z), Fm

n (z) are believed to be new in literature.

A generating function for this generalized polynomial and some other interesting

results have been obtained.

A further generalization has also been established which in addition to all poly-

nomials included in the above generalization, also includes Jacobi’s polynomials
P
(α,β)
n (x), generalized Rice’s polynomials H

(α,β)
n (ξ, p, v) due to Khandekar [3], gen-

eralized Bessel’s polynomials yn(a, b, x) and Hahn’s polynomials Qn(x;α, β, N) and

provides Jacobi type generalizations of Bateman’s polynomials Zn(x) and Fn(z) and
Pasternak’s polynomials Fm

n (z) which are believed to be new in literature.

Still another generalization include also Konhauser’s polynomials Zα
n (x; k) which

are not included in the above mentioned two generalizations.

A special case of this generalization has also been studied which includes Laguerre

polynomials L
(α)
n (x), Hermite polynomials Hn(x), generalized Hermite polynomials

gm
n (x, h) due to Gould and Hopper, Krawtchouk’s polynomialKn(x; p, N), Meixner’s

polynomials Mn(x;β, c), Charlier polynomials C
(a)
n , Sylvester’s polynomials ϕn(x)

and Gottlieb’s polynomials �n(x;λ).

2. Generalized polynomials

Consider the polynomials defined by
(2.1)

fn(k, λ; a1, . . . , ap; b1, . . . , bq;x) = p+k+1Fq+k+1



∆(k,−n), n+ λ, a1, . . . , ap;

x

∆(k + 1, λ), b1, . . . , bq;


 .

For particular values of the parameters and special arguments, the polynomial

(2.1) reduces to the following known as well as new polynomials:

(i) fn(1, 1; a1, . . . , ap; b1, . . . , bq;x)(2.2)

= p+2Fq+2



−n, n+ 1, a1, . . . , ap;

x
1
2 , 1, b1, . . . , bq;



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which is Sister Celine’s polynomial (1.2),

(2.3) (ii) fn(1, 1; 12 ;−; 1−x
2 ) = 2F1



−n, n+ 1;

1−x
2 ;

1;




which is Legendre’s polynomials Pn(x),

(2.4) (iii) fn(1, 2ν; ν;−; 1−x
2 ) = 2F1



−n, 2ν + n;

1−x
2

ν + 12 ;


 = n!

(2ν)n
Cν

n(x)

where Cν
n(x) is Gegenbauer’s polynomial,

(iv) fn(1, 1 + 2α;α+ 12 ;−; 1−x
2 ) = 2F1



−n, n+ 2α+ 1;

1−x
2

α+ 1;


(2.5)

=
n!

(1 + α)n
P (α,α)

n (x)

where P
(α,α)
n (x) is ultraspherical polynomial,

(2.6) (v) fn(1, 1; ξ, 12 ; p; v) = 3F2

[−n, n+ 1, ξ; v

1, p;

]

which is Rice’s polynomial Hn(ξ, p, v),

(2.7) (vi) fn(1, 1; 12 ; 1;x) = 2F2



−n, n+ 1;

x

1, 1;




which is Bateman’s polynomial Zn(x),

(2.8) (vii) fn(1, 1; 12 ,
1+x
2 ; 1; 1) = 3F2



−n, n+ 1, 12 (1 + z);

1
1, 1;




which is another Bateman’s polynomial Fn(z),

(2.9) (viii) fn(1, 2ν; ν; 1 + b; t) = 2F2



−n, n+ 2ν;

t

ν + 12 , 1 + b;



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which is a generalization of Bateman’s polynomial Zn(x) and was given by Bateman

himself. We shall adopt for it the symbol Z(ν)n (b, t). For ν = 1
2 , b = 0 it reduces to

Zn(t);

(ix) fn(1, 1 + 2α;α+ 12 ,
1+z
2 ; p; 1)(2.10)

= 3F2



−n, n+ 2α+ 1, 12 (1 + z);

1
1 + α, p;




which is an ultraspherical type generalization of Bateman’s polynomial Fn(z) and is

believed to be new. We adopt for it the symbol F (α,α)
n (p, z). For α = 0, p = 1 it

reduces to Bateman’s polynomial Fn(z);

(2.11) (x) fn(1, 1; 12 ,
1+z+m
2 ;m+ 1; 1) = 3F2



−n, n+ 1, 12 (1 + z +m);

1
1, m+ 1;




which is Pasternak’s polynomial Fm
n (z),

(xi) fn(1, 1 + 2α;α+ 12 ,
1+z+m
2 ;m+ 1; 1)(2.12)

= 3F2



−n, n+ 2α+ 1, 12 (1 + z +m);

1
1 + α, m+ 1;




which is an ultraspherical type generalization of Pasternak’s polynomial and is be-
lieved to be new. We adopt for it the symbol F

(α,α)
n,m (z). For α = 0 it reduces to

Pasternak’s polynomial Fm
n (z);

(2.13) (xii) fn(1, 1; 12 , 1;−;−x
2 ) = 2F0



−n, n+ 1;

−x

− ;




which is simple Bessel’s polynomial yn(x).
Next, consider the following generalization of (2.1):

fn(k, λ, µ; a1, . . . , ap; b1, . . . , bq;x)(2.14)

= p+k+1Fq+k+1



∆(k,−n), n+ λ, a1, . . . , ap;

x

∆(k + 1, µ), b1, . . . , bq;




For µ = λ, (2.14) becomes (2.1) and hence (2.14) includes as special cases all
polynomials which are included in (2.1).
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Besides, (2.14) includes some more known as well as new polynomials as special

cases which are not included in (2.1). These are as given below:

(xiii) fn(1, 1 + α+ β, 1 + 2α;α+ 12 ;−; 1−x
2 )(2.15)

= 2F1



−n, n+ α+ β + 1;

1−x
2

1 + α;


 = n!

(1 + α)n
P (α,β)

n (x)

where P
(α,β)
n is Jacobi’s polynomial,

(xiv) fn(1, 1 + α+ β, 1 + 2α; ξ, α+ 12 ; p; v)(2.16)

= 3F2



−n, n+ α+ β + 1, ξ;

v

1 + α, p;


 = n!

(1 + α)n
H(α,β)

n (ξ, p, v)

where H
(α,β)
n (ξ, p, v) is the generalized Rice’s polynomial due to Khandekar [1],

(xv) fn(1, 1 + α+ β, 1 + 2α;α+ 12 ; 1 + b;x)(2.17)

= 2F2



−n, n+ α+ β + 1;

x

α+ 1, b+ 1;




which is a Jacobi type generalization of Bateman’s polynomial Zn(x) and is believed

to be new. For α = β = ν − 1
2 it reduces to (2.9). Also, for α = β = b = 0 it

becomes Bateman’s polynomial Zn(x). We adopt the symbol Z
(α,β)
n (b, x) to denote

the polynomial (2.17).

(xvi) fn(1, 1 + α+ β, 1 + 2α;α+ 12 ,
1+z
2 ; p; 1)(2.18)

= 3F2



−n, n+ α+ β + 1, 12 (1 + z);

1
1 + α, p;




which is a Jacobi type generalization of Bateman’s polynomial Fn(z) and is believed
to be new. For β = α it reduces to (2.10). Also, for α = β = 0, p = 1 it becomes

Fn(z). We adopt the symbol F
(α,β)
n (p, z) to denote the polynomial (2.18).

(xvii) fn(1, 1 + α+ β, 1 + 2α;α+ 12 ,
1+z+m
2 ;m+ 1; 1)(2.19)

= 3F2



−n, n+ α+ β + 1, 12 (1 + z +m);

1

1 + α, m+ 1;



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which is a Jacobi type generalization of Pasternak’s polynomial Fm
n (z) and is believed

to be new. For α = β it reduces to (2.12) and for α = β = 0 it becomes Pasternak’s
polynomial Fm

n (z). We adopt the symbol F
(α,β)
n,m (z) to denote the polynomial (2.19).

(2.20) (xviii) fn(1, a− 1, 1; 12 , 1;−;−x
b ) = 2F0



−n, a− 1 + n;

−x
b

−;




which is a generalized Bessel’s polynomial yn(a, b, x);

(xix) fn(1, 1 + α+ β, 1 + 2α;α+ 12 ,−x;−N ; 1)(2.21)

= 3F2



−n, n+ α+ β + 1,−x;

1

1 + α,−N ;




which, for α, β > −1, n, x = 0, 1, 2, . . . , N , is Hahn’s polynomial Qn(x;α, β, N).

Finally, consider the following generalization of (2.14):

fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x)(2.22)

= p+r+1Fq+s+1



∆(r,−n), n+ λ, a1, . . . , ap;

x

∆(s+ 1, µ), b1, . . . , bq;


 .

For r = s = k, (2.22) becomes (2.14) and hence all polynomials which are included
in (2.14) are also included in (2.22) as special cases. Besides, a special case of (2.22)

includes Konhauser’s polynomial Zα
n (x; k) which is not included in the similar special

case of (2.14).

We now consider special cases of (2.14) and (2.22). To this end we first replace x

by x
λ and let |λ| → ∞ in (2.14), obtaining

fn(k, µ; a1, . . . , ap; b1, . . . , bq;x)(2.23)

= p+kFq+k+1



∆(k,−n), a1, . . . , ap;

x

∆(k + 1, µ), b1, . . . , bq;


 .

The polynomial (2.23) includes as special cases the following polynomials:

(2.24) (xx) fn(1;−;−; 1 + α;x) = 1F1



−n;

x

1 + α;


 = n!

(1 + α)n
L(α)n (x)
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where L
(α)
n (x) is Laguerre polynomial;

(2.25) (xxi) fn(2;−;−;−;− 1
x2 ) = 2F0

[−n
2 ,
−n+1
2 ; − 1

x2

−;

]
=

1
(2x)n

Hn(x)

where Hn(x) is Hermite’s polynomial;

(xxii) fn(m;−;−;−;h(−m
x )

m)(2.26)

= mF0

[
∆(m,−n); h(−m

x )
m

−;

]
=
1
xn

gm
n (x, h)

where gm
n (x, h) is Gould and Hopper’s generalization of Hermite’s polynomial;

(2.27) (xxiii) fn(1;−;−x;−N ; p−1) = 2F1



−n,−x;

p−1

−N ;




which, for 0 < p < 1, x = 0, 1, . . . , N , is Krawtchouk’s polynomial Kn(x; p, N);

(2.28) (xxiv) fn(1;−;−x;β; 1− c−1) = 2F1



−n,−x;

1− c−1

β;




which, for β > 0, 0 < c < 1, x = 0, 1, 2, . . ., is Meixner’s polynomial Mn(x;β, c);

(2.29) (xxv) fn(1;−;−x;−;− 1a ) = 2F0



−n,−x;

− 1a
−;


 = (− 1a )nC(a)n (x)

where C
(a)
n (x) is Charlier’s polynomial;

(2.30) (xxvi) fn(1;−;x;−;−x−1) = 2F0



−n, x;

;−x−1

−;


 = n!

xn
ϕn(x)

where ϕn(x) is Sylvester’s polynomial;

(xxvii) fn(1;−;−x; 1; 1− eλ) = 2F1



−n,−x;

1− eλ
1;


(2.31)

= enλ�n(x;λ)

where �n(x;λ) is Gottlieb’s polynomial.
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We now replace x by x
λ and let |λ| → ∞ in (2.22), obtaining

fn(r, s;µ; a1, . . . , ap; b1, . . . , bq;x)(2.32)

= p+rFq+s+1



∆(r,−n), a1, . . . , ap;

x

∆(s+ 1, µ), b1, . . . , bq;


 .

For r = s = k, (2.32) becomes (2.23) and hence all polynomials included in (2.23)

are also included in (2.32) as special cases.

Further, (2.32) includes as special case Kounhauser’s polynomial Zα
n (x; k) which

is not included in (2.23):

(xxviii) fn(1, k − 1;α+ 1;−;−; (xk )k) = 1F1




−n; (
x
k

)k

∆(k, α+ 1);


(2.33)

=
n!

(α+ 1)kn
Zα

n (x; k)

where Zα
n (x; k) is Konhauser’s polynomial.

3. Generating functions

Let Ψ(u) have a formal power-series expansion

(3.1) Ψ(u) =
∞∑

n=0

γnun, γ0 �= 0.

Define polynomials fn(k;x) by

(3.2) (1 − t)−λΨ
( (−1)k(k + 1)k+1xtk

kk(1− t)k+1

)
=

∞∑

n=0

fn(k;x)tn.
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Theorem 1. The polynomials fn(k;x) defined by (3.1) and (3.2) have the fol-

lowing properties:

fn(k;x) =
(λ)n
n!

[nk ]∑

r=0

(−n
k )r(

−n+1
k )r . . . (−n+k−1

k )rγrx
r

( λ
k+1 )r(

λ+1
k+1 )r . . . (λ+k

k+1 )r
,(3.3)

kxf ′n(k;x) − n fn(k;x)(3.4)

= −(λ+ n− 1)fn−1(k;x)− xf ′n−1(k;x), n � 1,
xf ′n(k;x)− n fn(k;x)(3.5)

= −λ

n−1∑

r=0

fr(k;x)− 2x
n−1∑

r=0

f ′r(k;x) − (k − 1)x
n∑

r=0

f ′r(k;x), n � 1,

xf ′n(k;x)− n fn(k;x)(3.6)

=
n−1∑

r=0

(−1)n−r(λ + 2r)fr(k;x)− (k − 1)x
n∑

r=0

(−1)n−rf ′r(k;x), n � 1.

�����. To obtain (3.3), consider

∞∑

n=0

fn(k;x)tn =
∞∑

r=0

[ (−1)k(k + 1)k+1xtk

kk

]r γr

(1− t)λ+(k+1)r

=
∞∑

r=0

[ (−1)k(k + 1)k+1xtk

kk

]r

γr

∞∑

n=0

(λ + (k + 1)r)ntn

n!

=
∞∑

n=0

∞∑

r=0

(λ)n+(k+1)rγr

(λ)(k+1)rn!

[ (−1)k(k + 1)k+1x
kk

]r

tn+kr

=
∞∑

n=0

[nk ]∑

r=0

(λ)n+rγr(−1)krxrtn

( λ
k+1 )r(

λ+1
k+1 )r . . . (λ+k

k+1 )r(n− kr)!kkr

=
∞∑

n=0

(λ)n
n!

[ [nk ]∑

r=0

(−n
k )r . . . (−n+k−1

k )r(λ+ n)rγrx
r

( λ
k+1 )r(

λ+1
k+1 )r . . . (λ+k

k+1 )r

]
tn

from which (3.3) follows by equating coefficients at tn.
In order to derive (3.4), (3.5), and (3.6), put

(3.7) F = (1− t)−λΨ
((−1)k(k + 1)k+1xtk

kk(1− t)k+1

)
.

Then

∂F

∂x
= (1− t)−λ (−1)k(k + 1)k+1tk

kk(1 − t)k+1
Ψ′,(3.8)

∂F

∂t
= λ(1 − t)−λ−1Ψ+

(−1)k(k + 1)k+1x(k + t)tk−1

kk(1− t)λ+k+2
Ψ′.(3.9)
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From (3.7), (3.8) and (3.9) we obtain that F satisfies the partial differential equa-

tion

(3.10) x(k + t)
∂F

∂x
− t(1 − t)

∂F

∂t
= −λtF.

Equation (3.10) can be put in the forms

kx
∂F

∂x
− t

∂F

∂t
= −λtF − t2

∂F

∂t
− xt

∂F

∂x
,(3.11)

x
∂F

∂x
− t

∂F

∂t
= − λt

1− t
F − 2xt

1− t

∂F

∂x
− (k − 1)x
1− t

∂F

∂x
,(3.12)

x
∂F

∂x
− t

∂F

∂t
= − λt

1 + t
F − 2t2

1 + t

∂F

∂t
− (k − 1)x
1 + t

∂F

∂x
.(3.13)

Since F =
∞∑

n=0
fn(k;x)tn, equation (3.11) yields

∞∑

n=0

[kxf ′n(k;x)− nfn(k;x)]tn

= − λ

∞∑

n=0

fn(k;x)tn+1 −
∞∑

n=0

nfn(k;x)tn+1 −
∞∑

n=0

xf ′n(k;x)t
n+1

= −
∞∑

n=1

(λ+ n− 1)fn−1(k;x)t
n −

∞∑

n=1

xf ′n−1(k;x)t
n,

which leads to (3.4).

Equation (3.12) yields

∞∑

n=0

[xf ′n(k;x)− n fn(k;x)]tn

= − λ

( ∞∑

n=0

tn+1
)( ∞∑

r=0

fr(k;x)t
r

)
− 2x

( ∞∑

n=0

tn+1
)( ∞∑

r=0

f ′r(k;x)t
r

)

− (k − 1)x
( ∞∑

n=0

tn
)( ∞∑

r=0

f ′r(k;x)t
r

)
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= − λ

∞∑

n=0

n∑

r=0

fr(k;x)tn+1 − 2x
∞∑

n=0

n∑

r=0

f ′r(k;x)t
n+1

− (k − 1)x
∞∑

n=0

n∑

r=0

f ′r(k;x)t
n

= − λ

∞∑

n=1

n−1∑

r=0

fr(k;x)t
n − 2x

∞∑

n=1

n−1∑

r=0

f ′r(k;x)t
n

− (k − 1)x
∞∑

n=0

∞∑

r=0

f ′r(k;x)t
n,

which leads to (3.5).

From (3.13) we obtain

∞∑

n=0

[xf ′n(k;x)− n fn(k;x)]tn

= − λ

( ∞∑

n=0

(−1)ntn+1
)( ∞∑

r=0

fr(k;x)tr
)
− 2

( ∞∑

n=0

(−1)ntn+1
)( ∞∑

r=0

r fr(k;x)tr
)

− (k − 1)
( ∞∑

n=0

(−1)ntn
)( ∞∑

r=0

f ′r(k;x)t
r

)

= − λ

∞∑

n=0

n∑

r=0

(−1)n−rfr(k;x)tn+1 − 2
∞∑

n=0

∞∑

r=0

(−1)n−rr fr(k;x)tn+1

− (k − 1)x
∞∑

n=0

n∑

r=0

(−1)n−rf ′r(k;x)t
n

=
∞∑

n=1

n∑

r=0

(−1)n−r(λ + 2r)fr(k;x)tn − (k − 1)x
∞∑

n=0

n∑

r=0

(−1)n−rf ′r(k;x)t
n,

which gives (3.6).

Thus if Ψ(u) is a generalized hypergeometric function

Ψ(u) = pFq




a1, . . . , ap;
u

b1, . . . , bq;




then the functions fn(k;x) defined by (3.2) but without the factor
(λ)n
n! are precisely

the polynomials fn(k, λ; a1, . . . , ap; b1, . . . , bq;x) given by (2.1). It is necessary to

note that in using the generating function we implicitly demand that the parameters
ai and bj be independent of n.
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Thus for (2.1) we have the generating relation

(1− t)−λ
pFq




a1, . . . , ap;
(−1)k(k+1)k+1xtk

kk(1−t)k+1

b1, . . . , bq;


(3.14)

=
∞∑

n=0

(λ)n
n!

fn(k, λ; a1, . . . , ap; b1, . . . , bq;x)t
n.

The generating relation for (2.14) is

(1− t)−λ
p+k+1Fq+k+1



∆(k + 1, λ), a1, . . . , ap;

(−1)k(k+1)k+1xtk

kk(1−t)k+1

∆(k + 1, µ), b1, . . . , bq;


(3.15)

=
∞∑

n=0

(λ)n
n!

fn(k, λ, µ; a1, . . . , ap; b1, . . . , bq;x)tn.

The generating relation for (2.22) is

(1− t)−λ
p+r+1Fq+s+1



∆(r + 1, λ), a1, . . . , ap;

(−1)r(r+1)r+1xtr

rr(1−t)r+1

∆(s+ 1, µ), b1, . . . , bq;


(3.16)

=
∞∑

n=0

(λ)n
n!

fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x)tn.

Since the proofs of (3.15) and (3.16) proceed along similar lines we prove (3.16)
only briefly. �
����� of (3.16). The right hand side of (3.16) equals

∞∑

n=0

[nr ]∑

k=0

(−n
r )k(

−n+1
r )k . . . (−n+r−1

r )k(λ)n+k(a1)k . . . (ap)kxktn

n!k!( µ
s+1 )k(

µ+1
s+1 )k . . . (µ+s

s+1 )k(b1)k . . . (bq)k

=
∞∑

n=0

[nr ]∑

k=0

(−1)kr(λ)n+k(a1)k . . . (ap)kxktn

(n− rk)!rrkk!( µ
s+1 )k . . . (µ+s

s+1 )k(b1)k . . . (bq)k

=
∞∑

n=0

∞∑

k=0

(−1)kr(λ)n+(r+1)k(a1)k . . . (ap)kxktn+rk

n!rrkk!( µ
s+1 )k . . . (µ+s

s+1 )k(b1)k . . . (bq)k

=
∞∑

k=0

(−1)kr(λ)(r+1)k(a1)k . . . (ap)kxktrk(1− t)−λ−(r+1)k

k!rrk( µ
s+1 )k(

µ+1
s+1 )k . . . (µ+s

s+1 )k(b1)k . . . (bq)k

= (1 − t)−λ
p+r+1Fq+s+1



∆(r + 1, λ), a1, . . . , ap;

(−1)r(r+1)r+1xtr

rr(1−t)r+1

∆(s+ 1, µ), b1, . . . , bq;


 ,

which completes the proof of (3.16).

538



A generating function for (2.23) is

etpFq+k+1




a1, a2, . . . , ap;
(−1)kxtk

kk

∆(k + 1, µ), b1, . . . , bq;


(3.17)

=
∞∑

n=0

fn(k;µ; a1, . . . , ap; b1, . . . , bq;x)
tn

n!
.

Similarly, a generating function for (2.32) is

etpFq+s+1




a1, a2, . . . , ap;
(−1)rxtr

rr

∆(s+ 1, µ), b1, . . . , bq;


(3.18)

=
∞∑

n=0

fn(r, s;µ; a1, . . . , ap; b1, . . . , bq;x)
tn

n!
.

Proof of (3.17) and (3.18) are easy and hence are omitted. �

4. Integral relations

It is easy to obtain the following integral relations for (2.22):

i
2
√
�

∫ (0+)

∞
(−t)−

1
2 e−tfn(r, s;λ, µ; 12 , a1, . . . , ap; b1, . . . , bq;−x

t ) dt(4.1)

= fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x),

1√
�

∫ ∞

0
t−

1
2 e−tfn(r, s;λ, µ; a1, . . . , ap; 12 , b1, . . . , bq;xt) dt(4.2)

= fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x),

(4.3)

Γ(b1)
Γ(a1)Γ(b1 − a1)

∫ 1

0
ta1−1(1− t)b1−a1−1fn(r, s;λ, µ; a2, . . . , ap; b2, . . . , bq;xt) dt

= fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x).

As an immediate generalization of (4.1) and (4.2) we obtain

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tfn(r, s;λ, µ; ν, a1, . . . , ap; b1, . . . , bq;−x

t ) dt(4.4)

= fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(r, s;λ, µ; a1, . . . , ap; ν, b1, . . . , bq;xt) dt(4.5)

= fn(r, s;λ, µ; a1, . . . , ap; b1, . . . , bq;x).
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Putting r = s = k in (4.1), (4.2), (4.3), (4.4) and (4.5), we get the corresponding

integral relations for (2.14), while by putting r = s = k and λ = µ in (4.1), (4.2),
(4.3), (4.4) and (4.5) the corresponding integral relations for (2.1) are obtained.

Some special cases of interest are:

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, 1; a1, . . . , ap; ν, b1, . . . , bq;xt) dt(4.6)

= p+2Fq+2



−n, n+ 1, a1, . . . , ap;

x

1, 12 , b1, . . . , bq;




which is Sister Celine’s polynomial,

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−t

p+2Fq+2



−n, n+ 1, a1, . . . , ap;

−x
t

1, 12 , b1, . . . , bq;


 dt(4.7)

= fn(1, 1; a1, . . . , ap; ν, b1, . . . , bq;x),

1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1;−;−;xt) dt = Pn(1− 2x),(4.8)

i
2
√
�

∫ (0+)

∞
(−t)−

1
2 e−tPn

(2x+ t

t

)
dt = fn(1, 1;−;−;x),(4.9)

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, 2ν;−;−;xt) dt(4.10)

=
n!
(2ν)n

Cν
n(1− 2x),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tCν

n

(2x+ t

t

)
dt(4.11)

=
(2ν)n

n!
fn(1, 2ν;−;−;x),

1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, 2α+ 1;−;−;xt) dt(4.12)

=
n!

(1 + α)n
P (α,α)

n (1− 2x),

i

2 sin(α+ 12 )�Γ(
1
2 − α)

∫ (0+)

∞
(−t)−α− 12 e−tP

(α,α)
N

((2x+ t)
t

)
dt(4.13)

=
(1 + α)n

n!
fn(1, 2α+ 1;−;−;x),

1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1; ξ; p; vt) dt = Hn(ξ, p, v),(4.14)
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i
2
√
�

∫ (0+)

∞
(−t)−

1
2 e−tHn(ξ, p,− v

t ) dt(4.15)

= fn(1, 1; ξ; p; v),
1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1;−; 1;xt) dt = Zn(x),(4.16)

i

2
√
�

∫ (0+)

∞
(−t)−

1
2 e−tZn(−x

t ) dt = fn(1, 1;−; 1;x),(4.17)

1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1; 12 +

1
2z; 1; t) dt = Fn(z),(4.17a)

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, 2ν;−; 1 + b;xt) dt(4.18)

= Z(ν)n (b, x),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tZ(ν)n (b,−x

t ) dt(4.19)

= fn(1, 2ν;−; 1 + b;x),
1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, 2α+ 1; 12 +

1
2z; p; t) dt(4.20)

= F (α,α)
n (p, z),

1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1; 12 +

1
2z +

1
2m;m+ 1; t) dt(4.21)

= Fm
n (z),
1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, 2α+ 1; 12 +

1
2z +

1
2m;m+ 1; t) dt(4.22)

= F (α,α)
n,m (z),

1√
�

∫ ∞

0
t−

1
2 e−tfn(1, 1; 1;−;− 12xt) dt = yn(x),(4.23)

i
2
√
�

∫ (0+)

∞
(−t)−

1
2 e−tyn(2xt ) dt = fn(1, 1; 1;−;x),(4.24)

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, a− 1, 2ν; ν + 12 ;−;− 1b xt) dt(4.25)

= yn(a, b, x)

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tyn(a, b, bx

t ) dt(4.26)

= fn(1, a− 1, 2ν; ν + 12 ;−;x),
1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, α+ β + 1, 2α+ 1;−; b+ 1;xt) dt(4.27)

= Z(α,β)
n (b, x),
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i

2 sin(α+ 12 )�Γ(
1
2 − α)

∫ (0+)

∞
(−t)−α− 12 e−tZ(α,β)

n (b,−x
t ) dt(4.28)

= fn(1, 1 + α+ β, 2α+ 1;−; b+ 1;x),
1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, α+ β + 1, 2α+ 1; 12 +

1
2z; p; t) dt(4.29)

= F (α,β)
n (p, z),

1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, α+ β + 1, 2α+ 1; 12 +

1
2z +

1
2m;m+ 1; t) dt(4.30)

= F (α,β)
n,m (z),

1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1, α+ β + 1, 2α+ 1;−x;−N ; t) dt(4.31)

= Qn(x;α, β, N),
1

Γ(α+ 12 )

∫ ∞

0
tα−

1
2 e−tfn(1; 2α+ 1;−;−;xt) dt(4.32)

=
n!

(1 + α)n
L(α)n (x),

i

2 sin(α+ 12 )�Γ(
1
2 − α)

∫ (0+)

∞
(−t)−α− 12 e−tL(α)n (−x

t ) dt(4.33)

=
(α+ 1)n

n!
fn(1; 2α+ 1;−;−;x),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(2; 3ν; ν + 13 , ν +

2
3 ;− t

x2 ) dt(4.34)

=
1
(2x)n

Hn(x),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−1)−νt−ν−n

2Hn(
√

t
x ) dt(4.35)

= ( 2√
x
)nfn(2; 3ν; ν + 13 , ν +

2
3 ;x),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(m; (m+ 1)ν; ν + 1

m+1 , . . . , ν +
m

m+1 ;h(−m
x )

mt) dt(4.36)

=
1
xn

gm
n (x, h),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−1)−νt−ν− n

m gm
n (−m− (ht

x )
1
m , h) dt(4.36)

= {−m(−h
x )

1
m }nfn(m; (m+ 1)ν; ν + 1

m+1 , . . . , ν +
m

m+1 ;x),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1; 2ν; ν + 12 ,−x;−N ; p−1t) dt(4.37)

= Kn(x; p, N),
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i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tKn(x;−p−1t, N) dt(4.38)

= fn(1; 2ν; ν + 12 ,−x;−N ; p),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1; 2ν; ν + 12 ,−x;β; (1− c−1)t) dt(4.39)

=Mn(x;β, c),

i
2 sin ν�Γ(1− ν)

∫ (0+)

0
(−t)−νe−tMn(x;β, t

c+t ) dt(4.40)

= fn(1; 2ν; ν + 12 ,−x;β; c),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1; 2ν; ν + 12 , x;−;−x−1t) dt(4.41)

=
n!
xn

ϕn(x),

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1; 2ν; ν + 12 ,−x;−;− 1a t) dt(4.42)

= (− 1a )nC(a)n (x),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−1)−νt−ν−nC(t/a)

n (x) dt(4.43)

= (− 1a )nfn(1; 2ν; ν + 12 ,−x;−; a),
1√
�

∫ ∞

0
t−
1
2 e−tfn(1; 1;−x;−; (1− e−λ)t) dt(4.44)

= enλ�n(x;λ),

i
2
√
�

∫ (0+)

∞
(−t)−

1
2 (1 + t̄)

−ne−t
n(x;− log(1 + t̄)) dt(4.45)

= fn(1; 1;−x;−; ),
1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, k − 1;α+ 1;−; ν; (xk )kt) dt(4.46)

=
n!

(1 + α)kn
Zα

n (x; k),

i
2 sin ν�Γ(1− ν)

∫ (0+)

∞
(−t)−νe−tZα

n (k(−x
t )
1
k ; k) dt(4.47)

=
(1 + α)kn

n!
fn(1, k − 1;α+ 1;−; ν;x).
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5. Laguerre’s L
(α)
n (x) and Bateman’s polynomial Z

(ν,b)
n (x)-

Using (4.5) we obtain at once that

1
Γ(ν)

∫ ∞

0
tν−1e−tfn(1, 1 + α; 1+α

2 ; ν, 1 + α;x2t) dt

= fn(1, 1 + α; 1+α
2 ; 1 + α;x2).(5.1)

Ramanujan’s formula which gives the product of two 1F1’s as an 2F3 and which

was proved by Preece [6] reads as follows:

(5.2) 1F1




α;

x

β;


 1F1




α;

−x

β;


 = 2F3




α, β − α;
x2

4

β, 12β, 12β +
1
2 ;


 .

It yields at once

(5.3) L(α)n (x)L
(α)
n (−x) =

{ (1 + α)n
n!

}2
fn(1, 1 + α;−; 1 + α; x2

4 ).

However, Bateman’s Z
(ν)
n (b, t) which is a generalization of his polynomial Zn(t) is

given by

(5.4) Z(ν)n (b, t) = fn(1, 2ν; ν; 1 + b; t).

With these results it is easy to write (5.1) in an interesting form

Z
(
1
2+
1
2α)

n (α, x2)

=
(n!)2

2αΓ(1+α
2 ){(1 + α)n}2

∫ ∞

0
tαe−t2/4L(α)n (xt)L(α)n (−xt) dt.(5.5)

For α = 0, (5.5) reduces to

(5.6) Zn(x2) =
1√
�

∫ ∞

0
e−t2/4Ln(xt)Ln(−xt) dt

where Ln(x) is the simple Laguerre polynomial. Formula (5.6) appears in Sister

Celine’s work, Fasenmyer [2].
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