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1. PRELIMINARIES

Let F, = GF(q) be a finite field with char(F,) = p, p a prime, and Fyn = GF(¢")
the n-dimensional extension of Fj.

By a basis of Fy» with respect to F, (shortly a basis of Fyn|Fj;) we mean a set of

elements {1, ag,...,an}, a; € Fyn, such that any element v € F,, can be written
n

uniquely in the form v = > ¢, with o € F,. Viewing Fy» as a vector space of
i=1

dimension n over F, the set {a1,...,a,} is a set of n linearly independent vectors

(of length n) over F,.

n—1

F, if it is of the form A = {a,a9,...,a7 '},
where oo € Fyn. The element « is called a generator of the basis A. It is known that a

A basis is called a normal basis of Fyn

normal basis always exists. The element « is then a root of an irreducible polynomial
of degree n over Fy, often called a normal polynomial (or an N-polynomial).

Let A = {a,oﬂ,...,oﬂn_l} and B = {3,69,... ,ﬁqn_l} be two normal bases of
Fyn|Fy. Since 8 € Fyn there exist n elements cq, ..., ¢, (all belonging to F,) such
that 8 = cira 4+ coad 4+ ... + cnaqwl. This implies

n—1
6! =chatcial+...+cepa?

n—1 n—1
ok =coa+cza?+ ... +caf .
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Denote by C' the circulant matrix

Ci1, C2, ..., Cn
Cny Cly, -ovy Cp—1
b
C2, C3, ..., C1
o B
al B4
and AT = , BT = } . We then have BT = C - AT.
n—1 n—1
al 3

Analogously, there exists a circulant matrix D such that AT = DBT. From these
relations we obtain by a simple reasoning the following well known proposition:

Proposition 1.1. IfA={«a,af,..., oﬂn_l} is a normal basis of Fyn

F,, then any
other normal basis of Fyn|F, is of the form C' AT where C is an invertible circulant
matrix (with elements of ;). Conversely, if C' is any invertible n x n circulant matrix

with elements in F,, then C' AT is a normal basis of Fyn|F,.

Recall that the set of all n x n circulant matrices with elements in F, forms (with
respect to multiplication) a commutative semigroup, while the invertible ones form
a commutative group (contained in this semigroup).

Denote by P the matrix

0, 1, 0, 0
0, 0, 1, 0
P=
0, 0, 0, 1
1, 0, 0, 0

We then have
C=cE+cP+...4¢, P!, and P"=E,

where E is the unit matrix. In the correspondence w: z «— P’ (£ =0,1,...,n—1)
the set of all circulant n X n matrices is isomorphic to the ring R = R(n,q) =
Fy[z]/(z™ — 1). In this way we assign to the circulant matrix C' the polynomial
cx)=c1+cx+...+ cnz™ ! and the arithmetical operations with C' are reduced
to the calculations with polynomials over F, modulo (z" — 1). In particular, the
invertible circulant matrices correspond to the polynomials of degree at most (n—1),
which are relatively prime to ™ — 1.
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Notation. In the following we shall write “NB-generator” instead of “normal
basis generator”. The set of all NB-generators of Fyn|F, will be denoted by I'" =
I'(n,q) C Fygn. The multiplicative semigroup of the ring R = F,(z)/(z" — 1) will
be denoted by R. The group of all elements of R relatively prime to ™ — 1 will be
denoted by G(1).

The necessity to consider R is due to the fact that in what follows we shall deal
with subsets of R which are multiplicatively closed, but not closed under addition.
The preceding arguments imply (the again well known)

Proposition 1.2. Ifc(z) =co+c1x + ...+ 12" 1 is a polynomial relatively
prime to ™ — 1 [i.e. ¢(x) € G(1)] and « is an NB-generator of Fyn|F,, then g =
coor + cra? + ...+ cn,laqn_l is an NB-generator. Moreover, if a is a fixed chosen
NB-generator, then all NB-generators of Fyn|F, are obtained in this manner by
choosing suitably c(z).

In what follows we denote by Q the mapping Q: z¢ — a?" and we shall write
Qa! = 4. This mapping is “additive” in the sense that Qaz" +bx?) = aa?" +ba?
for a,b € Fy.

The goal of this paper is the following. Suppose that we know one NB-generator
of Fyn|Fy, say a € Fyn. We shall give an explicit description of all NB-generators of
Fyn|Fy,.

To understand well we first give an example. Let « be an NB-generator of Fys|Fj5.

It will be shown (Example 3.3) that all polynomials coprime to 23 — 1 are of the form
ro(1+x+2%) +r1(4+2) +ra(4 + 2?),

where 79 # 0 and (r1,72) # (0,0), {ro,71,72} € F5. Hence the set I'(3,5) = {ro(a +
a® +a®) 4+ ri(4a + o) + ro(4a + o)} is the set of all NB-generators of Fias|F5.
Clearly the cardinality |I'| = 96. (The element « itself is obtained for ro = 2,
r =Tro = 3)

Remark. If g € I', then ag € T for any a € Fj,. Also gq,ng,...7gq"71 el If
g €T, ¢’ €T, then neither ¢’ + ¢” nor ¢’ - ¢ need to belong to I'. Also, if g € T,
¢! need not be an element of I.

The first two statements are obvious. To be sure that it may happen that g=! ¢ T’
it is sufficient to give an example. The element « satisfying the equation x> + z2 +
1 = 0 over Fj is an NB-generator of GF(5%)|GF(5). But a~! which satisfies (the
irreducible) equation 3® 4+ y + 1 = 0 is certainly not an NB-generator. (For any
N-polynomial with root 5 we have necessarily trace () # 0.)
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2. THE DESCRIPTION OF THE MULTIPLICATIVE SEMIGROUP R

It is known that the factorization of 2™ — 1 into the product of monic irreducible
factors over Fy is of the form 2™ — 1 = [f1(z) - fa(z) ... fr(x)]t, where

, {1, if (n,p) =1,

ps, ifn:nopsa(nOap) =1

The ring R = F,[z]/(z" — 1) admits a decomposition as a direct sum of r rings in
the form
R~ Fla]/fi(2)' ®...® Fla]/ fr(2)".

This can be considered an “external” description of R, and as such it is not suitable
for computations in R itself.

Our aim is to describe some properties of R (and R) using only elements of R, so to
say to give an “internal” description of R. To this end we describe the multiplicative
semigroup R as a set-theoretical union of disjoint subsemigroups each of which has
a unique idempotent. We then use this decomposition to prove Proposition 2.5
(below), which is a starting point to numerical computations.

A) We first recall some notions used in the elementary theory of semigroups. Let S
be a finite commutative semigroup with a zero element 0 and an identity element 1.
We shall say that a € S belongs to the idempotent e if there is an integer £ = ¢(a)
such that ' = e. Any a € S belongs to one and only one idempotent of S. Let
K (e) be the set of all elements of S belonging to the idempotent e. Then K(e) is a
subsemigroup of S (the maximal subsemigroup of S belonging to the idempotent e).

We have S = |J K(e), where E is the set of all idempotents.
eckE
Each K (e), e € E, has the property that K(e). e is a group, denoted by G(e) and

called the maximal group belonging to the idempotent e. Note that G(e) C K (e).

In particular, K (1) is the set of all “absolutely” invertible elements of S, i.e. the
group of all elements a € S for which there is an element o’ such that aa’ = 1. Hence
K (1) is a group, which will be denoted by G(1).

The set K (0) is the set of all nilpotent elements of S and G(0) = {0} is a one-point
group.

The number of maximal subgroups contained in S is equal to the number of
idempotents in S. If G(e) is a maximal subgroup we may speak also about the
“relative inverses” with respect to the idempotent e (i.e. inside of G(e)).

B) We now apply the foregoing notions and results to the semigroup R. Our
goal is first to prove Proposition 2.4 (concerning any idempotent ¢ € R) and then
Proposition 2.5 (in which only the primitive idempotents appear).

84



In accordance with section A, we denote by G(1) the group of all polynomials
a = a(r) € R of degree < n — 1 which are relatively prime to 2 — 1. Also we denote
deg f; = n;, so that n = > nyt.
i=1
The method used in the sequel is analogous to that of [5] and [6].

Any element h = h(z) € R can be written in the form h = f{* 52 ... f5* - a, where
a € G(1). If, e.g., s; > t, then f7 can be written in the form f* = fH(fi* " +
FLofY = ftai,ar € G(1), so that h = frin(snt) | gmin(sat) - pmin(set) e
b € G(1). Hence we have

Lemma 2.1. Any element h € R can be written in the form h = f{*-f7% ... fI"-b,
where 0 < 7; < t, b e G(1).

Suppose that e = f]'... f/* - a is an idempotent ¢ # 1, (i1 < iz < ... < iy),

(3

7 >0,1<v<r, a€G(l). Then ¢ = ¢ implies e = g/ ... f{""at. Here tr; > t. If

11 Ty

ttj > 1, then fin = ffj ~bj, bj € G(1), whence e = ff ... fl -c,ce GQ1). Ifv=r,

g

we have ¢ = 0. (¢ =1 is obtained for 7 = ... =7, = 0 and a = 1.) This implies

Lemma 2.2. R contains 2" idempotents. Each of the idempotents can be written
in the form

e=f{"f3?... flr-¢c, ce G(1), and T; Iiseither 0 or ¢t.

Write (in an obvious notation) " —1 = f!- F} (i =1,2,...,r), then the primitive
idempotents are e; = Fias,...,e, = Fla, (a; € G(1)). Clearly ¢, - e; = 0 for i # j.
Next, the sum Fita;+...+F!a, is contained in G(1) [since, e.g., f1 divides Fy, ..., F,
and does not divide Fy]. Since this sum is an idempotent we have e; +...+ e, = 1.

We now specify the maximal subsemigroup K (e), e # 1, belonging to the idem-
potent e = f} fi ... fl a,a € G(1), 41 <ip <...<iy.

Anelement h = f{* ... ff7-be R, 1 < 7; <t,be G(1), belongs to the idempotent
e if there is an integer k such that ff“ o fErbk = e

Hence

min(kTy,t) min(kTy,t) k __ gt gt t
fi N i e bt = frf i O

where ¢ € G(1). If k > ¢t and v < r, we have necessarily 7; = 0 for all indices j for
which j ¢ {i1,...,4,}. Hence, h(z) is necessarily of the form h = f* f7> ... fi* - by,
b1 € G(1). This holds also for v = r, in which case e = 0.
Conversely, let h = f/'... f[" - ba, 1 < 7; <1, and let by be any element of G(1).
Then
ht= f T = L fh b = fl L - a(cbhaTh) = e(cbhah).

7 iy i1
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If ¢ is the order of the group G(1), we eventually obtain h** = e. Since by is any
element of G(1), we have f/' ... f/"G(1) C K(e).
‘We have proved

Lemma 2.3. Ife=f! ... f! aisanidempotent of R, 1 <v <r, a € G(1), then

v
K(e)= U fi'-- fiv-GQ1), where 1 <7; < t.
T1ly-3To

Clearly K (e) is a (set theoretical) union of t¥ such “complexes”, and these “com-
plexes” are disjoint.

To specify the maximal group G(e) belonging to the idempotent

e = itl itz...ffva, (il <1ig... <iv)

we use the formula G(e) = K(e) - e.

The term ffjﬁ Z.t;r” . fij”G (1) multiplied by e is equal to ffjﬁ f;r” .
faG() = fEfE .. fL-baG(1) = e-b-G(1) = eG(1), hence it is independent of
(T1y oy To)-

We have proved

Proposition 2.4. If e is any idempotent of R, then the maximal group G/(e)
belonging to e is given by the formula G(e) = G(1) - e.

In the following A @& B denotes the set of all elements a + b, where a € A, b € B.
Consider the set U = G(l)e; @ ... ® G(1)e,. All elements of U are contained in
G(1) (since, e.g., f1 divides all summands with the exception of G(1)e;, which is not
divisible by f1). Hence U C G(1). Next, 1 = e; + ...+ e, € U, so that for any
b e G(1) we have b € bG(l)e; @ ... d bG(l)e, = G(1) -1 ® ... G(1) - e, = U,
whence G(1) C U. Therefore U = G(1). Using Proposition 2.4 we have

Proposition 2.5. If G(e;) is the maximal group belonging to the primitive
idempotent e;, then

G(1) = Gler) ® Glex) @ ... Gley).

Let us underline that G(e;) is a multiplicative group but not an additive one. Any
element £ € G(1) can be written in the form £ =& + &+ ...+ &, & € G(e;), and
& #0 (i =1,...,r). This result is of essential importance for all what follows. It
will turn out that the computation of the elements of the G(e;)’s can be relatively
easily established.
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C) For computational purposes we need an explicit description of e;. In this

connection we prove

Lemma 2.6. Ifz" — 1= f!- F}, then the r primitive idempotents are given by
the formula e; = - [w . fi’Fi]t, i=1,2,...,7.

no

Proof. a) Suppose first ¢ = 1, i.e. n = ng. We can use the well known
formula that if f(z) = 2™ —1 = fifa... fr, then e; = % = n];fﬁl = %x - flF,
(i=1,2,...,7).

b) Suppose next ¢ > 1, hence 2 — 1 = (2™ — 1)¢, t = p*. We have 2" — 1 =
fif2.. fryand e; = - fF; satisfies €7 = ¢; (mod(2"0 1)), i.e. &7 —&; = v(z)(2™ -
1), where v(z) € R. Taking to the power ¢ = p* we have ¢! —&! = v(z)!(z" —1) =0
(in R), whence e; = n—lo [z f] Fi]t. O

Remark. It should be remarked that the cardinality |G(1)| can be calculated
in advance knowing only the degrees of the irreducible factors f;. We owe O. Ore

(1934) the following result. If deg f; = n;, so that n = Y n;t, we have |G(1)| =
=1

q"(1—qg™)...(L=q ™).
[To be historically more precise, this formula appears (in a more general setting)
even in the book R. Fricke [1] in the case of the ground field F},.]

3. THE CASE (n,p) =1

In this case t = 1, and we have ™ — 1 = f1... f,. Any idempotent e # 1 is of
the form e = f;, - fi, ... fi,a, 1 <v <r, a € G(1). By Proposition 2.4 the maximal
semigroup belonging to e € Ris K(e) = fi, ... fi,GQ1) = fi, ... fi, -a-G(1) =
eG(1) = G(e). Hence K(e) = G(e). This implies

Proposition 3.1. If (n,p) = 1, then R is a (set theoretical) union of disjoint
groups (including G(1) and {0}).

Let e; be a primitive idempotent of R, and ¢ € R.

a) If p € G(e;), then pe; = o, hence p(1 —e;) = 0.

b) If o ¢ G(e;) and g # 0, then there is an idempotent ¢ # 0 such that g € G(e) #
G(e;). Next, ge; € G(g) - e; = G(1) - ee;.

Since ¢ - e; is either 0 or e;, we have either ge; = 0 or ge; € G(e;). In both cases
we have o # ge;.

We have proved
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Proposition 3.2. If (n,p) = 1, a non-zero element ¢ € R is contained in the
group G(e;) if and only if o(1 — e;) = 0.

This last statement enables us to describe all elements of G(e;) in the polynomial
form o =rg+ 71 + ...+ rn_12” 1. The unknowns r; (i=0,...,7 — 1) appear as a
solution of a system of linear equations.

The following two examples show how this works.

Example 3.3.  We have to find all NB-generators of Fxz:|F5 (supposing that
one NB-generator « is known).

The problem reduces to finding all elements of R = Fs[z]/(2® — 1) which are
relatively prime to 3 — 1.

In F5 we have 23 — 1 = f1fo = ( — 1)(1 + = + 22) and |G(1)| = |T'(3,5)| = 53(1 —
5-1)(1-572) = 96. The primitive idempotents are (by Lemma 2.6) e; = 2(1+z+x?),
ey =4+ 3z + 322,

a) We describe G(e;). The element o = ro+riz+ro2?, r; € Fs, 0 # 0 is contained
in G(ey) if and only if o(1 — e1) = 0, i.e. (ro + r1z + r22%)(4 + 3z + 32?) = 0. This
leads to the system of linear equations (of rank 2)

4rg + 3r1 + 3ro = 0,
3rg+4r1 +3ry =0,
3ro+3r1 +4r, =0,

whence 79 = 1 = ro. Finally, G(e1) = {ro(1 4z + 2%)|ro # 0}. Clearly |G(e1)| = 4.
b) We specify G(ez). Put o = r§ + riz + rhz?. Then o'(1 — e3) = (rf + riz +
r522)(2 4 22 + 22%) = 0 implies a linear system of rank 1. Namely, r/ + ] + 75 = 0.
Hence ry = 4(r] + 14), and o' = 4(r} + 7h) + riz + rha?, (r},75) # (0,0). Also
|G(e2)| = 24.
¢) Changing the notation (rj — 71,75 — r2) we have

G(1) = {7“0(1 +z+ x2) ® [4(7"1 + 7o) + 1w+ 7“2332] }

Using the mapping 2 we get the following result:
If o is one NB-generator of Fys|F5, then all NB-generators of Fys|F5 are given by
the set of 96 elements

I'(3,5) = {ro(a+o® + a®®) + ri(4a + o®) + ra(4a + o},

where the triples (rg,71,72) are subject to the conditions r¢ # 0, (r1,72) # (0,0).
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Remark 1. There is of course a natural question how to decide whether an
element o € Fyn is an NB-generator of Fyn|Fj, or not. In this direction we refer to
[7], where it is proved that a is an NB-generator of F,(«) if and only if Q(f/ ' F}) # 0
fori=1,...,r.

Remark 2. If we know a concrete N-polynomial of degree 3 over F5, the formula
for I'(3,5) can be reduced to a polynomial in « of degree 2. For instance, 3 + 2% + 1
is an N-polynomial over Fy. If o is the root of this polynomial, then o® = 44 a+ 30?2,

% = 3o+ 202, and we have I'(3,5) = {4rg + r1(4 + 3a?) + r2(2a + 2a%) }.

Remark 3. It follows from the foregoing results: If we know a “parametric

",1)

is an N-polynomial of degree n over F, with parameters (r1,...,r,) comprising all

expression” for the generators g = g(r1,...7y,), then (z — g) (x — g%) ... (z — g?

N-polynomials of degree n over Fj,. Unfortunately the “technical realization” turns
out to be rather complicated. We will return to this question in Section 5.

Example 3.4. We have to find all NB-generators of Fra|F7.

The factorization of x* —1 over Fy is 2* —1 = (z—1)(x+1)(22 +1). The primitive
idempotents of Fy[z]/(z* — 1) are e; = 2(1 + x + 2% + 23), e3 = 2(1 — x + 2% — 23),
ez = 4(1 — 2?).

a) To find G(e1) we put p(e1—1) = (ro+riz+r2a?+r323)(1+ 22 +22%+223) = 0.
This leads to the system of linear equations

12 2 2 ro
2 1 2 2 -
2 2 1 2 | =9
2 2 2 1 rs

which implies g = 11 = ro = r3, so that G(e1) {ro +x+ 2%+ a3)|rg # 0}_
b) Next, in order to find G(es) we write ¢'(ex — 1) = (rfy + riz + rhx? + riz?)
(1 — 2z + 22% — 223) = 0. This implies

1 -2 2 -2 vl
2 1 -2, 2 .
2 -2 1 =2 | 7
—2 2 -2 1 vl
whence ), +7] =0, r] +75, =0, 75+ 715 =0 and ] = —r{, 74, = r{, 4 = —7r(, so

that G(e2) = {ro (1—2+ 22 —x)\rO#O}
c) Finally, o”(1 —e3) = (r§ + iz + r{z® + r{2®) - 4- (1 + 22) = 0 implies (r{ +

T’2/)+( ”-i-rf{)a:—i—( 0+ r)a? 4+ (rf +r)a® =0 and 7 = —rf, v = —r{, so that
= {rg(1 — 2%) + r{(x — 2®)}, where (r{,r{) # (0,0).
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We have |G(e1)| = |G(e2)| = 6, |G(es)] = 48 and |G(1)| = 1728.
By changing the notation, we have

G(1) = {To(l e+ +a)er(l-—az+2® -3 [r2(1 —2?) +r3(x—a:3]}.

This implies the following result.
If v is one NB-generator of Fr4|F7, then all NB-generators of Fr4|F7 are given by
the set of 1728 elements

I'4,7) = {ro(a +a"+a® + a3 fri(a—a” + ot — a3

+ro(a — a®) + r3(a’ — a343)}.

Hereby the quadruples (rg,r1,72,73) are subject to the conditions rg # 0, 1 # 0 and

(T‘2, T3) 7’5 (0, 0)

Remark. The polynomial 2* 4+ 23 4+ 1 is an N-polynomial over F;. If we choose
« as the root of this polynomial, we get

['(4,7) = {6rg + r1(1 + 40® + &®) + r2(2a + 5a° + 3a?)
+73(3 + 5o+ 40”4+ 4a®) },

where rg # 0, r1 # 0 and (re,73) # (0,0).

4. THE CASE (n,p) > 1

We now suppose " — 1 = (z" — 1)t = (f1... f;)!, t = p* > 1. Our goal is to find
G(e;i), where e; (i =1,...,r) are the primitive idempotents.

In this case the semigroup R is not a set-theoretical union of disjoint groups. So
we have to follow a slightly different way.

Write U = Re; ®...® Re,. It is easy to see that U = R and Re; N Re; = {0}. The
set Re; is an ideal of the semigroup R, containing exactly two idempotents, namely
e; and 0. It is known that if an ideal I of any semigroup contains an idempotent e,
then I contains the whole maximal group G(e).

Therefore we may write Re; = G(e;) U I(e;), G(e;) N I(e;) = 0, and I(e;) is the
set of all nilpotent elements of Re;. The set Re; is the set of all o € R for which
oe; = o, i.e., o(1 —e;) =0.

Any o € R can be written in the form ¢ = f/' - f7>... fl*b, 1 < 7; < t, and
e; = Fla;, where b,a; € G(1). We have ¢-e; = fi'f*... fj" - Fla;- b = f" - Flc,
¢ € G(1). It is immediately seen that ge; is nilpotent if and only if 7, > 1, i.e., if
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and only if f;(x) divides g € Re;. [Also, if 7; > 1, it is clear that o' = 0.] We have
proved

Proposition 4.1. Let (n,p) > 1. An element ¢ € R is contained in the maximal
group G(e;) if and only if o(1 — e;) = 0, and f; does not divide .

Hence, to find G(e;) we have first to find all ¢ satisfying o(1 —e;) = 0 and then to
exclude all those which are divisible by f;.

Remark. The condition that f;(x) divides o(z) = 19 + 712 + ... 712" ! leads
to a system of n; homogeneous linear equations for {rg,...,r,—1} from which the
constrains for the r;’s follow. To see this let £ be a root of the irreducible polynomial
fi(x). Then fi(¢) = 0 enables us to compute ¢* for all k > n; in the form &F =
bgk) + bgk)f + ...b;’?_lgm—l. We then have o(&) = ro + 1€ + ... + 11" =
cot+c1é+. ..+ cn,—16" L, where the ¢;’s are linear forms of {rg,71,...,7,_1} (With
coefficients in Fy). Now, f;(z) divides o(z) if and only if ¢o =¢1 = ... = ¢p,—1 = 0.

Example 4.2.  We have to find all NB-generators of F3s¢|F5 (supposing that
one NB-generator « is known).

We have 26 — 1 = (z — 1)3(z + 1)3. By Proposition 2.6 the primitive idempotents
of F3[z] /(2% — 1) are e = 2(1 + 2®) and e; = 2(1 — 23).

a) Write 0 = 79 + 712 + ... + r52°. The condition o(1 —e1) = (ro + mz + ... +
rsz®)(2®—1) = (T’g77"0)4’(7’477’1)1’4*(7’577’2).% +(ro—7r3)x34(r1—ra) 2zt +(ro—rs)a’® =
0 implies r3 = rg, r4 = 71, 75 = 2. Hence all polynomials ¢ # 0 satisfying ge; = ¢
are {ro + mx + rox? + row + rizt + roa®} = {(1 + 2%)(rox + mx + r2x2)}, where
(ro,r1,72) # (0,0,0).

Now we have to exclude those polynomials which are divisible by f; = x — 1.
These are the polynomials for which rg 4+ 71 + 72 = 0. Hence

Gler) = {(ro(1 + 2%) + r1(z + a*) + r2(2® +2°)}, where 7o +71 + 72 #0.

Clearly, |G(e1)| = 18.

b) Next, write o’ = 7y +rix+...+rixz%. The condition o(1—e2) = (ro+riz+ ...+
rta’)(2 + 223) = 0 implies ry + 75 =0, 7} + 714 =0, rh + 75 = 0.

Hence all elements p of R satisfying pe, = o are

{rt + 7z + rha? — roa® —ria* —rha®},  where (), 75, 75) # (0,0,0).

From these polynomials we have to exclude those which are divisible by fo =« + 1.
These are the polynomials for which r, — ] + 5 = 0. Hence

={ro(1 —2®) +ri(z — 2*) + ri(2® — 2°)}, where 71y —1]+75#0.
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Again, |G(ez2)| = 18.
¢) Finally, G(1) = G(e1) ® G(ez) implies
['(6,3) = [ro(a+ ") +ri(a® + a®') + r2(a” + a**)]

@ [ro(a — a®) + i (a® — a®') + ri(a” — a?*?)].
Denoting A = a + %7, B = o — &?7, we may write this in the form
I'(6,3) = {[roA+r1A® + 1A% & (B + r| B* + 1, B]},
where 7o +r1 +r2 # 0 and ry — ) + 5 # 0. Clearly, |T'(6,3)| = 324.

Example 4.3.  To see how the results look like for larger n we give here (without
the necessary computations) the result concerning the set of all NB-generators of
GF(3'%)|GF(3).

The factorization of 22 — 1 into irreducible factors over F3 is #'2 — 1 = (z —
13z +1)3(z2 +1)3 = f3f3f3. By Proposition 2.6 the primitive idempotents are
e1 :1+$3+x6+$9, ey = 17x3+x67x9, es =% — 1.

Gler) = {(ro + rmz +roa?)(1 + 2° + 2° + 2°)|ro + 71 + 72 # 0}, and |G(e1)| = 18.

Gles) = {(rg + ma’ +rha®)(1 — 2 + 2% — 2%)|r) — r{ + 1} # 0}, and |G(ez)| = 18.
Gles) = {(rg + iz + rja® + rf{a® +r{z* + r{/2°)(1 — 2%)},
where (rf — vy + 1Y, v —r{ +72) #(0,0), and |G(e3)| = 23 - 3%.
Hence G(1) = G(e1) ® G(e2) ® G(e3) and |G(1)| = 2° - 3% = 209952.
Denote A; = oz—l—a?’s +a36 —l—a?’g, Ay = a—a® +a36 —a39, Az = a—a® . Then
the set of all NB-generators of GF(3'%)|GF(3) is given by the formula

F<12, 3) = {(T‘()Al + T‘lAzll) + T2A?) D (T‘6A2 + T‘llAg + ’I"IQAS)
® (rgAs + 1 A3 + rg A3 + ri AT+ r{ S+ rg ATY)
where the restrictions for the r;’s are given above.

Example 4.4.  Simple results are obtained if we consider the extension Fyn|Fy,
where n is a power of the characteristic, p = char(Fy).

Consider, e.g., the case F»|F),. The ring Fp[z] /(2P — 1) = Fplz] /(2 — 1)? contains
a unique non-zero idempotent (namely 1), and G(1) consists of all polynomials ¢ =
ro+rix+...+ rp_lxp_l which are not divisible by x — 1, i.e., such that ro + r1 +
...+ 7p_1 #0. Hence G(1) = {rg +rx 41 @P g+ g #£ 0}.
If v is one NB-generator of F»|F), then all the others are given by

T(p,p) = {roa +riaf +...+ rp,lapp_l |ro+7r1+ ...+ rp_1 # 0}.
Here [T(p,p)| = p? — p?~ .
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5. SOME CONSEQUENCES FOR N-POLYNOMIALS

In the preceding sections we have shown how to describe all NB-generators of
Fyn
expression”, then h(x) = h(z,r1,...,m) = (x—9g)(x—9g7) ... (w—gqnfl) is a “general

F, by one formula (containing parameters). If g = g(a, 71, ...,7y) is this “general

expression” for all N-polynomials of degree n > 2 over F,. In other words, if we
know one N-polynomial of degree n > 2, we are able (in principle) to describe all
N-polynomials of degree n by one formula (containing parameters r;). It is sufficient
to write down h(z) as a polynomial with coefficients € F,. For n = 2 this is rather
easy. For n = 3 we show in Example 3.3 how the straightforward procedure looks
like. For n > 4 the evaluation is rather cumbersome.

Example 5.1. We prove two statements concerning quadratic N-polynomials.

Statement 1. Let 22+ ajz+as be one N-polynomial over F,, char(F,) = p > 2.
Then the set {h(x)} of all quadratic N-polynomials over Fy is given by the formula

h(z) = 22 4 2a17r0x + rgaf — r%(a% — 4as),

where 19,71 € Fy and rory # 0.

Proof. The factorization 22 — 1 = (z — 1)(z + 1) over F, implies that the
primitive idempotents of Fy[z] /(2% — 1) are ey = 2(1+ ) and ez = $(1 — ), so that
G(1) =ro(1+z)®ri(1—x), where rory # 0, and I'(2, ¢) = {ro(a+a?)®ri(a—af)},
where « is a root of 22 4+ a1z + as = 0.

If g =ro(a+ a?) + ri(a — a9), then g? = ro(a? + a) + r1(a? — a), and g + g7 =

2ro(a + a?) = —2azrg, g9? = r¢(a+a?)? —ri(a — a9)? = r¢a? — r#(a? — 4az). This
proves our statement. [Clearly there are %(q —1)2 different quadratic N-polynomials
over F, ] O

To have a numerical example let us describe (by one formula) the set of all
quadratic N-polynomials over Fy, knowing that, e.g., 22 4+ x + 3 is an N-polynomial
over Fr. We then have h(x) = 2% + 2rgx + 72 + r}. To obtain all the 18 different
ones it is sufficient to choose ro € {1,2,...,6}, r? € {1,2,4}.

To complete our considerations we have to consider also the case char(F,) = 2,
q=2°n=2.

Statement 2. Let 22 + byx + by be one N-polynomial of degree 2 over F, =
GF(2%). Then all N-polynomials of degree 2 over Fy are given by the formula

h(z) = 2 + by(ro + 1)z + (ro 4+ 71)%ba + ror1b3,
where 19,71 € Fy and ro # 1.
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Proof. The ring F,[z]/(x — 1)? has a unique non-zero idempotent (namely
e = 1). To find G(1) we have (in accordance with Proposition 4.1) to exclude all
those polynomials rg + ryz which are divisible by f(z) = z + 1. These are the
polynomials for which rg + 71 = 0 (i.e. 7o = r1). We have therefore

G(1) = {ro + rizlro,r1 € Fy, 7o #71}.
If 3 is the root of 22 + by + by we immediately obtain the set of all NB-generators
F(2aq) = F<2a23) = {Toﬁ + Tlﬂq|’l"07’l"1 S an To 7é 7"1}.

If g = rof+ 7107 is an NB-generator, we have g+ g7 = (ro8+r15%) + (ro8?+r18) =
bi(ro+71) and g- g7 = (roB + r189)(rof? +1108) = (ro +1r1)? - ba + ror1 (B + 49)? =
(r3 + r$)bg + ror1b?. Therefore h(z) = (z — g)(z — g%) = 22 + b1(ro + r1)z + (ro +
7r1)2bg + 1or1b%. This formula comprises all the %q(q — 1) N-polynomials of degree 2
over Fy. g

Example 5.2. We have to find all N-polynomials of degree 3 over F5.
In Example 3.3 we have proved that any NB-generator g of Fsz|F5 is of the form
g=ro(a+a® +a®) +r (4o + a®) + ra(4a + o),
whence

¢° =ro(a+a® +a®®) +r1(40° + a®®) + 12 (4a” + @),
g*° =ro(a+a’® 4+ a®) +r1(4a®® + @) + r2(4a®® + a°).

Here a is a root of an N-polynomial =3 + a12? + asx + a3 = 0, and an admissible
triple (ro,71,72) is defined by the restrictions 9 # 0, (r1,7r2) # (0,0).
Our goal is to calculate

h(z) = (z = g)(x — ¢°) (= — %)

as a polynomial over Fj.
Since ro(a + af + apz) = —rgai, we shall write g + roa; = g1, so that g =
r1(4a + a®) + ra(4a + a?®), and we shall evaluate the product

hi(y) = (y — 91)(y — 97)(y — 67°) = y* + bry® + boy + bs.

Note first that —b1 = g1+97+93° = g+¢°+¢**+3rpa1 = 3ro(a+a+a?®)+3rpa; =
—3rpa; + 3rpa; = 0 (independently of the choice of «).

94



Now choose a as a root of the N-polynomial 2% + 22 + 1 (over F5). Then g; =
r1(da + a®) + r2(4a + o) = r1(4 + 3a?) + r2(2a + 2a?) satisfies an equation
g3 + bagr + bz = 0 with unknowns by, b3.

Hence

[r1(4 4 30%) + r2(2a + 2a2)]3 +ba[r1(4 + 30%) + r2(2a 4+ 20%)] + b3 =0,
ie.,

[r3(1+3a2) + rira(4+ 2a) + 1173 (3 + 2a) + 73 (3 + 20 + 2a?)]
+ bo [47“1 + 2roac + (311 + 2r2)a2] + b3 =0.

This leads to the following three equations:

rd + 4riry + 3r1r3 + 313 + dbory + by = 0,
2riry + 29175 + 215 + 2raby = 0,
3r + 275 4 ba(3r1 + 2r2) = 0.

From the second (which is equivalent to the third if ro # 0 or r1 — ro # 0) we get
by = 4(r? + r17r2 4+ 73), and from the first b3 = 373 + ryr2 + 2r3. This holds also if
r9 =0 or 7y —r9 = 0. Hence

hi(y) = y° + 40 +rire + 1)y + (3r] +rurl + 213),
and replacing y by « + rga1 = x + ro, we finally get
(%) h(z) = (x +70)% +4(r? + rirg +73)(x +1ro) + (373 4+ r173 +2r3).

The formula (%) contains formally 96 polynomials. It is of course clear that three
different triples (rq,r1,72) always lead to the same N-polynomial. We show that in
our case the triples (ro,r1,72), (ro,4r1 + 4re,r1), (ro,r2,4r1 + 4r2) are giving the
same polynomial h(z).

To see this it is sufficient to find (r(), r},75) such that (ry + 4r] + 4rh)a + (r{ +
r)ad + (rh+15)a?5 = ¢g° = (ro+4r1+4r2)a® + (1o +71)a?® + (rg +r2)a. This implies
ro +4ry +4rh = ro+ra, vy + 1) = ro +4ry + 4rg, vy + 14 = ro + 71, whence 1| = 19,
ry = 4ri+rq, b = r1. Applying once more “the shift” (rg,r1,72) — (ro,4r1+4rq, 1)
to the second term we obtain the third triple (rq, 72, 4r1 + 472).

‘We have proved

Statement 3. The formula (x) comprises exactly all the 32 N-polynomials of de-
gree 3 over Fy, when (ro,r1,72) runs through all admissible triples. Hereby the triples
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(ro,r1,72), (ro,4r1 + 4re,r1) and (ro,re,4r1 + 4re) are giving the same polynomial

Remark. It is clear from our considerations that formulas of the type () exist
for any n > 2 and any [y, but the effective construction of the corresponding N-
polynomials for n > 4 is rather complicated.
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