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CERTAIN TRANSFORMATIONS 7,, AND LEBESGUE
MEASURABLE SETS OF POSITIVE MEASURE

MUKUL PAL and MRITYUNJOY NATH, Kalyani

(Received October 30, 1995)

Suppose that for every w belonging to a metric space €2, there is a certain transfor-
mation T, transforming a Lebesgue measurable set in Ry (/N-dimensional Euclidean
space) into a Lebesgue measurable set in Ry .

In [1] T.Neubrunn and T.Saldt introduced this type of transformations 7T,, for
measurable sets of the real line satisfying certain conditions.

In [2] M. Pal considered such transformations T, for measurable sets in Ry satis-
fying the following conditions which are equivalent to the conditions as introduced
by T.Neubrunn and T.Salat for transformations 7}, transforming a measurable set
of the real line into a measurable set of the real line provided N = 1.

(I) There exists wy € € such that for every closed ball K = Bla,r] C Ry with
centre a and radius r and for every sequence {w,} (w, € Q) converging to wy,

Jim_ [sup {|a 7., (K)[}] =7

holds where the symbol {|afA|}, a € A, A € Ry denotes the set of all numbers
la —z|, x € A.

(II) If E and F are measurable sets in Ry with F' C F then T, (F) C T,(E) for
every w € ().

(IIT) For wp € Q as in (I), for every sequence {wy} (w, € ) converging to wy and
for every measurable set F,

lim [T, (E)| = |T.,(E)| = |E|

n—oo
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where |E| denotes the Lebesgue measure of the set F. Then among other re-
sults, M. Pal in [2] proved the following theorem which extends a theorem [The-
orem 1.1] proved by T.Neubrunn and T.Salat in [1].

Theorem 1 [2]. Let T, (w, € Q) be transformations satisfying the conditions
(1), (II), (III) and let the sequence {w,} converge to wy (in ). Let A be a set of
positive measure in Ry . Then there exists a natural number Ny such that for n > Ny,
ANT,, (A) is a set of positive measure.

In [4] N.G.Saha and K.C.Ray also extended the above theorem considering a
family of transformations like 7, transforming a set in oV (the collection of all
measurable subsets of Ry) into a set a” and satisfying (II) and (III) mentioned
above and the following condition stated in the form we consider here:

(I') Let a, b € Ry and let there exist a point wy € Q such that for every sequence

{wn} (wn, € Q) converging to wy,
nh_)n;o [sup {[|b— T, (K)|}] =r

holds for every ball K = Bla,r], r > 0.

The purpose of the paper is to study some properties of sets in Ry under trans-
formations like T, which transform a measurable set in Ry into a measurable set
in RN.

In this paper we relax the conditions (I) and (II) as considered by M. Pal in [2]
and extend the result of Theorem 1 of [2] as stated earlier. Theorem 2 of this
paper gives an extension of the result of a theorem in [4] by relaxing the condition
(I') as considered by N.G.Saha and K.C.Ray. We prove Theorem 3 in which a
further extension of Theorem 2 is achieved. Before going into details we explain
some notation used in the sequel.

Notation.

1) Ble, o] stands for the closed ball with centre ¢ and radius ¢ while B(c, g) denotes
the open ball with the same centre and radius.

2) |z| denotes the norm of the vector x € Ry, while |z| stands for the absolute
value of the real number x.

3) A\ B denotes the set of all points of the set A which do not belong to the set B.

4) For a set A C Ry and a non-zero real number «, aA is the set {ax: = € A}.

5) For sets A and B, A — B denotes the difference set

{a—b: a€ Abe B}.

6) For a ball K = Bla,r] C Ry, dy, stands for sup {|a — T, (K)|}.



Throughout the paper €2 is a metric space and the set under consideration is a set
in Ry . Now we introduce the conditions (i) and (iii) which are less restrictive than
the conditions (I) and (III) as considered by M. Pal in [2].

(i) Let there exist a point wg € 2 such that for every sequence {w,} (w,, € ) con-
verging to wg and for every sequence {w,} of non-zero real numbers converging
to a non-zero real number ag and for every ball K = Bla,r],

nlinéc [sup {|ana — T, (an K)|}] = |ao|r.
(ii) For every w € Q and for sets E and F with F' C E, let
T,(F) C T,(E).

(iii) For wy € Q as in (i), for every sequence {w,} (w, € §2) converging to wy, for
every sequence {ay,} of non-zero real numbers converging to a non-zero real
number o and for any measurable set F,

lim ’T )’ = ’TwO(aoE)’ —|agE|.

n— o0

If we take o, = 4, n = 1,2,..., then (i) and (iii) reduce to the conditions (I)
and (II).
In proving the results we follow the method as adopted by K. C. Ray in [3] with

the necessary modifications. In this connection we note a well known result [5], viz.
N
if T is a linear transformation in Ry given by z} = > a;;z,, ¢ = 1,2,...,N and
j=1
a;;’s are real numbers and if E is a measurable set in Ry, then |T(E)| = §|E| where
0 is the absolute value of the determinant of 7.
As a Corollary of this result, it can be easily deduced that if « is a real number
and E is a measurable set in Ry, then |aE| = ||V E.
To substantiate our conditions (i) and (ii) as introduced above we present the

following examples:

Examples. Let R be the real line. Then R is a metric space with the usual
metric.
(i) Let T, (E) = E+ 5=, E being a measurable subset of R and let a,, = (2— 5-).

Then lim «, = 2. So, for a closed interval [1, 5]
n—oo

bl

K = supaten) = T (2- ;)11

where 3 is the middle point of the interval [1,5].
= swp 32— 50) - [(2- 5 )e 5l = o [(2- 50)5+ 5+ 5]

1
6—10—1——‘:‘—4—}——‘:‘4——’.
n n n




So, lim d, =4=2-2=|ag|-r, where r = sup {|3—z[}.

n—00 €[1,5]
(ii) Let F =[0,1] and let {a,} be a sequence of non-zero real numbers converging
to a non-zero real number ap. Then lim |7, (ax[0,1])|, where

1
T, (E)=FE+ — = hm ’[0 o) —’0r lim ’an, —’
n
prov1ded a, >0ora, <0

= lim |a,| = |ag|.
n—oo

Theorem 1. Let there exist an element wy € () such that for a sequence
{wn} (wn € Q) converging to wy and for a sequence {a,} of non-zero real num-
bers converging to a non-zero real number «g such that the sequence {T,, } of
transformations satisfies the conditions (I), (II), (III).

Let A be a set of positive Lebesgue measure in Ry . Then there exists a positive
integer Ng such that for a system of p positive integers N1, Na, ..., N, with NV; > Ny,
th t

@ se 1 1 1 1

—ANT,,, (—A) N Ty, (—A) N...N T, (—A)
Qo an, Qan, P \an,
is a set of positive measure.

Proof. Since A is a set of positive Lebesgue measure, there exists a ball
K1 = Bla,r], a # 0 such that

K1\ Al < e|K;| where 0 < & < .
B\ Al < elfaf where 0 <& < =m0

Let
1 1
dy = sup {| —a - Twn(a—K?)\}

o727

where Ky = Bla, s], s = (ﬁ)lﬂvr.

Since lim d,, = |al S and lim «, = ag, there exists a positive integer N7 such

n—oo n—oo

that for every n > N;

1 ’ r—3s ’1 1‘ r—35
-

|ao

2|l an  agl " 2al|ag|

According to (iii), lim ’Twn L%(AOKQ)] ‘ = ‘QLU(AOKQ)’. So there exists a positive
n—oo n
integer Ns such that for n > Ny,

K|

oo |V

“Tw (AmK2”—’—AmK2)H<a



Let Ny = max(N1, N3). So for € K3 and for n > Ny, we have

1 1 1 1 1 1
—a—1T,, (—x) ’ =|—a——a+—a—-1T,, (—x)‘
Qg

@ o (7} Qi Qnp
1 1 1 1
<lal|= - —|+|=a-1, (=)
(7)) an Qi (7))
1 s r+s 1
<l oo = o[+ o ol 4 T = o
g 2lal|ao]  2[a0| ool

So, Twn(o%Kg) C O%OKl for n > Ny and hence
1 1
Tw"(—(KgﬂA)) Cc —K;y fOITl>N0.
[67%% (67}
Let N1, Na,..., N, be p positive integers with N; > Ng. Also let

X = [aio(A N Kl)} N Ty, [QLM(A N Kg)} N Ty, [QLNZ(A N K,)

1
m...mTwNp[a—M(Asz)]
So,
= (R () ) o U i (g ()}
ag g a” /T2 Y \an,
Hence
x| > |2k - —Kl\— ’ {iKl\Tw ( AmK2)}
oo — ‘o i
_ |tk - ] (Kl\A’+p’—K1‘—Z’ ( AmKQ)’
(%)) (%))
Ry ]— Kl\A’fp’—Kl‘JrZ’Tw ( (AN Ky))|
o Mi\an,
1 1Kl
> |—K K A’f’—K‘ ‘—AOK‘
g ao( 1\ p 1| +p 2) P Tao™
1 1 1 K|
= K| = — K\ A| — p— | K| + AN K| — pe
|OZO‘N‘ 1| ‘OéQ|N| 1\ ‘ p|0[0‘N‘ 1| p‘ |N| 2‘ p ‘OéO‘N
1 1 1 | K|
> |Ky| — K| — p——|K1| + p——c | K2 \ (K> \ A)| —
|Oé(]‘N‘ 1| ‘ |N€‘ 1| |Oé(]‘N‘ 1|+p‘0(0|N| 2\( 2\ )| pe‘a0|N
1 1 1 1 Ky
= — | K| - — el Ki| - p— | 1| + Ko| — |K2\ A|] — pe
|Oé(]‘N‘ 1| ‘040|N‘ 1| p|040‘ ‘ 1| p‘ | “ 2‘ | 2\ H p ‘040|N

5



1 1 1 1 | K|

= ——|Kq| - —=<¢|K1| — p—= || K1| — | Ka|| —p——=|K> \ A| —
|010‘N‘ 1| ‘040|N€‘ 1| p|0[0‘N[| 1‘ ‘ 2|] p\a0|N| 2\ | pg‘a0|N
1 1 1 1 K|
> ——|K| — ——=¢|K1| — —|Ks| —p——=|K1 \ 4] — pe
a7 T e g el =P A Al = b
1 1 1 | K|
> Ki| — |Ks|| — ——¢|K1| — p——=¢|K1| — pe
|040‘N[| ‘ ‘ |] ‘OKO‘N | | ‘040|N ‘ 1‘ ‘040|N
1 1 1
= —|Ks| — ——=[1 + 2ple| K
|010‘Np‘ 2| |0[0|N[ + p]€| 1|
1 1 p 1
= ————|K{| - ——=(1+2p)e|K
|010\Np1+p| 1‘ ‘040|N( p)‘ 1‘
1 1
=——|— — (142 z—:}K
v LTy~ (e
_1+2p 1

T gV {(1 +p)(1+2p) *6}\K1|

>0, sincel<e< - ———.
(1+p)(1+2p)

Hence X is a set of positive measure and so by (II'), for N1, Na,..., N, > Ny the set

Lan T, (LA) N Ty, (LA) N...NToy, (LA)

o an, N, an,

is a set of positive measure.
This completes the proof. O

Corollary. Let a, =1, n=1,2,.... Then Theorem 1 of [2] follows immediately.

Now we introduce the following condition which is equivalent to (I').

Condition (i’). Let a,b € Ry, let there exist wy € Q (a metric space) and a
sequence {wy} converging to wy such that for every ball K = B[b,r| (r > 0) and for
every sequence {ay, } of non-zero numbers converging to a non-zero real number ay,

limsup {|ana — T, (an K)|} = |ao|r

n—oo

holds. For the following theorems we denote the condition (ii) as the condition (ii’),
and the condition (iii) is replaced by the condition (iii’) which is the condition (iii)
with wo € Q as in (i').

Theorem 2. Let A and B be sets of positive Lebesgue measure in Ry and let
a and b be points of density of A and B, respectively. Let there exist an element
wo € Q and a sequence {wy} (wy, € Q) converging to wy such that for a sequence

6



{an} of non-zero real numbers converging to o (# 0) the transformations T, satisfy
the conditions (i'), (ii’), (iil’) with respect to (a,b,wo). Then there exists a natural
number Ng such that for a system of p elements wy,, Wn,, ..., wn, of the sequence
{wn} with N; > No,

1 1
—AﬂTwN (—B) N Ty, (—B) N...NTyy (—B)
(&%) aNl OéN2 ? aNP

is a set of positive measure.

Proof. Since A and B are sets of positive measure, there exist balls K4 =
Bla,r] (a #0) and Kp = [b,r] such that |[K 4\ A| < e|Ka4|, |Kp\ B| < ¢|Kp| where

0<e< m. Let sup{|0+”a—Twn( ”K2)|} = d,, where Ky = BIb, 5],

/
()"

Since lim d, = |a Tagl® and lim «, = ag, there exists a positive integer N7 such that

n—oo n—oo

for every n > N; we have

n — an

1 ’ r—s ’1 1‘ r—s

ol T 2[aol an  aol  2allaol’

In virtue of (iii) K3 = Bla, $],

lim ’T [ (AOKZH_’—AOKZ)

n—oo

So, there exists a positive integer No such that for n > Ny we have

I [an k)| - | Sanky|| <a

where 0 < €1 < €|QLOK2’. Let No = max(Ny, N3). Then, for € K and for n > Ny,

1 1 1
Lo (L) <[ o Lo Laon (L)
o Qi Qn
1 1 1
L RS
Qo Qp Qp
s r+s 1
<ol < ol S 2
2| H\ " 2lallao]  2|ao| el

So T, (3=K2) C ;K4 and hence

1 1
1, <—(K2 N B)) Cc —K, forn> Np.
Qp (o)



Let N1, Na,..., N, be positive integers with N; > Ny. Also let

X = {i(A n KA)} ATy, {L(B N Kg)} N Ty, {L(B N Kg)}
Qp QN AN,
NN Ty, [%(Bm}(g)}.
Then
¥ = (G (o) s an0) 0 U (s T, (80 ) )
Hence

1X| > iKA —{LKA\—A‘—FZ{’—KA\TwN (%N(BHKQ))‘}}
— | K| - UQ(KA\A‘W‘_KA‘ Z’ (N(BOK2))”

N ’a (KA\A‘—p‘—KA‘ﬁLZ’ ( N(Bsz))’

o
1 1

> | —Ka|— ’_<KA\A)‘ —p‘—KA‘ +p’—(BﬁK2)’ —pe1
Qg (o)) (&) Qg

1

— K4l — ——|K4\ Al —
\Oéo\N‘ Al \ao|N| A\Al=p

1
|Kal +p—=|B N Ks| — pe:
o] ¥ \ |N
1 1
> Kal = —xelKa| = p—x[Ka| + p—5 |2\ (K2 \ B)| =
‘Oé ‘N‘ A| ‘040|N€‘ A‘ p‘a0|N| A|+p‘a0|N| 2\( 2\ )’ PEL
1 1 1
:_‘Oé ‘N‘KA|7 ‘OZO|N€‘KA‘7P‘040| | A|+p‘ | UKQ‘ |K2\B|] — pey

1 1 1
= — |Ka| - ——¢|Ka| — p——=[|Ka| — |Ka|] — p——|K2\ B| —
\Oéo\N‘ Al ‘a0|N€\ Al p‘aow[\ al = |K2]] p‘aowl 2\ Bl - pe1

1 1 1 1
> ——|Ky| — ——=¢|Ka| — ——=|Ks| —p——=|Kp \ B| — pe
‘Oz ‘N‘ | ‘040|N ‘ ‘ ‘QO‘N‘ 2‘ |010‘N‘ \ ‘ 1

0
1 | K|
> K Ko|| ——=¢|Ka| — p——=¢|Kp| — pe
‘QO‘NU ‘ | 2” |010‘N | | |010‘N | ‘ | O‘N
1 1 ‘ 1 1+p‘ ‘ 1 1+p| ‘ |K‘
= —| | — T [ \2| — P& [\2| — T € 2
| p lao[N ™ p lao[N ™ p |l \N
1 1 1+
= s (R 14p+p)e] 1K)
|ao[N Lp



1 71 1+p+p+2p°
= ey~ (5
lao|N Lp P
1+ 2p+ 2p? 1
= N |: 5 :||K2‘
lao/Np  L1+2p+2p
1
22 +2p+1°

>0, sincel<e<

Hence X is a set of positive measure and so by (ii), for N1, Na, ..., N, > Ny, the
set

1 1
—AmTwN (—B) ﬂTwNz(—B) NNy ( B)
Qo Qapn, Qn, P

is a set of positive measure.
This completes the proof. O

Theorem 3. Let A and By, Ba, ..., B, be sets of positive measure in Ry and let a
and b; (i =1,2,...,p) be points of density of A and B; (i = 1,2,...,p), respectively.
Let there exist an element wy € Q and a sequence {w! }(w}, € Q) (t=12,...,p)
converging to wg such that for a sequence {a,, } of non-zero real number converging to
a non-zero real number «y, the sequence of transformations {T,, i} (i =1,2,...,p)
satisfies the conditions (i), (ii’), (iii") with respect to (a,b;,wp). Then there exists a
natural number Ny such that for a system of p* elements wnx,i, Wn,i, .., wn,t of
the sequence {T,, i} with Ni > Ny and for a system of p numbers ay,, an,, ..
apy, of the sequence {c,,} with Ny > Ny the set

s

1 1 1
—AﬁTwl ( )ﬁTwl ( Bl)ﬁ...ﬂTwl (—Bl)
) N \apn, N3 NN, Np NQN,
1 1
N1, (—32)0Twz ( B2)m...ﬂTwz <—B2)m...
N NN, NZ\QN, N \an,
1 1
T, (—aNl Bp) T, (O% Bp) NN, (—aN,, Bp)
is a set of positive measure.
Proof. Since A and B; (i =1,2,...,p) are sets of positive measure, there exist

balls K4 = Bla,r], a # 0 and Kp, = Blb;,r] (i =1,2,...,p) such that

|Ka\ Al <e|Ka| and

i=1,2,...,p

where 0 < ¢ < Let sup{’—af o ( K2 ’} = d! where K} = B[b;, s],

p \UN
()"
1+p

1+ +22



Since lim d, = ﬁs and lim «, = ag, there exists a positive integer N; such that

n—oo n—oo

for every n > Nj,

i ’ r—3s ’ 1 1 ‘ r—s
i s| < —— an —_— - — —_—.
|ao| 2|exo an agl ~ 2[al|al
In virtue of (iii) we have
lim [ AOKQH_’—AOKQ)
n—oo
So there exists a positive integer Na such that for n > Ny,
[ an k]| - | S anky|| <a

where 0 < &1 < e| = Kj|. Let No = max(Ni, Np). Then, for z € K3 and for n > No
we obtain

1 1 1 1 1 1
—a— T, (—x)‘ =|—a—-——a+ —a—Tw%(—x)’

(o)) 7)) (o)) (a7 Qo (&7)]
1 1 1
|a\‘——— +|—a—-"T,: (—x)‘
Qi Qi "\ay,
rT—3S ; r—s r+s 1
< ai—"d;‘g ai—i——:—’r‘_
“3faliag] * % < N afaagl * 2ao] ~ Tao
Hence Tw;’(%"Ké) C O%OKA and forn > Npand fori=1,2,...,p. Let Nf,Nzi,...,N;
and N; (i =1,2,...,p) be positive integers with N; > Ny and N; > Ny. Also let
1
X:{—(AHKA)}HTl [ (Bng)}mTl { (Bng)}
e%) N, N,
NT 1 [ (BlﬂKzl)}
I3 N.
NT,e [ (BZng)] AT, { (BZng)]
N12 AN, 5 LON,
1 2
ﬂTwzg[a—Np(BgﬂKQ)}ﬂ...
1
AT, [ BmK”}mTp { B mK”}m
o [ B KD Ty, [ (B0 KD
1
NT,» [— B mKP}.
2y L (Bo N 1)
Then
1 1 p p
X = (k[ (= Ka )\ = (Kana)|u [—Ka\T: (= (BinKY) |}
p” \ " \ao( ) z:UuL:Jz \ A3 J( 2)



Hence

12 [ [ gl + S e () )]

=1 j=1
1
o = [t | P ] - g ()
0
1
— a_oKA ‘ KA\A’*]D‘—KA‘#LZZ’ i( Bsz))‘
SEN'S f\—(KA\A)]pr\—KA\+p—ZI[K§\{K§\BiHIfp%l
(75} (&%) « Oé ‘N i=1
1
= — |K4| - |Ka\ Al - | K al
|010‘N | ‘N ‘ |N
1 & , ,
+pm Z [1K] = [K3\ Bil] - p*e1
=1
> 1 |K 4l 15|K\ |K|+p1 [p| K| — f ] —p%
- Al — —= Al — A 2 Al 1
|| Y || Y \ oV oo ¥ part
1 1 1 1 p’e

= — _|K| - ——=¢|K4| - p*—=|K 2 Ky — K 4| —p?
|010‘N‘ A‘ |010‘N€| A‘ p ‘040|N| A|+p ‘QO‘N‘ 2| |010|N| A‘ pé1

1 1 p? p? ,
= TO{O‘N‘KA‘ - |a0‘N5|KA‘ - |Oé(]‘N [|KA| - |K2‘j| - |Oz—0‘N‘KA‘ —pTer

1 p 1 P p?
> Ko| — ——e—|K [
o \N T e T e~ o [ Tp

K| — | Kol

p2e 9 le
K

|a \NlJr | Kz paév‘ 2|

1 p p p? p
= LK, — e 2 K, — [——1}[(
|a0\N1+p| | lao|N " 1+p |2l Pl L1+ p | Ko

3 2

D | K|

- 9 — K2

ol 145~ gl

1 p p? 1 p P )
= + | 1Kl - [ = I
|ao\N[1+p 1+p| 2| oV " L14+p 1+4p P ||Ko|

p p  1+p+2p?
S | - e K.

o K G 1,

p l+p+2p? 1+p
= T [ 5 — <] Il

| 1+p l4+p+2p

1
> 0, sinceO<s<i2.
14+p+2p

11



Hence X is a set of positive measure and so by (II), for N{, N3,..., N, N; > No
(i=1,2,...,p) the set
1 1 1
—ANT, (—Bl) N, (—Bl) N...NT, (—Bl
Qg Nian, N3 NON, Np NN,
1 1 1
N1, (—32) N1, (—32) N...NT,e (—32) n...
NENaN, NZNQN, NE\QN,
1 1 1
AT, (—B,,) AT, (—Bp) N...NT <—B,,)
NP Nap, N NQN, Np\Qn,
is a set of positive measure.
This completes the proof. O
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