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Abstract. We show that each element in the semigroup Sy, of all n X n non-singular upper
(or lower) triangular stochastic matrices is generated by the infinitesimal elements of Sp,
which form a cone consisting of all n X n upper (or lower) triangular intensity matrices.
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1. INTRODUCTION

Let G be a Lie group, let L(G) be its Lie algebra, and let exp: L(G) — G denote
the exponential mapping. Let gl(n, R) denote the set of all real n x n matrices and
GL(n, R) the general linear group of degree n over R. Here R denotes the set of
all real numbers and hereafter we shall use this notation. For G = GL(n, R) and
L(G) = gl(n, R), it is well known that the exponential map exp: gl(n, R) — GL(n, R)
is defined by exp(tX) = I +tX + & (tX)?> +... for X € gl(n, R).

Let S, be a subsemigroup of GL(n,R) and let X (t) be a differentiable matrix
function of the real parameter t in an interval 0 < ¢ < to such that X(¢) € S,, for
each ¢t and X (0) = I. We call the matrix ( d)ét(t) )|t=0 an infinitesimal element of Sy,
and denote the totality of all infinitesimal elements of S,, by 2(S,). Let A(t) be a
sectionwise continuous function of ¢ (0 < ¢ < to) such that A(t) € 2(S,) for each ¢.
It is standard that the differential equation

dx (1)
dt

= AWX(t); X(0) =1
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has a unique continuous solution and X (o) € Sy,. This X (o) in S, is called generated
by the infinitesimal elements A(t) (0 <t < to).

Loewner [3] showed that each element in the semigroup of all n X n non-singular
totally positive matrices is generated by the infinitesimal elements of the semigroup,
which form a set of all n x n Jacobi matrices with non-negative off-diagonal elements.
In general, a semigroup is not completely recreated from its infinitesimal elements,
even if the semigroup is connected, and it is quite difficult to compute a semigroup
generated by its infinitesimal elements.

In Section 2, we show that the infinitesimal elements of the semigroup of all n x n
non-singular upper (or lower) triangular stochastic matrices are nxn upper (or lower)
triangular intensity matrices. Finally, in Section 3, we show that each element in the
semigroup S, of all n x n non-singular upper (or lower) triangular stochastic matrices
is generated by the infinitesimal elements of .S,,, which form a cone consisting of all
n x n upper (or lower) triangular intensity matrices.

2. INFINITESIMAL ELEMENTS OF TRIANGULAR STOCHASTIC MATRICES

Definition. A matrix A = ||a;;|| (¢ =1,2,...,m;j=1,2,...,n) over R is called
n

a stochastic matriz if a;; > 0and ) a;; =1fori=1,2,...,m. A matrix B = ||by]|
j=1

(k=1,2,...,m; 1 =1,2,...,n) over R such that by; > 0 for k # [ and }_ by;=0
=1
for k =1,2,...,m is called an intensity matriz. An intensity matrix C' is called an

extreme intensity matriz if C' has only one nonzero off-diagonal element which is
equal to 1. An extreme intensity matrix C' = ||cy is denoted by E,, (p # q) if
cpp = —1land ¢,y = 1.

It is easy to see that the set of all non-singular n x n stochastic matrices forms a
subsemigroup of GL(n, R).

Lemma 2.1. Let S, be the semigroup of all real n X n non-singular matrices with
non-negative entries. Then 2(S,,) coincides with the set of all real n X n matrices
which are non-negative off the diagonal.

Proof. Let A= |a;j| € Z2(Sn). Then A = (dX(t )|t=0 with X (¢) € S,, for each
t and X (0) = I. Since X(t) € Sy, x45(t) = 0 for i,j = 1,2,...n. From X(0) = I,
x;5(0) =0 for ¢ # j. Thus a;; = (M)\t o >0 for i #j.

Conversely let E;;(i # j) be an extreme intensity matrix as denoted in the above
definition. Since EijQ = —E;;, exp(tE;;) = I + tE;; — g—z,Eij + g—s,Ez] +...=1+
(1 — e ")E;j, and hence exp(tE;j) € S, for t > 0. Since E;; = <% (exp(tE;;))|i=o,
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E;; € 2(S,). Let Ej be the matrix whose elements are 0 except that the k-th

diagonal element is equal to 1. Since Ep> = Ej, exp(tEy) = I 4 tEy + ';—2,Ek +

%Ek +...=1+ (e! — 1)Ey, and hence exp(tEg) € Sy, for t > 0. Thus Ej, € 2(S,,).

Similarly we may show —FEj € 2(S,). Since Z(S,) forms a convex cone in the
n

n

matrix space gl(n, R), Yo B+ Y BkEr — Y wEr € 2(Sy) for all oy,
1<i#£j<n k=1 k=1

Bk, vk = 0. Thus every real n X n matrix which is non-negative off the diagonal is

contained in Z(5,). O

Lemma 2.2. Let T, be the semigroup of all real non-singular n X n matrices
with each row sum equal to 1. Then

n
(T,) = {||cij|| cgl(n,R): Y cij=0fori=1,2,... n}
j=1

Proof. Let Q = ||w;j|| € Z(T5). Then there exists U(t) € T, such that
Q= (dU(t Me=0, D ui;(t) =1fori=1,2,...,n, and U(0) = I. Hence

j=1
n n d
S = 2 gplelen = (L w)|
J=1 J=1 =
d
:E( )‘ =0 fori=1,2,...,n

mn
Conversely suppose that C' = ||¢;;|| with ) ¢;; =0 for ¢ =1,2,...,n. Let
j=1

n

W= {Ibz’jH €gl(n,R): Y bi; =0 fori= 12n}
j=1

Then W is a cone in gl(n, R) and C € W. Also

e!¢ — 1

= lim
t=0 t—0t t

a’

Since C € W and W is a cone, exp(tC) € I +tW =1+ W for ¢t > 0. Since exp(tC)
is non-singular, exp(tC) € GL(n,R) N (I + W) C T,,. Thus C € Z(T5,).

C:dtc

Lemma 2.3. Let S,, be the semigroup of all n X n non-singular stochastic
matrices. Then Q = ||w;;|| is an element of 2(S,,) iff Q) is an n X n intensity matrix.

Proof. Tt is clear that if S, and T, are subsemigroups of GL(n,R), then
P2(S, NTy) = 2(Sp) N P(Ty,). Thus the lemma is proved from Lemma 2.1 and
Lemma 2.2. O
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Theorem 2.4. Let S, be the semigroup of all n X n non-singular upper (or
lower) triangular stochastic matrices. Then A is an element of 2(S,) iff A is an

n x n upper (or lower) triangular intensity matrix.

Proof. It is obvious that if T, is the semigroup of all real n X n non-singular
upper (or lower) triangular matrices, A is an element of Z(T,,) iff Aisareal n x n
upper (or lower) triangular matrix. Hence the theorem is proved from Lemma 2.3.

(]
3. INFINITESIMALLY GENERATED TRIANGULAR STOCHASTIC MATRICES

Lemma 3.1. Let A be an n X n non-singular upper triangular stochastic matrix
of the following form:

10 0 0 0 0

01 0 0 0 0

00 ... 1 0 0 ... 0
A:

0 0 ... 0 app appy1 --- apn

00 ... 0 0 1 ... 0

00 ... 0 0 0 o1

Then A can be represented as A = exp(tpp+1Epp+1) €xXp(Eppr2Eppr2) - - - exp(tpn Epn),
where E;; is an extreme intensity matrix as denoted in the definition of Section 2.

Proof. Since A is stochastic, app + appr1 + ... + apn = 1. Since A is upper

triangular and non-singular, determinant of A = a,, > 0. Let

Qpp + Apptit1 + ...+ Apn

fort=1,2,...,n.
App + ppti + - -+ Apn

Tpti =

Then 0 < zp4; < 1fori=1,2,...,nsince ayp, > 0. Fori =1, 2,11 = app + appr2 +
...+ apn. Thus appy1 =1 — xpy1. Now,
Gpp + Appy3 + ...+ Gpn _ App + Appy3 + ... + Apn

Tpt2 = =
app + Appt2 + ...+ apn Tp+1

Hence app+2 = Tp+1 — Tp+1Tp+2 = Tpt+1(l — Tp12). Inductively,

Tp41Tp42 - Tptk—1 = Gpp + Appyk + ...+ dpn
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for k=2,...,n—pand

Tp41Tp42 « -« Lptk—1Tptk = App T Gpprk+1 + ...+ Gpn.

Therefore

Apptk = Tpt1 -+ Tprk—1(1 —xpyr) fork=2,...,n—p.

We have

L= app + app1 + appr2 + ...+ apn
=app + (1 = 2p41) + Tp41(L = py2) + oo+ Tpp1 - Tpo1 (1 — 2p)

=app +1—Tpr1... 2.

Hence app = Tpy1&pya...Tn. Let A (j =1,2,...,n —p) be an n X n upper

Tp+j
triangular stochastic matrix of the following form:

0 ... 0 0 0 .. 0 S0
01 ...0 0 0 .. 0 0
0 0 1 0 0 0 0

N 00 ... 0 @pyy 0 ... 1—apyy 0

w10 0 ... 0 0 1 .. 0 O
0 0 0 0 0 1 0
00 ..0 0 0 .. 0 o1

where z,4; is in the pth low and pth column and 1 — z,; is in the pth low and
p + jth column. Then A = A, Az, ,.. . Ap,. Since 0 < xp4; < 1, A, =

exp(tpptjEpp+;) for some tp,1; > 0. Thus A = exp(tpp1Eppt1) exp(tppraEppa) - -
exp(tpnEpn)- O

Lemma 3.2. IfU is an n X n non-singular upper triangular stochastic matrix,
then it can be represented as U = Cy,—1Cp_ ... C1, where Cp = exp(tpp+1Epp+1) - - -
exp(tpnEpn) for p=1,2,...,n—1 and t;; > 0.

Analogously, if L is an n X n non-singular lower triangular stochastic matrix, then
it can be represented as L = HyHs ... H,,, where H, = exp(sp1Ep1)exp(sp2Ep2) - . .
exp(spp—1Epp—1) forp=2,...,n and s;; > 0.
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Proof. Let Uy,...,U, be the rows of U such that U = (Uy,...,U,)" and I; be
the jth row of n x n identity matrix. Then U = C,,_1Cy,—2...C1, where C, is an
n x n matrix such that C, = (I, Iz, ..., I,—1,Up, Ipt1,..., I,) forp=1,2,...,n—1.
According to the Lemma 3.1, Cp, = exp(tpp+1Epp+1) - - - €xp(tpn Epn)-

The proof for the lower triangular case is similar to that for the upper triangular
case. O

Theorem 3.3. FEach element in the semigroup S, of all n X n non-singular upper
(or lower) triangular stochastic matrices is generated from the infinitesimal elements
of S,,, which form a cone consisting of all n x n upper (or lower) triangular intensity
matrices.

Proof. Immediate from Theorem 2.4 and Lemma 3.2. O
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