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Abstract. We prove the existence of solutions of four-point boundary value problems
under the assumption that f fulfils various combinations of sign conditions and no growth
restrictions are imposed on f. In contrast to earlier works all our results are proved for the
Carathéodory case.

1. INTRODUCTION

The paper deals with the four-point boundary value problem

(1) a’ = f(t,%,l‘/),
(2) z(a) = (c), z(d) = z(b),

where a,b,c,d € R, a < ¢ <d <b, J=[a,band f: Jx R? — R is a function
satisfying the Carathéodory conditions. We prove the existence of solutions of (1),
(2) provided f fulfils various combinations of sign conditions. We need no growth
restrictions for f. The results presented here complete our earlier existence theorems
for problem (1), (2) which contained various linear or Nagumo-type growth restric-
tions, see [2], [3] or [4]. Our method of proofs was partially motivated by [1], where
some two-point BVPs were considered. The results of [1] were generalized in several
directions in [6] and [7]. In contrast to the papers mentioned all our results here are
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proved for f satisfying the Carathéodory conditions, i.e.

f(,2,y): J — R is measurable for all (z,y) € R?,
f(t,-,-): R* — R is continuous for a.e. t € J,

sup{|f(-,z,y)|: |z| + |y| < o} € Li(J) for any o € R.

In what follows we denote by C(.J) the Banach space of all continuous functions
on J with the norm |z|| = {|=(t)|: t € J}, X =C*(J) the Banach space of all
functions having continuous first derivatives on J with the norm ||z||" = ||z|| + |||,
Y= U_l(J ) the Banach space of all Lebesgue integrable functions on J with the norm
x|, = f |z(t)] dt, Lo (J) the Banach space of all totally bounded functions on J
with the norm ||z|| = esssup{|=(t)| : t € J}, AC'(J) the set of all functions having
absolutely continuous first derivatives on J.

2. MAIN RESULTS

Theorem 1. Let there exist real numbers Ry, Ro, R, Ry, 1, 12 such that r1 < ra,
Ry # R3, Ry # Ry, R1 <0< Ry, R3 <0< Ry, and for a.e. t € J let

3) f(t,71,0) <0, f(t,72,0) >0,
(4) ft,x,R2) 20, f(t,z,R1) <0 for all x € [rq,73].

Further, for a.e. t € [d,b] and all x € [r1,72] let
(5) f(t,.’l?,R,g) 2 07 f(tavaél) < 0

Then problem (1), (2) has at least one solution w which for all t € J fulfils the
inequalities

(6) 1
(7) min{Rl, R3}

r2,

<
< max{ Rz, R4}.

u'()

Example 2. Function f fulfilling the conditions of Theorem 1 can quickly grow
in  and y on J, but on the other hand it cannot be monotonous in y on [d, b].
Suppose that h € [1,00), hy € Li(J), hi(t) > 0 for ae. t € J, hy € Ly (J),
|ha|l, < h, n,k €N, n> k. Then the function

ftx,y) = () (=2 + "+ ha(1)) (y® — h?)
satisfies Theorem 1 for r; = —h, ro = h, Ry = —2h, Ry = 2h, R3 = —h, R, = h.
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Theorem 3. Let there exist real numbers Ry, Ro, R, Ry, 11, 12 such that r1 < ra,
Ry # R3, Ry # Ry, R1 <0< Ry, R3 <0< Ry, and for a.e. t € J let

(8) f(t,2,0) >0 for all x € [r1 + L1(b — a), r1],
<

T 0
(9) f(t,2,0) <0 for all x € [rg,r2 + La(b— a)],
where L1 = min{ Ry, R3}, Lo = max{ Ry, R4}. Further, for allz € [r1+L1(b—a),r2+

La(b—a)] let

(10) f(tvx’R2)
(11) f(t, =, Rs)

(t, Z, Rl)
(tvvaéL)

0 for a.e. t € J,
0 for a.e. t € [d, b)].

20, f <
20, f <

)

Then problem (1), (2) has at least one solution w which for all t € J fulfils the

inequalities
(12) r1+ Li(b—a) <u(t) <rz+ La(b—a), Li <u/(t) < Lo

Example 4. A function f fulfilling the conditions of Theorem 2 can have the
form
ft,z,y) = hi(t)(—x + sin 21t + Tsiny),

where 11 = =1, 7o = 1, Ry = —n/2, Ry = 11/2, R3 = —3n/2, R4y = 31/2 and
hi € Ly (J) is strictly positive, J = [0, 1].
3. PrROOFS
We will work with a one-parameter system
(13) 2 = fr(t,x, 2" M), Ae0,1]
where f*: J x (R? x [0,1]) — R satisfies the Carathéodory conditions and
fr(t,z,y,1) = f(t,x,y) onJ x R?.

Put

b ps c ps
(14) fo(x):ﬁ/d/ fr(t,z,0,0)dtds — 1 // fr(t,z,0,0)dt ds.

c—a
Our proofs are based on the following lemma.
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Lemma 5. Let there exist an open bounded set 2 C X such that

(a) for any X\ € (0, 1), each solution u of problem (13), (2) satisfies u ¢ 0€;

(b) for any root xg € R of the equation fo(x) = 0, the condition xo ¢ 0 is
fulfilled, where x( is considered a constant function on J;

(c) the Brouwer degree d[fo, D,0] # 0, where D C R is the set of constants ¢ such
that the functions u(t) = ¢ belong to Q.

Then problem (1), (2) has at least one solutions in ).

Proof. See [5]. O

Lemma 6. Let there exist 71,73 € R, K € (0,00) such that r1 < ro and for
a.e. t € J the inequalities (3) and

b
(15) / |f(t,z,y)| dt < K for all x € [r1,7r2],y € R

are satisfied. Then problem (1), (2) has at least one solution u with the property
(6).

Proof. Choose an arbitrary fixed m € N, m > 1. For (¢,z,y) € D put

f(t,r2,0) for x > ry +
f,re,y) + [f(t,r2,0) = f(t,m2,y)m(z —r2) for 7o <Z<7‘2+%,
fm(t,z,y) = f(t,z,y) for r1 < x < ro,
fltr,y) = [f(tr1,0) = f(tr,p)m(z — ) forrm — = <z <,
f(t,71,0) forxgrl—%

and consider system (13), where

Py A) = Mtz y) + (1= N) {&} .

ro —r;+ 1

Put r = 1 + max{|r1|,|r2|} and define a set
(16) Q={zeX: |z <rl2| <K+ (b-a)}.

Let us check that problem (13), (2) fulfils the conditions of Lemma 1 on .

(a): Let us prove that for any A € (0,1) no solution of (13), (2) belongs to 9.
Let u be a solution of this problem for some A € (0,1). Put v(t) = u(t) —r, — = and
suppose that max{v(t): t € J} = v(to) > 0. Since v(a) = v(c) and v(b) = v(d), we
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can suppose that to € (a,b). Thus there exists an interval («, 3) C (a,b) containing to
with v(¢) > 0 for each ¢ € (o, ), v'(a) = 0, v'(8) < 0. Hence we get for a.e. t € (a, )
u—"nr
") =" (t) = X A (t, u, v’ 1-)) | —m— .
00 =) = (Maltw) + 0= 0) | ) >0

Integrating the last inequality, we obtain a contradiction
0='(8) —v'(a) > 0.

Thus v(t) < 0 on J, which means that u(t) < ro + = for all ¢ € J. By an analogous
argument we prove that u(t) > r; — = for all ¢ € J. Conditions (2) guarantee the
existence of at least one zero of v/ on J, so integrating (13) and using (15) we get
|lv/|]] < K + (b — a). Therefore u ¢ 9.

(b): In view of (14)
_b+d-a-c -7

fo(@) 2 I S———

thus the equation fo(x) = 0 has the unique root zo = r1, and the constant function
ug(t) = r1 does not belong to 99.

(c): Since D = (—r,r) and fo(—7) < 0, fo(r) > 0, the Brouwer degree d|fo, D, 0] #
0. Therefore Lemma 1 implies that the problem

(17) 2 = fult,2,2), (2)

has at least one solution in 2. Repeating this argument for each m € N, we obtain
a sequence (uy,)] of solutions of problems (17). We can see that the sequence is
bounded and equi-continuous in X and so, by the Arzela-Ascoli Theorem it is possible
to choose a subsequence converging in X to a function ug. Since 71 — % < up(t) <
2 + L, ug satisfies (6) and thus it is a solution of (1), (2). O

Lemma 7. Let there exist 1,72 € R, K € (0,00) such that r; < ry and for
a.e. t € J the inequalities

(18) f(t,2,0) >0 for all z < rq,
(19) f(t,2,0) <0 for all z > ry,
and
b
(20) / |f(t,z,y)| dt < K for all x,y € R

are satisfied. Then problem (1), (2) has at least one solution u with the property
(21) 1 < u(ty) < 7o,

where t,, is a point in (a,b).
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Proof. Forte J, z,y € R, m € N and X € [0,1] put

f(t,z.y) for [y] > 2,
fm(tm,y) = ¢ f(tz,y) + [f(E2,0) = ftz,9)]m(E —Jyl)  for = <[yl < 2,
ft,z,0) for |y| < L

and consider system (13), where

o — X

Frt oy, A) = Mm(tz,y) + (1 - A)w~

Put r = 1+ max{|r1|,|r2|} + (b — a)K + (b — a)?® and define a set Q by (16).
Now we can follow the proof of Lemma 2. The only difference is that we prove
min {u(t): t € J} < rp and max{u(t): t € J} > ri, which implies (21). Then by
Lemma 1 and a limiting proces we get a solution u of (1), (2) with property (21). O

Proof of Theorem 1. Suppose that R3 < R; and Ry > Rs. Then there
exists no € N such that for all n € N, n > ng the inequalities Ry + % < Ry,

R, — = > R3 are satisfied. For n > ng put
ft,z, Ry) for Ry <y,
ftz,y) for Ry + 2 <y < Ry,
f(t.’L‘R2+ )-‘r’wg fOI%+R2<y<R2+%,
f(t.’l?RQ) fOIR2<y\R2+

hn(t,z,y) =< ft,z,y) for Ry <y < Ry,

flt,z, Ry) for -1 + Ry <y < Rl,
f(t:rle—)fwl forR17—<y<R1 )
flt,z,y) forR3\y\R1—E
f(t X, R3) for R3 > Yy

where

n

wy = |:f <t,.’£,R1 %) f(t,l',Rl):| TL(ZIR1+2) .

n

wp = |:f (t,x,R2+%> —f(t,.%‘,RQ):| n(y—RQ_ g),

Then h,, fulfils (15) with K given by

b
K :/ (sup {hn (t.2,9)| : @ € [r1,72] ,y € (R, Ra]}) it
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Since h,, fulfils (3), we get by Lemma 2 that the problem
(22) 2 = h,(t,z,2'),(2)

has a solution w,, satisfying (6). Let us prove a priori estimates for u], which are
independent of u,. It follows from (2) that there exist points ag € (a,c), by € (d,b)
with u/, (ag) = ul,(bo) = 0. Suppose that max {ul, (t) : t € [a,bo]} = ul,(z0) > Ra+21.
Then 2z # by and there exists (a, 3) C (a, bo) such that u/,(8) = Ra, u},(a) = Ry + =
and Ry < u), (t) < Ry + L for all t € (a, 3). Thus

8 g
0>/ up (t) dt:/ f(t, un, R2)dt >0,

a contradiction. A similar contradiction occurs provided min {u!, (t) : ¢ € [a,bo]} <
Ry — 1. Thus we have proved the estimate on [a, bo] . Now, suppose that max{uj, ():
t € [bo,b]} = ul(21) > Ra+ L. Then 2 € (bo,b] and there exists (o, 3) C (bo, b) such
that u}, (o) = Ry, u}, (8) = R4+ L and Ry < ul, (t) < Ry+ L forallt € (a, 3). Thus

s B
0</ up (t) dt:/ (it up, Rq)dt <0,

a contradiction. Similarly for min {u/, () : ¢ € [bo,b]} < Rs — 1. So, we have proved
the estimate on [bg, b], and therefore

1 1
(23) Rg—géu’n(t)élﬁ—i—gforallteJ.

From (6) and (23) it follows that the sequence of solutions (uy),. to problems (22)
is bounded and equi-continuous in X and thus by a limiting process we can get a
function u which is a solution of problem

(24) 2" = h(t,x, 1), (2)
where

f(t,z,Ry) for y > Ry,

h(t,z,y) =< f(t,z,y) for Rs <y < Ry,

f(t,z,Rs) for y < Rs.
By (23), u fulfils the inequality Rs < u'(t) < R4 for all ¢ € J, and thus it is a
solution of (1), (2) with the properties (6) and (7).

In the case of R3 > R1, Re < R4 we replace R; by Rj3 in the formula for A, and

prove the existence of a solution u by the same argument. Similarly in the case of
R4 < Rs. O
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Proof of Theorem 2. Using Lemma 3 instead of Lemma 2, we can argue

similarly as in the proof of Theorem 1, only in the formula for the auxiliary function

ha,

we use a function g instead of f, where

flt,ra+ Ry(b—a),y) for x >ro+ Ry(b—a),

g(t,x,y) =< f(t,x,y) for r1 + R3(b—a) < < ro + Ra(b — a),

(1]
2]

3]

f(t,r1+ Rs(b—a),y) forx <r;+ R3(b—a).
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