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1. INTRODUCTION

In order to explain the basic ideas of this paper, let us consider the nonlinear
multiparameter eigenvalue problem with the coefficients ax(z) (1 < k < n) changing
sign:

u'(x) + Y pean(@)uP (z) = Aag(x)ul(z), = €1 :=(-1,1),
(1.1) =1
u(z) >0, zel:=(-1,1),
u(=1) = u(1) =0,
where p = (1, o, .oy flic1, i -y fhn) € Rfl X RQL*"H, A € R are parameters,

(1.2) 1<g<pr<p2 <. <pim1 <pi ... < pp <20+ 3,

ar € C1(I) satisfies ay(—x) = ay(z) for x € I and

ap(z) <0, z€0,1] 1<k<i—1),
(1.3) ap(z) <0, z€10,1], ax(0)>0 (i <k < n),
ag(z) = 0,a0(x) >0, = €[0,1]

We do not assume any sign conditions for ax(z) (1 < n < i—1),and ax(z) (i < k < n)
are allowed to change sign in I. A nonlinear term such as ap(z)uP* is called an
indefinite nonlinearity, since for a fixed u, it may change sign as a function of x.
Our main interest is to study the asymptotic behavior of the variational eigenvalue
A, which is obtained by Ljusternik-Schnirelman theory on the general level set as

My — OO.
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Nonlinear multiparameter problems arise in various areas of semilinear elliptic
problems, which are derived from some physical and biological models in a bounded
and an unbounded domain D C RV :

Au+ f(x,u) =0 in D.

It should be especially mentioned that to consider the asymptotic behavior of A — oo
in our problem is related to singular perturbation problems of the type

—e?Au = f(r,u) in D,

through scaling and change of variables, where 0 < ¢ < 1.

Our problems are also motivated by linear multiparameter problems, especially,
of finding “asymptotic directions of eigenvalues” (asymptotic behavior of the ratio
of two eigenvalues). Related topics for linear problems can be found, for instance,
in Faierman [2], Turyn [5]. Our problems are regarded as the nonlinear version of
finding “asymptotic directions” of eigenvalues.

Recently, in Shibata [4], the simplest case of (1.1), namely,

u(z) + pa(z)u® (x) = Mb(z)ul(z), =€l :=(-1,1),
ul

x) >0, vel:=(-11),
u(—1) =u(l) =0,

(1.4)

and a(x) = b(x) = 1, the definite type, was treated and the following precise asymp-
totic formula for A\(u, ) was obtained by using Ljusternik-Schnirelman (LS) theory
on the general level set M, o due to Zeidler [6], where o > 0 is a fixed parameter.
Assume that 1 < ¢ < p < g+ 2. Then as p — o0,

q+3 _ 2(p—q) q+3 | 2(p—q)
(1.5) Ap, @) = Cp(ape=a ) p¥3 4 o (qu2e-a ) pF3 )
where
s 2(p_;3q)
_g+3 _ D P
(16) Cy = <q+1>2“"q> (P +3)g+ D —9q) 2 F<2(p—q>)
p+1 2(2¢q—p+3) n(q+1)r<2(qp+_3q))

Therefore, for nonlinear problems with several parameters, by adopting this varia-
tional approach, whole arguments seem to be nicely developed.

In this paper we shall study the effects of nonlinearities changing sign on the
asymptotic behavior of eigenvalues for nonlinear multiparameter problems. More

318



precisely, we shall extend the asymptotic formula for variational eigenvalues (1.5) to
fairly wide class of nonlinear equations including (1.1). We mention here the main
difficulty. If we assume, for instance, a simple condition on p;, such as p; — oo with
i ~ [ij, then it turns out that the dominant parameter should be u; automatically,
since the maximum norm of the corresponding eigenfunction tends to 0. Therefore
we need additional assumptions for p to obtain the asymptotic formula dominated
by p;. In this paper we give optimal conditions for y under which p; dominates the
asymptotic formula for the variational eigenvalue A.

2. MAIN RESULT

In what follows, we consider the nonlinear multiparameter problem

u(z) + Zukfk(x,u(x)) = Ag(x,u(x)), x €l :=(-1,1),
(2.1) =l
u(zr) >0, ze€l:=(-1,1),

u(1l) =0,

<
—~

I
—_
~

I

where p = (pi1, fig, -, i1, fliy - - i) € RETD X RN € R and Ry = [0,00),
R, := (0,00). We explain the notation before stating our results. Let X := Wy '*(I)
be the usual real Sobolev space and L := [}@;1 X Riﬁiﬂ x Ry. For u € X, let

2 .= Ul$21' Ud: U$d$ u, v = u\xr)vlx X
HuHx-*/I (@)% dz, [Juld /Im\d (d>1), (u,0); /()()d,

I

Jull o= ma oo, Fule) = [ o) ds, Gl i= [ glas)ds,

Dy (u) ::/IFk(x,u(x)) dz, U(u) ::/G(x,u(x))dx.

I
Furthermore, let C' denote various positive constants independent of {(u, «)}. Es-
pecially, for simplicity, all constants, which will appear in the computations, will be

denoted by the same character C' provided they are independent of {(u,a)}. We
assume the following conditions.

(A.1). fr(z,u),g(z,u) € CY(I x R) are even functions with respect to x and odd
functions with respect to u.
(A.2).

g(z,u) >0 for (z,u) € I x Ry,
(2.3) 9g(x, u)

5 >0 for (z,u) €[0,1] x Ry,
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and there exists a constant ¢ > 1 such that for x € I and u > 0
(2.4) C~lul < g(z,u) < Cul.

(A.3). There exist constants {py}}_, satisfying (1.2) and

(2.5) |fr(z,u)] < ClufP* for x €I, ueR,
(2.6) OB 0 for (w,u) € [0,1] x R,
Ox
In addition, there exists a compact interval J = [—x1,21] C I (1 > 0) such that for
recJandu>0
(2.7) filz,u) = CuPy fr(x,u) 20 (k> ).

Furthermore, if ®;(ug) = 0 for ug € X, then
(28) (fl(l', UQ), u0)2 — 2@2("&0) 2 0

(A.4). There exists ai(r) € C1(I) (1 < k < n) such that ax(—z) = a(z) for
re€landaswu |0,

(2.9) M — ai(z), M — ag(x)

uPk ud

uniformly for z € I, where ay(x) satisfies the condition (1.3). In addition, for
x€[0,1] and 0 < u < 1,

8fk,0(xau) <0 5go(x,u)

(2.10) S <0, S >0,
where
(2.11) freo(z,u) == fr(z,u) — ar(z)uP*, go(z,u) := g(z,u) — bo(x)ul.

It is easy to see that the equation (1.1) under the conditions (1.2) and (1.3) satisfies
(A.1)—-(A.4). Another example of f;, and g which satisfies (A.1)—-(A4) is

cos T (|ulPr~tu + |ulPr=1Fey), lu] < 1,
fi(@,u) = -1 —1-
cosma(|ulP* ~tu + |ulPr o), lul > 1,

g(x,u) = (1+2?)|ul™ u,
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where 0 < ¢ < 1 and {pi}}_;, ¢ satisfy (1.2).

Now we define the variational eigenvalues. A = A(u,«) is called a variational
eigenvalue of (2.1) when the associated eigenfunction w, o(x) € N, . satisfies the
following condition

(2.12) { (g, 0, A1y @), up () € L x R x N, satisfies (2.1),

V() = Blps0) == inf D(u),

where .
1
Ny = {u € X: E(p,u) = iHuH%( — k§,1Mk¢k(u) = —a},

and « > 0 is a parameter. A(u, ) is obtained as a Lagrange multiplier and explicitly
represented as follows:

20+ 3% ) )2 — 220}

(9(®, tp,a)s a2

(2.13) AMp, @) =

Actually, multiplying (2.1) by u, «(z), we obtain by integration by parts that

214)  ualB D k(@ t0). )2 = A, 0) (9@, ), )2
k=1

this along with the fact that u, . € N, o implies (2.13).

We introduce the condition (B.1) for a sequence {(u, a)}. A sequence {(u, @)} C L
is said to satisfy the condition (B.1) if the following conditions hold:

(B.1)

(2.15) apliTt = oo,
(2.16) ap;? 0.

Furthermore, for k # 1,

2(Pr —pi) _PEt3
(2.17) J17%e! i wp T — 0.

Now we state our main result.
Theorem 2.1. Assume (A.1)-(A.4). Furthermore, assume that a sequence
{(p, @)} C L satisfies (B.1). Then the following asymptotic formula holds:

q+3 2(p;—a) q+3 2(p;—a)

(2.18) /\(Maa) — CQGO(O)_lai(O) 1:1;_33 (aluz?(pi*q)) pit+3 + 0((04,”;(”7(1)) pit+3 )
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where

(2.19)
2(pi—a)
S S pi+3 »i¥3
Cy = ( q+1 ) 2wi=0 (pi +3)(¢+1)(pi — q) 2 T (2<pi—q>)
pi+1 2(2¢ — pi +3) g+ 1) (2(q+3 ))
pi—q

It should be mentioned that the condition (B.1) is not technical but optimal to
obtain the formula (2.18). In fact, if g = p1, ar(x) = —1for 1 <k <i—1, ax(z) =1

for i < k < n and the condition (2.17) fails for & = 1, namely, if there exists
_ Pp+3

(Pg—Pi) pots

2
a constant § > 0 such that pia™ »i¥3 p,

— §, then we can obtain another
asymptotic formula depending on ¢, which coincides with (2.18) when § = 0.

The remainder of this paper is organized as follows. In Section 3, the existence
of variational eigenvalues is formulated. In Section 4 and Section 5, we will prepare
some fundamental tools. Section 6 is devoted to the proof of Theorem 2.1.

3. EXISTENCE OF VARIATIONAL EIGENVALUES

In what follows, for a subsequence, we use the same notation as that of original
sequence for convenience. Furthermore, let a;(0) = a;+1(0) = ... = a,»(0) = ao(0) =
1 for simplicity. In this section, we assume that (u, @) € L belongs to a sequence of
L which satisfies (B.1).

Lemma 3.1. Let (,a) € L be fixed. Then N, o # 0.

Proof. We fix p(x) € C§°(J) satistying ¢ # 0 and p(z) > 0 for x € J, where
J is a compact interval defined in (A.3). For ¢ > 0 we put

(3.1) mit) = mit,n0) = g telk — D mlte).
k=1

By (2.5) and (2.7) we obtain that for ¢ > 0

(3.2) o;(tp) > Ot Y|Pt
Oy(tg) >0 (k> 1),
B (te)| < C* PP t] (1< k<i—1).
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Therefore, by (3.1) and (3.2), we obtain that as ¢t — oo
i—1

1
(3.3) m(t) < SPIlelI% — pa®ilty) + Dl (tp)|
k=1

1
1 S 41 s — 41
24 2ol = Contr el + € X e el —oe,
k=1

since pr, < p; for 1 < k < i—1 by (1.2). Since m(0) = 0, we obtain that there
exists t = to > 0 such that m(ty) = —a, namely, top € N, o. Thus the proof is
complete. 0
Lemma 3.2. Let (u,«) € L be fixed. Then 3(u, ) > 0.
Proof. We assume that 5(p, o) = 0 and derive a contradiction. Let {u;} C
N,.« be a minimizing sequence of (2.12), that is, as [ — oo,
(3.4) U(u;) — B, a) = 0.
By (2.4), we have for z € I,s € Ry and u € X

(3.5) C s < Gz, s) < Cs9H, C*luuugi} <U(u) < C||u||gi}.

Furthermore, we know from (2.5) that for (z,s) € I xR, u€ X and 1<k < n
(3.6) |[fi(@,s)| < Cls|P*, |Fi(x,s)| < C|sP T, |@p(u)| < Cllulr ).

We recall here the Gagliardo-Nirenberg inequality for u € X:

.41 1— +1 +1
(3.7) ”u”?;ilgOHuH,(JJrlak)(pk )||u||§(k(17k ),

where ar, = 2(pr — q)/{(q + 3)(pr + 1)}. Then by (3.5)—(3.7) we have

2(pr—q)
(3.8) @5 (ur)| < Cllwll 5] < Ol S | 2
(r+D—ay) 2pg—a)
< OW(ur) T |

Since u; € N, o, we obtain by (3.8) that

1 n (pk+1)(1 ap) 2(pi—a)
(3.9) §HWH,2X <O ikl w ()| CZMk‘I’ w) el

Since 2(px, — q)/(q + 3) < 2, we see from (3.4) and (3.9) that ||w]|x — 0 as | — oo.
Hence, @y (u;) — 0 as | — oo by (3.8). Then as [ — oo,

1 n
—a = §||ul\|,2x = @y (ur) — 0.
k=1

This is a contradiction. Thus the proof is complete. O
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Lemma 3.3. Let (u,«) € L be fixed. Furthermore, let {u;} C N, . be a
minimizing sequence of (2.12), namely, ¥U(u;) — ((u,«) as I — oo. Then there
exists a subsequence of {u;} and us € Ny« such that u; — us in X as | — oo.

Proof. By (3.9) and Lemma 3.2 we see that {u;} C X is bounded. Then
by Sobolev’s embedding theorem, there exists a subsequence of {u;} and us, € X
such that u; — s weakly in X, u; — uoo in C(I), L4(I) for any d > 1 as | — oc.

Therefore,
1 , 1. . - -
(310) g luscl} < 5 liminf ] = lim 3™ m@y(un) - 0= 3 udi(une) — o
k=1 k=1

We shall show that ue, € Ny . To this end, by (3.10), we assume that

n
(3.11) Sluclk < 3 i) —a
k=1
and derive a contradiction. We put m(t) = m(t, u, us) for t > 0, where m(t) is a
function defined in (3.1). Since m(0) = 0 and m(1) < —« by (3.11), there exists
0 < t1 < 1 such that m(t1) = —c, namely, t1uco € Ny o. Since g(z,u) > 0 is odd in
u, we have G(z,t1ux) < G(x,ux) for x € I. Then by (2.12)

(3.12) Blp, @) < W(tiuce) < ¥(uoo) = B(p, ).

This is a contradiction. Hence (3.11) is impossible, and we see from (3.10) that
Uso € Ny.o. Moreover, it follows from (3.10) that there exists a subsequence of {u;}
such that

(3.13) luool%e = Jim [Ju%-
—00

By (3.13), u; — s in X as ! — 00, and us # 0, since 0 < B(u, &) = ¥(uoo). Thus
the proof is complete. O

Lemma 3.4. For a fixed (u, ) € L, there exists (A(u, @), uya(x)) € R X Ny, 4
which satisfies (2.12).

Proof. By Lemma 3.3 we see that us, € IV, o is the minimizer of the minimizing
problem in (2.12). Then by the Lagrange multiplier theorem there exists A(u, o) € R
such that (ueo, A(1t, ) satisfies the equation in (2.1). Furthermore, by a standard
regularity argument we see that us, € C%(I). Now we put u, () := |uso(z)|. Since
fr, g are odd with respect to u, Fy, G are even with respect to u. Therefore,

(3.14) Dp(Up,a) = Prltioo), ¥(up,a) = ¥(tso) = B(p, ).
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Furthermore, since us € C?(I), we have ||uco||x = ||uu,allx. This along with (2.3)
and (3.14) implies that u, o € Ny.o, and (1, &, A(t, @), Up.a) € Lx RXx N, , satisfies
(2.1) and wy, o is the mimimizer of (2.12) with the same Lagrange multiplier A(u, ) as
that of us. Finally, if there exists xo € I such that u, (z¢) = 0, then uu o(z0) =0,
since uy,o(z) > 0 in I. Then by the uniqueness theorem of ODE, we obtain that
Uy, = 0 in I. However, this is impossible, since u,,o € Ny and 0 € N, . Thus
Uy, > 0in I. U

Remark 3.5. To apply the Lagrange multiplier theorem, the fact Ey, (@, too )tioo 7
0 was used, where F, is the Fréchet derivative of E with respect to u. This is
guaranteed, since Ey, (14, Uoo ) Uoo = Euy (i, Up,a)Up,a 7 0 by (4.22) in the next section.

4. FUNDAMENTAL LEMMAS

We put 0o == max Up.o(x). By Gidas, Ni and Nirenberg [3] we know that u,
z€

possesses the following properties:

(4.1) Upo (=) = Upa(2), Uy, o (x) <0, 2 € (0,1),

’u’;t,a(o) = Ov Op,o0 = uu,a(o)-

In what follows, for norms of a function defined on R we use the same notation as
that defined at the beginning of Section 2.

Lemma 4.1. For a fixed (u, ) € L, the following equality holds for x € I:

(4.2)
1 n
E(u;@a(x))Z + J(Na Q, T, u,u,oz(w)) - Z,U'kBk(Na «, Z) + )\(,U,, a)BO(Na «, Z)
k=1
1 n
= J(,LL,OQO, Uu,a) = Euz,a(l)z - ZMkBk(Ma(% 1) + A(/’(‘a Oé)B(](,LL,Oé7 1)a
k=1
where
n
(4.3) J(p, o, xyu) == Zuka x,u) — A, @)G(x,u),
k=1
uu a(r)
(4.4) e (1, o, 1) / { Ofulrs) ds} dr <0, ze€]l0,1],
0 0 or
uH a(r)
(4.5) o(p, o, x) = / { agrS)ds}dr}O, z € [0,1].
0 0
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Proof. Multiplying (2.1) by u), () we obtain for z € I
(4.6) (U)o (@) + D (@, w0 (7)) = M, a)g (@, up,a (@) Yu), o (2) = 0;
k=1
namely,

d

(@) {50 4 0,000

k=1

this implies that for « € T

(48) 5 (0 (0) 4 (10,7, ()

n
- Z prBr (e, a, ) + A1, @) Bo (i, @, ©) = const.
k=1

Now, put z = 0,1 in (4.8). Then (4.2) follows immediately. O

Lemma 4.2. Assume that {(u, a)} C L satisfies (B.1). Then

2g+3-p; _ 413
(4.9) a5 < Ca s gy PiH

p

_2 i—1
Proof. Let n=1,q:= (au/ "' );ﬁ Furthermore, let w,, satisfy

wy (8) +whi(s) —wi(s) =0, —Nua <5< 1Nua,
(4.10) wy(s) >0, —Npa <S<Nua,
Wy (£Ny,a) = 0.

The existence of w;, is obtained easily, for instance, by variational method. We put

A0 ) 75wy (s), @ =g, w €
Upa(z) = '
0, zel\J,
where 1 > 0 is the number defined in (A.3) and
dy o :==1inf{t > 0: t(agufl)ﬁwn(nxflx) € Nuol.
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By (3.3) we see that d, o > 0 exists. We shall show that

(4.11) Ct<dua <C.

Since n — oo by (2.15), we know from Shibata [4, Lemma 4.7] that w, — ws
uniformly on any compact subset in R and C~! < |lwy|l, < C (p > ¢+ 1), where
Wso 18 the ground state solution of

(4.12) w’ (t) + wPi(t) —wi(t) =0, teR,
w(t) >0, teR,
lim w(t) =
|t] — o0 ( )

First, we assume that there exists a subsequence of {(u,a)} such that d, . — oo,
and derive a contradiction. Since supp U, o C J, we have by (2.5), (2.7), (2.17) and
direct calculation that

1 g =
(4.13) o= SVl = 3 e ®(U0)
k=1
1 i—1
< 51U, 1% (Upa) + > | @k (Upa)|
k=1
<l 142 2, —1\ 523 2
S ey dy o la”py )P flwllx
e Pt (o2 ) bits pi+1
Hih 1Ay, o (@ py ) 7i¥3 |lwy, pit+l
i—1
PN
+ZMM] 1x1dp’°+1( 2/%' 1)“”““’?7”2211
k=1

11 1
<t o{a Jlunli - o o 1)

ZZ - 205 —pi) —PhED 1 +1

P Pk Pk

+ a1 :u'ka P7+3 MZ ‘ )dua Hwﬁ||pk+1
k=1

< — Ca,
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where C' > 1 is a constant. This is a contradiction. Hence d, o < C. Then (3.6)
implies that

n n

1
5 = D me®(Upa) 2 S10uallk = D 1kl ®x(Up.a)|
k=1 k=1

1
- = EHUua

n
_2 _ g Prtl
>yt dy o (@2 ) P w5 = D s e d? T (@B ) P [
k=1

_ 1 n 2(pg —Pi) —Eﬁ_?ﬁ _
> adt oo ol = Yo B F o I
k=1

this along with (2.17) implies that d,, o — 0 does not occur. Therefore, we obtain
(4.11). Now by (2.12) and (3.5)

+1 1
(4.14) H“maHZ-H < C¥(upa) < CY(Upa) < CHUu,aHgil
2 1\l g g+1 2a43-p; 713(1:33
< C(OZ H; )p71+377a’#”wn”q+1 éCa pits ;i ’

Thus the proof is complete. O

Lemma 4.3. Assume that {(u, a)} C L satisfies (B.1). Then
(4.15) Cra < lupolk < Ca.

Proof. By (3.5), (3.8) and (4.9), we obtain that for 1 <k < n

(Pk+3)g,q+1) 2(Pk;‘1)
(4.16) 1| Pk (o)l < Cpiellupallg ™ llupallx™
2(p+5. ;q)

2(pp —ps) _ppt3 2q+3—py,
: pi+3 e
= C’(/tka pi+3 p; " )a q+3 ||u#’a||X

By the inequality

1 1 1 1
ab < —a™ + b (a,b}O,——l—— 1)

S dy do di ' dy
we have

2¢4+3—py. 2(pg—9q)
(4.17) a” 7 luually ™ < Cla+ lupall%)-
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Since uy,o € Ny o, we obtain by (2.17), (4.16) and (4.17) that

(4.18)
1 ) -
o+ EHU;L,aHX < Niq)i(uu,oz) + Z :uk‘q)k(uu,oz”
k=1,%i
2(pi—a) 2(pp—a)
C’a o ||Uu,aHXq+3 Z o |“u ollx™
k=1,#1

< Ca™ T ug o “FF 4 o(1) (@ [lugalk);

that is,
1 2q+3—p; 2(pi—a)

(4.19) o+ §\|uu,a||§( <Ca o fupal x™
Then (4.15) follows immediately from (4.19). O

Lemma 4.4. Assume that {(u, )} C L satisfies (B.1). Then \(u,a) > 0.

Proof. We obtain by (4.18) that
0 < a+ lupall} < Cui®i(upa) + o(1)(a + [upall%);
this implies that
(4.20) 0<a+lupalk < Cri®i(upa).
Furthermore, by (4.16) and Lemma 4.3 we obtain that for k # i
(4.21) 1l (Fe(Upna) s tpna)2ls 1ok | @k (p,0)| = o(1)a
Then by (2.8), (2.13), (4.21)

(4.22) )\(,u,oz)(g(x,uu,a),uu,a)g > 2a + pi{ (fi(, “u,a)vuu,a)Q - 2‘1%‘(“;4,@)}

—C Y m((Fr(upa)s tpa)2| + 1Pk (,0)])
k=1,k+#i

> (2-0(1))a.
Thus the proof is complete. O
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Lemma 4.5. Assume that {(u,a)} C L satisfies (B.1). Then

2(p;i—q q+3

)
(4.23) Ca 7% p/"" < Np, ).

Proof. It follows from (2.4), (4.9) and (4.22) that

2¢+3—p; —at3

Ca < Mp, a)(9(2, Upa), Upa)2 < ONt, @)|[tgal|iTT < ONp, ) 278 py P72

this implies (4.23). Thus the proof is complete. O

Lemma 4.6. Assume that {(u,a)} C L satisfies (B.1). Then o, o, — 0.

Proof. By (4.2)—(4.5) and Lemma 4.4 we see that J(u,,0,0,.) > 0, that is,

n
Ap, @)G(0,0,,4) < Z P Fe(0,00,0);
k=1

this along with (3.5) and (3.6) implies that

(4.24) N a)afﬂ;} < C’Zukaﬁ’j&"l.
k=1

We have by (3.6), (4.2)-(4.5) and (4.24) that

(425) (@) = J(10,0,00) — (1,0, 7, ()

+ > B, @, ) — AMp, @) Bo(p, a, )
k=1

g J(ILL,OZ,O, U;L,Ot) - J(Ma a,x, ull«,a(x))
= Zﬂk(Fk(o,U,u,oz) - Fk(xauu,a(x)))
k=1

— )\(,u, Ol) (G(O, Uu,a) - G(.’L‘, Up,ox (.’L‘)))

n
1 1
<CY ottt + OMp, a)ol
k=1
n
<O mopid
k=1
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Let 21 = 21,40 € [0, 1] satisty u, o(21) = (1 —€)op,a, where 0 < ¢ < 1is a constant.
By the mean value theorem and (4.25) we have for y1 ;.o € [0, 21,4,q]
E0u,a _ uu,a(o) - uu,a(xl)

(4.26) -

1 = ‘u;L,Oé(y17H7a)| <

Hence, by (2.4), (4.9) and (4.26),

2¢+3-p; _ 913

(4.27) Ca »¥3 it OHUH oz”g:: (g(x,uu,a),uu,a)2
z1
>C [ g0t @) (0) d
C’/ )M de > C(1 - e)oit z

~1/2
> o - aaq+2<zukaﬁf;1) ;

this implies that

2¢+3—p; — 93 n PA +1
q+2 == p;+3 1/2
Opa S Ca witsp, 7 :uk Op.&

(4.28)

2(pp—p;) —PEt3(1/2 2q+3—py,  Pr+1

— Pri+3 —1/2 - 2

C’E (,uka pitS ) (a; %) Pi¥3 0, 2
k=1

Now, our conclusion follows from (2.16), (2.17) and (4.28), since (pr +1)/2 < ¢+ 2.
O

Lemma 4.7. Assume that {(n, a)} C L satisfies (B.1). Then for 1 < k< n

(4.29) uka/’j"jl Cpotit?

ot
Proof. For a fixed (u, ), let 1 < j(u, a) < n satisfy

Pj(p,a)+1
(4.30) 121]?<Xnﬂk0pk+ = [Lj(u, a)ngt(xM 1
Then there exists a subsequence of {(u, )} and 1 < j < n such that j = j(p, )
for this subsequence. We fix and consider this subsequence. Then using (4.28) and
(4.30) we obtain

pj+l  og43-p, _ at3
Z T pis gy, Pt
Op,&x ¢ ey )

q+2
Uu a X
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that is,

29+3—-p; —‘1“*'73 2++
(4.31) Ou,a < C(M;/Za Pit3 i p1+3) q i

By (4.23), (4.24) and (4.31) we obtain

2(pj—q)
2Apj—g) AE3 2q43—p; _ 4t3 )
i T3 1/2 2 T3 \ 2¢+3—p
a mFE it <C E prohry T < Cpy (,uj/ a Py, P ) 7
namely,
2p;—p;) Pit3

p;+3

py =z Ca Pits

This along with (2.17) implies that (4.30) holds for j = j(u, @) = i except a finite
number of the elements of {(u, «)}. Thus, we obtain (4.29). O

5. FURTHER OBSERVATIONS

Let

_1 Pi— q
€ = 0 = (A1) /)77, 7= Ty = I T A, 0) T,

ti=1Tx, w,a(t) = §*1uu’a(x).

Furthermore, let Ag(t) := ax(t/7). Then by (2.1), w, «(t) satisfies the equation
(5.1)

Wy, o (t) + Ai(Owhi, (1) — Ao(H)w] (1) + Z T2 PR AL (t Jwik, (t)
k=1, ki

T P ot/ Ewpa () = A )72 go(t /7, Ewpa (1))
k=1

=0, tel,,:=(-7,7),
Wua(t) >0, t€l,a,
Wyo(£7) = 0.

It follows from (2.15) and Lemma 4.5 that

(3

i) S Sty —_—
(5.2) Tia = CM2(P7 =) (0[ piT3 M;Z+3) Pi—d :O<Ozp?’ 1) S

Therefore, we expect that w, o(t) — wee(t) if {(1, )} C L satisfies (B.1), where
Woo 18 the ground state of (4.12). The goal of this section is to show the following
lemma:
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Lemma 5.1. Assume that {(y,a)} C L satisfies (B.1). Then wy, o(t) — weo(t)
in L4TY(R) and LP*T1(R).

To prove Lemma 5.1, we recall some important properties of wy,. We know that
there exists a unique solution we, of (4.12), which is called the ground state solution
of (4.12), and satisfies the following properties:

(5.3) wa(0) = ¢ 1= (Z:ll)_ W () = woo(—1), tER, W (t)<0, t >0,
(5.4) L ()2 + —wrt i) - it =0, teR

20 pi+1 > qg+1
(5.5) weo(t) < Ce™ N (g =1), weo(t) <O+ Jt])~*

2
<q>1,0<s<—), teR
qg—1

We refer to Berestycki and Lions [1] for these properties. Let (o := max Wya(t) =
S B

5_1U;L,oc-

Lemma 5.2. Assume that {(u,a)} C L satisfies (B.1). Then C~1 < (.o < C.
Proof. By (4.24) and Lemma 4.7 we have that

(5.6) Ap, a) < Czlukaﬁ]fa_q < Oﬂigﬁf;q-
k=1

This implies the first inequality. Next, since (4.31) holds for j = i, we see from
Lemma 4.5 that

_ 2(p; —q) A
(5.7) obin? < Olap, 1/2) nit3 < CM_
' i
Thus we obtain the second inequality. O

Lemma 5.3. Assume that {(u,«)} C L satisfies (B.1). Then
(5.8) Mu, )72 =1, 77287 50 (K #£4).
Proof. The first equality follows from the definition of 7 and £. We shall show

the second inequality. It follows from (5.6) and (5.7) that

q+3 2(pi—a)

(5.9) Ap, @) < C(a/z;(”“q)) e
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Then by (2.17), Lemma 4.5 and (5.9) that for k # ¢

Pk —Pi . 2pp—p;) —PkF3
T—Qlukgpk—l :)\(M’a)_p&i__qﬂk,ui Pitd Cﬂka_péw,uz Pi¥S (.
Thus the proof is complete. O

Lemma 5.4. Assume that {(p, )} C L satisfies (B.1). Then ||wuallq+1 < C.

Proof. By Lemma 4.2 and Lemma 4.5 we obtain

2(p;—q) at3 \ HFTIPi

|q+1 — 5—(q+1)7_‘|uu7a||q+1 < C(/\(M,a)_la p.T3 Mipi+3) 2(pi—q) <C.

(56.10) |lwy,a

q+1 a1 S

We regard w,, o (t) as a function defined on R by 0-extension.

Lemma 5.5. Assume that {(u,a)} C L satisfies (B.1). Then [[w), [l < C.
Furthermore, w, o satisfies the inequality

(5.11) W o) < =y Ti(wu,a (1)),

where

(5.12) Ty(w) = (w], ,(1))? + Cwi™t — CwPi ™ —o(1) z": wPEtL,

o
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Proof. It follows from (2.11) and Lemma 4.1 that
(5.13)

n

1 1 x
L@ D e @ - Y [ e o) as
=1 Pk k=1 0

n u“,a(m) n x Uy, a(y) 8
+Z,uk/ fk,O(f,S)dS*Z,uk/ dy(/ 55 k0, S)ds)
k=1 0 k=1 0

0

- Al a) 4 ao()u (@) + M) / a(s)ugi s) ds

uu‘a(x) Uy, a(y
aa) [ o) ds M dy( / gol=9) ds)
0 0

ZZMk{p 1 ar(0)o p’“+1+/0 fro0(0,5)d }

k=1

1
— q+1
/\(Maa){ q+ laU(O)U,U«aoz +A

n 1 1 Uy, o (Y)
—guk{ [ aouroast [Ca [ i)}

1 1 uu,a(y) a
e [Caeueas [a [ Zeeo )}
0 0 0 0z

By the first equality of (5.13), (2.9), (4.29) and (5.6) we have

1
ST W) = 50 czukam“ + ONp, )l < pioli
this implies that
(5.14) (W), o (1)? < Cpohiitr =22 < C.
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Thus, we obtain the first assertion. Next, by the second equality of (5.13) we have

1 1 1
(515 5 0ale)? = 50D + M) oot 0
Up,a(T)
_ Pk+1
kzl,ukp 1 Zuk/ fro(z,s)ds

Up,a(T)
Jr)\(,u,a)/o xsdszpk/ aksuﬁ’“;l( )ds
1 , 1 Uy, (Y) a
+ A, @) / ag(s)ul’ ) (s)ds — Z,uk / dy (/ &fk’o(z, s) ds)
T k=1 T 0

1 up‘a(y) a
+ Ap, @) / dy (/ 5;90(2:9) d8>~
x 0 z

Then by (1.3), (2.10) and (5.15) we obtain

(516) (o)) > <u;ha<1>>2+A<u,a>q

*Zuk ag(z)ubs i (z)
P pk+1

U, o (T)

Up,a (@)
— Z 1k / fro(z,s)ds + Ay, ) / go(x, s)ds.
k=1 0

0

By (2.9) and Lemma 4.6 we have for 1 <k < n

= o()upry™ (),

U;L‘a(x)
/ fro(z,s)ds
0

U;L‘a(x)
’/\(/,&,Oé)/ gg(.'I},S) ds
0

(5.17)

Therefore, by (5.16) and (5.17) we obtain

(18) @) >

o

u +C\ e up’“"’l ().
( ;L,a( )) (,U/, Z/’ck
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By (5.8) and (5.18), we obtain

—_

S W o (1) = 5 (w),a(1)? + Cwf (1) — Culi (1)

n
—C D Tl ()
k=1, ki
(5.19) b

WV
DN | =

(W), (1)? + Cuwf () — Culi (1)

—o(1) Y wlr).
k=1,k£i
Since w), ,(t) < 0 for 0 < ¢ < 7, we obtain (5.11). Thus the proof is complete. ~ [J
Lemma 5.6. Assume that {(u, o)} C L satisfies (B.1). Then w,. — Weo
uniformly on any compact subset on R.

Proof. We see that {w, o}, {w), .} and {w} .} are bounded by (5.1), Lemma
5.2 and Lemma 5.5. Hence, by Ascoli-Arzela’s theorem, (5.1) and Lemma 5.3, we
can choose a subsequence of {(u, &)} such that w,, o — wy uniformly on any compact
subset on R, where w, satisfies the equation in (4.12). Furthermore, by a standard
regularity argument, we obtain that w; € C%(R). Let to := inf{t > 0: wy(to) > 0}.
Then by Lemma 5.2, tg > 0. If ¢y < oo, then wi(tg) = w)(tg) = 0, since w1 (t) = 0
for t € R. Then the uniqueness theorem of ODE implies that w; = 0. This is a
contradiction. Hence ¢ty = 0o, namely, wi(¢) > 0 for t € R. Now by Fatou’s lemma
and Lemma 5.4

(5.20) / w?™ (t) dt < lim inf / witl(t)dt < C.
R R

Since w(t) is decreasing for ¢ > 0, we see that wy(t) — 0 as |[t| — oco. Hence w;
satisfies (4.12), namely, w1 = Weo. O

Lemma 5.7. Assume that {(u, )} C L satisfies (B.1). Then there exists y(t) €
L3t1(R) such that wy, (t) < y(t) fort € R.

Proof. Let ¢ <7 < 2q+ 3 be fixed. Furthermore, let y;(t) := (t + 1)=2/("=1),
Then y1(t) satisfies

yi(t) = —vTo(ya(t)), t>0,

5.21
(521 y1(0) =1,
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where Ty(y) := 4(r — 1)~2y"+1. Moreover, since r < 2¢+ 3 < 2py + 3, it is clear that
y1(t) € LT(Ry) N LP*T(Ry). Next, by (5.11), wy, o (t) satisfies

(5.22) Wyo(t) < —\/T1(wpa(t), 0<t<T,
wlha(o) = Cu,a-

By (5.12) we obtain that for 0 < y <e¢

(5.23) Ti(y) — To(y) = (w), o(7))> + Cy?*t — CyP*+
_ pr+1 _ r+1
m;y A

We fix to > 1 satisfying y1(t9) < . Then by (5.5) and Lemma 5.6 we see that
Wy,a(to) < y1(to). Then by the comparison theorem of ODE, we obtain that
Wy,a(t) < yi(t) for t > tg. Now define y(t) by

C, |t] < to,
(5.24) (1) = {

yi(|t]), [t > to,

where C' > 0 is a large constant. This is the desired function. O

Proof of Lemma 5.1. Lemma 5.1 is a direct consequence of Lemma 5.6,
Lemma 5.7 and Lebesgue’s convergence theorem. Thus the proof is complete. O
6. PROOF OF THEOREM 2.1

We introduce the following lemma before the proof of Theorem 2.1.

Lemma 6.1 ([4, Lemma 4.6]). Let woo(t) be the ground state of (4.12). Then

r(_at3

2 1) . =2
(6.1) /ngl(t)dt: = W(q; )C%s <2(é+3®)-
R pi —4q F(Q(pz;i—q))

Proof of Theorem 2.1. We know from [4, (4.44)] that

pi+1 __ (pi + 1)((] + 3) q+1

6.2 Woolln'r1 = Woo .
( ) H pi+1 (pz+3)(q+1)” Hq+1
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Furthermore, by (2.17), Lemma 4.5 and (5.9)

pi+1 2m++3 _2(13?*3@ pi+1
(63) /LiHu,U«,Oé pitl = )\(,U, Oz) (mﬂdﬂ, ' ||wua pit+1s
2q+3—
a1 = Alut, @) T8 o, T g, 11
pr+1 Bhbi 71;’;75 5 2(Z7+3<1> pr+1
pel [t allpy 1 = A (p, @) = g, A, @) 757 lwuallpr 1
pp+3

2(pp —p4 _PpT2
(Pr—pi) s

pi+3 —9F3
< Curor 77 {A(%a)z(;ﬂ’ui e IIwu,allﬁiﬂ}

q+3

= 0(1) {)\(,u O[) Z(Pz q)lu 2(137—<I)H

A w20,
Since we have Lemma 5.1 and Lemma 5.6, it follows by direct computation that
(6.4) (fu(@ tp0)s e )2 = (14 0(1))ak (0)EP H wya iy,
1
_ o1 +1
P(ty0) =~ (1 o(1)a (O a1
(9(up,a)s up,a)2 = (1 + 0(1))%(0)5’”1ku,a||gi}~

Then by (2.17), (6.3) and (6.4) and the assumption a;(0) = ap(0) = 1 we obtain

n
20+ 3 jueBsi (L4 o(1)ar (0 fuwyallpi
1
(1+ 0(1))ag (0)67+ w311

_pit3 o dE3
20+ B o) T 1, T (L4 o) o

(6.5) A, @)

P+ o(1))
2043 -p; ;

(1+ o(1)A(t, @) T3 ] " o012

this implies that

A 2\ 2\

(66) z(pi(_lj; a)q+3 = <S e — (g) o .

o Pit3 M;”Jrs My
Here by (6.2)

pi— 1 i1
(6.7) Spa = (L+o(1))JwyalliT] — p—+1((1 +o(1)[wp,albiit +0(1)),
1
S = H ||q+1 pi —1 ” pi+l _ 2(261 +3 _pi) g+1

= we .
pi+1 (pz+3)<q+1)” ||q+1

Then Theorem 2.1 follows from (6.6), (6.7) and Lemma 6.1. Under the general
situation of a;(0) and ag(0), we also obtain our conclusion by replacing p; and A(p, o)

- w
w1

by a;(0)u; and ag(0)A(u, o), respectively, and by repeating the same arguments as
those used above. Thus the proof is complete. O
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