Czechoslovak Mathematical Journal

Danica Jakubikova-Studenovské
Antiatomic retract varieties of monounary algebras

Czechoslovak Mathematical Journal, Vol. 48 (1998), No. 4, 793-808

Persistent URL: http://dml.cz/dmlcz/127455

Terms of use:

© Institute of Mathematics AS CR, 1998

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127455
http://dml.cz

Czechoslovak Mathematical Journal, 48 (123) (1998), 793—808

ANTIATOMIC RETRACT VARIETIES OF MONOUNARY
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Retracts of monounary algebras were investigated in the papers [2]—[4].

The notion of the retract variety of monounary algebras was introduced in [5] by
applying an analogy with the notion of the order variety of partially ordered sets
studied in [1].

The collection R of all retract varieties of monounary algebras was investigated
in [5]. This collection is considered to be partially ordered by the class-theoretical
inclusion. A retract variety ¥ is called atomic if ¥ # () and, whenever ¥’ is a retract
variety with () # ¥’ C ¥, then ¥’ = #. It was proved that there are exactly 2%°
atomic retract varieties in ‘R.

A retract variety ¥ of R is said to be antiatomic if ¥ # @) and there is no atomic
variety 77 of R with 74 C 7.

In view of the relation C for pairs of retract varieties 71, 72 of R, we apply also
the symbols inf {#1, #2} and sup {¥#1, %2} in the usual way. Namely, if ¥, %2, ¥5
belong to R and

(i) % C %, % C %,
(i) if ¥ belongs to R, ¥4 C ¥, ¥2 C ¥, then ¥5 C ¥,
then we write ¥5 =sup{¥1, ¥2}. The notion inf {¥7, ¥} is defined dually.

The description of all antiatomic retract varieties of R is given in Theorem 3.2.
Further we investigate the collection Ant of all antiatomic retract varieties of fR; the
following results will be proved:

(a) Ant is closed with respect to the operations of inf and sup.

(b) There is a proper class & of ordinals with the following properties:

(bl) For each a € & there exists #,, € Ant such that, whenever o, 5 € O,
a # 3, then #,, € #j.

This work was supported by the Slovak Grant VEGA 1/4379/97.
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(b2) For each a € O there exists ¥, € Ant such that, whenever o, 5 € 0, § < «,
then 73 G 7.

1. PRELIMINARIES

The symbol % will denote the class of all monounary algebras. Let o7 = (A4, f) €
7 . A nonempty subset M of A is said to be a retract of & if there is a mapping h of
A onto M such that h is an endomorphism of &7 and h(x) = z for each z € M. The
mapping h is then called a retraction endomorphism corresponding to the retract
M.

For & C % let R(¢") (P(£")) be the class of monounary algebras whose elements
are all retracts (direct products) of members of % and their isomorphic images.
A class # of monounary algebras is said to be retract (product) closed if it is
closed with respect to isomorphisms and if it contains all retracts (direct products)
of members of 7. A class /£ is said to be a retract variety if it is retract closed and
product closed. By a retract variety ¥ (%) generated by % (cf. [5]) we understand
the class of all monounary algebras such that any of them is a member of every
retract variety € such that ¢ O 7.

1.1. Lemma. ([5], 1.3) If % C %, then V(#) = RP(%).

In what follows we will use the notion of the degree of an element x € A, where
(A, f) € % for this notion cf. e.g. [7], [6] and [2]. The degree of x € A is an ordinal
or the symbol co and is denoted by s¢(x).

We will use without quotation the following properties of s¢(z):

(A) Let (A, f) =11(A4; f),z € A. Then s¢(z) < sf(z(q)) for each i € I.
icl
(B) If ¢ is a homomorphism of (A4, f) into (B,g) and € A, then sg(p(x)) >

sy(z).
1.2. Definition. Let (A4, f) be a connected monounary algebra. We say that
(4, f) is unbounded, if

(i) sg(x) # oo for each x € A,
(ii) if x € A, n € N, then there is m € N such that f~"+7)(f™(z)) #£ (.

1.3. Lemma. Let (4, f) be a connected monounary algebra. Then (A, f) is
unbounded if and only if
(i) syp(x) # oo for each x € A,
(ii") thereisx € A such that ifn € N, then there ism € N with f~(m+n)(f™(z)) #
0.
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Proof. Obviously, if (i) and (ii) hold, then (i) and (ii’) hold. Suppose that (i)
and (ii') are valid. Let x1 € A, n; € N. The algebra (A, f) is connected, thus there
are k,l € NU {0} with

(1) fHa) = (@)

There is j € N such that { —k+j > 0. Put n =nqy +1— k+ j. According to (i),
there are m € N and y € A such that

(2) M y) = @),

Denote m1 = m+1—k+j. Then my; € N and (1) and (2) imply

J ) = R ) = ()

_ fm+n+j(y) _ f(mlfl+k*j)+(n1+l7k+j)+j (y)
= " (P ().
Therefore
(3) frimrm (fm () # 0,
which implies that (ii) is valid. O

Remark. It can be shown that the conditions (ii) and (ii’) are equivalent for each
connected monounary algebra.

We will apply the following notation introduced in [5]:
.4. Notation. LetN be the set of all positive integers, Z the set of all integers.

1
Z=(Z,f), where f(k) =k+1 foreach k € 7,
N = (N, f), where f(k) =k + 1 for each k € N.

1.5. Lemma. Let (A,f) be a monounary algebra such that s¢(x) # oo for
each x € A. If (B, f) is a connected component of (A, f), then (B, f) fails to be
unbounded if and only if there exist distinct elements e, € B for k € N such that
flexr) = exr1 and f~F(ey) = 0 for each k € N.

Proof. Suppose that (B, f) is a connected component of (4, f) and that (B, f)
fails to be unbounded. Then in view of 1.2, either

(1) sf(z) =00 for some z € B
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or

(2) there are x € B, n € N such that if m € N, then
frOmE(Fm (@) = 0.

The assumption yields that (2) is valid. We can suppose that n is the least positive
integer with the above property, i.e., that

(2" there are x € B,n € N such that if m € N, then
fOE () = 0 and fOTR(f7 () £ 0.

Let  and n satisfy (2'). Take a fixed m € N and an arbitrary element
er € fMHTD(f7 ().

Further, put

(3) ex = f"1(ey) for each k € N,k > 1.

The elements ey, (for £ € N) are then distinct by (1) and

(4) f(er) = exy1 for each k € N.

Suppose that there is y € f~*(ey) for some k € N. We get
FHy) = e = f*Yer) € F(FF (@),
y € (),

a contradiction to (2). Hence f~*(e;) = () for each k € N.
Conversely, let there exist distinct elements {ey: k& € N} with f(ex) = ex+1 and
f~%(er) = 0 for each k € N. If we take x = e;,n = 1, then, for m € N,

FrmE (@) = f D (7 (e1))
= f_(m+1)(em+1) = 0.

Therefore (B, f) satisfies (2) and we obtain that (B, f) fails to be unbounded. O

1.6. Corollary. Let (A, f) be a monounary algebra such that sy(x) # oo for
each x € A. If (B, f) is a connected component of (A, f), then (B, f) is unbounded
if and only if N ¢ R(B, f).

Proof. The assertion is a consequence of 1.5 and of [3], 3.2. g
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1.7. Lemma. Let (A, f) be a monounary algebra such that s¢(x) # oo for each
x € A. The following conditions are equivalent:

(i) if (B, f) is a connected component of (A, f), then (B, f) fails to be un-
bounded;
(i) N e R(A, ).

Proof. Suppose that N € R(A, f). Then there is a subalgebra (E, f) of (A, f)
with (E, f) 2 N such that E is a retract of (4, f).

Hence E = {e,: n € N}, where e; # ¢; for ¢, € N,i # j and f(en) = eny1
for each n € N. Let (B, f) be a connected component of (4, f). Then there is an
endomorphism ¢ of (B, f) into (E, f) and there is ¢ € N such that

“Ye;)N B =0 for each j € N, j <,
“Yej)N B #( for each j €N, j > i

(1)

©
(2) ®

Denote by by an arbitrary element of p~1(e;) N B and, for each n € N,n > 1, put
br = f*~1(b1). Obviously,
(3) f(bg) = b1 for each k € N.

Let k € N and suppose that there is y € f~%(bs). Then f*(y) = by, which implies

o) = o(fF () = (br) = o(f*71 (b))
= ¥ e(b1) = 5 es) = AN er))
= fFH72(ey).

Thus
which yields that ¢ > 1 and

Therefore
(TES @71(61;1) n B,

which contradicts (1). According to (3) and 1.5 we obtain that (i) is valid.
Now let (i) hold. By 1.6, for each connected component (B, f) of (A, f) we have
N € R(B, f), hence N € R(A, f). O
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2. s¢(x) = 0o FOR SOME x

In 2.1 — 2.6 we suppose that ¥ € R and that there exist &/ = (A, f) € ¥ and
zo € A such that sf(zg) = o0.
The definition of s;(x) implies

2.1. Lemma. There is a subalgebra of </ such that either it is isomorphic to Z
or it is a cycle.

2.2. Lemma. Assume that each connected component of <7 is a cycle. Further
suppose that

(i) if (B, f),(C, f) are cycles of &, card B # card C, then card B does not
divide card C.

Then ¥ ¢ Ant.

Proof. Let the assumption hold. There is a subalgebra (F, f) of (A, f) such
that

(1) if (B, f),(C, f) are cycles of (E, f) then card B # card C;

(2) if (B, f) is a cycle of o, then there is a cycle (C, f) of (E, f)
with card B = card C.

By [2], 1.3 we obtain

(3) (B, f) € R(A, f),
which implies

(4) V(E,f) CV(Af)C7.

Further, (E, f) satisfies (i), hence [5], 3.9 yields that V(E, f) is atomic. According
to (4) we get that ¥ ¢ Ant. O

2.3. Lemma. If each connected component of & is a cycle, then ¥ ¢ Ant.

Proof. Suppose that each connected component of <7 is a cycle. For x € A let
n(x) be the cardinality of the cycle € (z) with x € € (x). Further let E be the set of
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all z € A such that if y € A — €' (x), then either n(y) = n(z) or n(y) does not divide
n(x). The algebra (E, f) satisfies the condition (i) of 2.2, hence

(1) V(E, f) ¢ Ant.

Further, the definition of (E, ) implies (according to [2],1.3) that we have

(2) (E,f) € R(A, f).

By (2), V(E, f) C V(A, f) C ¥, hence (1) yields that ¥ ¢ Ant. O

2.4. Lemma. If each connected component of </ contains a cycle and there is
x € A which does not belong to any cycle, then ¥ ¢ Ant.

Proof. Let the assumption hold and let D be the set—theoretical union of all
cycles of o/. Then [2], 1.3 implies (D, f) € R(A, f), thus

V(D,fYCV(A f)Cv.

Further, V(D, f) ¢ Ant with respect to 2.3, hence we obtain that ¥ ¢ Ant, either.
O

2.5. Lemma. Suppose that (A, f) contains a subalgebra which is a cycle. Then
¥V ¢ Ant.

Proof. Let B be the set of all elements of connected components of (A, f)
which contain a cycle. By the assumption, B # ). From 2.3 and 2.4 we get

(1) V(B, f) ¢ Ant.
Further, [2], 1.3 implies (B, f) € R(A, f), hence

(2) V(B,f)S V(A f)C 7.

Then (1) and (2) yield that ¥ ¢ Ant. O

2.6. Lemma. Suppose that no subalgebra of (A, f) is a cycle. Then ¥ ¢ Ant.

Proof. By 2.1, there is a subalgebra & of & such that # = Z. Then [2], 1.3
implies Z € R(«/), thus
V(Z)CV()C V.

Since V(Z) is atomic, we obtain that ¥ ¢ Ant. O
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2.7. Proposition. If ¥ € R and there are (A, f) € ¥ and x € A with
sf(x) = oo, then ¥ ¢ Ant.

Proof. Let the assumption hold. By 2.1, there is a subalgebra % of (A4, f) such
that either

(1) A is a cycle of (A, f)
or
(2) B~7.

If (1) is valid, then 2.5 yields that ¥ ¢ Ant. If no subalgebra of (4, f) is a cycle,
then the required assertion is obtained by virtue 2.6. O

3. THE COLLECTION Ant

In this section we will describe all antiatomic retract varieties of SR. Further, it
will be proved that Ant is closed with respect to the operations of inf and sup. It is
obvious that if #7, 5 € Ant, then

inf{#1, %} = %1 N %

and that inf {¥7, #52} belongs to Ant. We have to show that if #7, ¥ € Ant, then
sup {#1, %2} belongs to Ant, as well.

3.1. Lemma. Let ¥;,% € Ant. Then sup {1, %2} = RP(¥1 U ¥3).

Proof. The assertion is a consequence of 1.1. O

3.2. Theorem. Let ¥ € R. The following conditions are equivalent:

(i) ¥ € Ant;
(i) if (A,f) € ¥, then sy(x) # oo for each x € A and there is a connected
component % of (A, f) such that % is unbounded.

Proof. Let (i) hold and let (ii) be not valid. There exists (A, f) € ¥ such that
either

(1) there is © € A with s¢(z) = 00
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or
(2) if A is a connected component of (A, f), then A fails to be unbounded.

From 2.7 it follows that (1) is not valid, thus (2) holds. Then 1.7 implies that
N € R(A, f), therefore
VIN)C V(A f)c 7.

Since V(N) is atomic, we obtain that ¥ ¢ Ant, a contradiction.
Conversely, suppose that (ii) is valid and that (i) fails to hold. Then there is an
atomic retract variety V(&) in R such that V(&) C #. By (ii),

(1) sf(x) # oo for each z € A.
Therefore [5], 3.9 implies
(2) V(o) =V{N).

According to (2) we have N € ¥". Moreover, N is the unique connected component
of N and N fails to be unbounded, which is a contradiction to (ii). O

3.3. Lemma. Let ¥4,%; € Ant, (A, f) € P(¥1 U ¥2). Then sy(x) # oo for each
r € A.

Proof. By assumption, there are (41, f) € ¥ and (A4s, f) € ¥ with (A, f) =
(Al,f) X (Ag,f) Let x = (1’1,1’2) € A1 x As. Then

(1) sp(x) < sp(x1).

Since z1 € A1, (A1, f1) € ¥4 € Ant, we obtain according to 3.2

(2) sf(x1) # oo.

Hence (1) and (2) yield s¢(z) # oc. O

3.4. Lemma. Let the assumption of 3.3 hold. There is x € A such that if
n € N, then there is m € N with f=(m+n)(fm(z)) £ 0.

Proof. Analogously as in 3.3, (4, f) = (41, f) x (Aqg, f), where (A1, f) € 71,
(As, f) € #. Further, 3.2 implies that there are connected components (By, f) of
(A1, f) and (Ba, f) of (Asg, f) which are unbounded. Hence

(1) there is 21 € B; such that if n € N, then there is
my € N with f=0mFm) (£ (1)) £ 0.
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Let the analogous assertion for By be denoted by (2). Put
x = (x1,22) € By X Bs.
Let n € N. According to (1) and (2) there are my, ma € N with
FrOmE (™ (@) # 0, f(F7 (22)) # 05

take y1 € fTUME(f™ (1)), yo € fTUM2F(f2(22)). Denote y = (y1,42),m =
max {mi, ma}. Then we have

FrEn () = fommmtmEm ) = prem () = f™a),
M (y2) = f"(w2),

., y € F-m N (f7(2)) £ 0. O

3.5. Corollary. Let the assumption of 3.3 hold. Then there is a connected
component A of (A, f), which is unbounded.

3.6. Lemma. Let ¥1,%; € Ant, (A, f) € RP(¥1 U ¥). There is a connected
component A of (A, f), which is unbounded.

Proof. By assumption, (A, f) € R(4', f), where (4’, f) € P(¥1U%2). Then 3.3
implies that sy(z') # oo for each 2’ € A’, thus sy(x) # oo for each x € A, because
(A, f) € R(A', f). Further, 3.5 yields that there is a connected component %’ of
(A, f) such that %’ is unbounded. Consider a retraction endomorphism ¢ of (A4’, f)
onto (4, f) and let Z be the connected component of (A, f) with (%) C %. Then
it is obvious that # is unbounded. O

3.7. Theorem. The collection Ant is closed with respect to the operations of
inf and sup.

Proof. It suffices to prove that if ¥, %5 € Ant, then sup {#1, %2} € Ant. Let
Y,V € V. By 1.1, sup {1, Y2} = RP(¥1U%%). Let (A, f) € RP(¥1U%2). We have
(A, f) € R(A, f) for some (A', f) € P(¥1 U¥3). Then 3.3 implies that ss(z’) # oo
for each 2’ € A" and since (A, f) is isomorphic to a subalgebra of (4’, f), sf(z) # oo
for each x € A as well. Further, there is a connected component % of (A, f) which
is unbounded in view of 3.6. Hence 3.2 yields that sup {71, %2} € Ant. O

802



4. LARGE ANTICHAIN OF ANTIATOMIC RETRACT VARIETIES

In [5], for each ordinal «, a connected monounary algebra &, = (P,,g) was
described such that there are distinct elements p, c, € P, with the following prop-
erties:

(a) 9(pa) = g(ca) = Ca;
(b) if x € Py — {ca}, then there is n € NU {0} with ¢"(x) = pa;

(c) sg(pa) = a.

4.1. Notation. For o € Ord and n € N we denote n, = (n,a). Let o €
Ord. Put N, = {ny: n € N}. Further, we denote by <7, = (A, f) the monounary
algebra such that

Ap =Ny U Py,
f(na) =(n+ 1), for eachn € N,
g(x) if x € Py —{ca},
- |

1, ifx =c,.

4.2. Lemma. If « is an infinite ordinal, then <7, is unbounded.

Proof. The assertion follows from the definition of .27, and from the definition
of the degree. O

4.3. Lemma. If « is an infinite ordinal, then V(4,) € Ant.

Proof. Let a be an infinite ordinal. We will apply 3.2. Suppose that (A4, f) €
V(). By 1.1, (A, f) € RP(4,), i.e., there are a nonempty set I and a monounary
algebra (D, f) such that

(1) (4, 1) € R(D, f),
(2) (D, f) = gl

Let x € A. By (1), (A4, f) is isomorphic to a subalgebra of (D, f), thus the property
(B) of sy(z) implies that there is y € D with

3) sp(x) <sp(y).
Let y(i) be the i-th projection of y into A,. We have

(4) sy(y) < sp(y(@)).

803



Further, 4.1 implies s¢(y(4)) # oo, thus (3) and (4) yield
(5) sf(x) # oo for each x € A.

Define an element d € D by putting d(i) = 1, for each i € I. The algebra <, is
unbounded, thus for each n € N there is m € N with

(6) FmEm(fm(14)) # 0.

Since card f™(1,) = 1 for each m € N, the relation (6) implies

(67) f"(1a) #0,
(6) Fd(@)) # 0.

Thus we obtain

(7) F7™(d) # 0 for each n € N.

Then obviously f~(*V(f(d)) # 0 for each n € N, i.e.,

(8) there is d € D such that if n € N, then there is
m(= 1) with f~"F™(£7(d)) # 0.

According to (1), (8) holds in (A4, f) as well, thus in view of 3.2, (5) and (8) yield
that ¥ is antiatomic. O

4.4. Lemma. Let «a be an ordinal, x € A,. Then there isn € NU{0} such that
sp(z) < a+n.

Proof. Wehave zx € N, UP,. If x € P, — {co}, then the definition of sy(z)
implies s¢(z) = s4(2) < s¢(pa) = . If = cq, then s¢(z) = sf(ca) = s§(pa) +1 =
a+1l Ifz=kykeN, then s¢g(z) =a+k+1. O

4.5. Lemma. Let « be an ordinal. If (C, f) € V(#, ),z € C, then there is
n € NU {0} such that sf(z) < a +n.

Proof. Since V(&)= RP(,), it suffices to show that if x € A4l [ £ ()
then s¢(x) < a+n for some n € NU{0}. Let 2 € A%4! [ £ (. Then

sf(x) < sp(x(i)) for each i € I
and 4.4 yields that there is n € NU {0} with sf(z) < a +n. O
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4.6. Lemma. There is a collection O of ordinals such that

(i) O is a proper class,
(ii) if o € O, then « is infinite,
(i) ifa, B € O, # B,k €N, then a # 5+ k.

Proof. The assertion is obvious. O

In what follows let & be as in 4.6.

4.7. Lemma. Leto,8€ 0. If a < 3, then @3 ¢ V().

Proof. If o3 € V(4,), then according to 4.5 the relation pg € 73 implies
(1) sf(pg) < o+ n for some n € NU{0}.
Further, by the definition of %73, we have
(2) sy(pp) = B-
Then(1), (2) and the assumption yield
(3) a<f<a+n.
Thus 8 = a + k for some k € N, which contradicts 4.6. O

4.8. Lemma. Let«o,8€ 0. If « > 3, then o/ ¢ V().

Proof. Suppose that a > § and @3 € V(<,). Then /3 € RP(4/,) and there
are [ # () and o735 = (A}, f) = (A, f) such that </ is a retract of 241 Denote
by ¢ a retraction endomorphism of .&Z¢2*47 onto ﬂé Further let p € A4 where
p(i) = po, for each i € I. Then

(1) sf(p) = a.
Since ¢ is an endomorphism, (1) implies

(2) st(e(p)) = s¢(p) =
Further, @73 = o/, thus 4.4 yields

(3) if x € o/3, then sy(x) < B+ n for some n € NU{0}.
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By (2) and (3) we obtain
(4) a < sf(p(p)) < B+ n for some n € NU {0}.
According to (4) the assumption « > ( implies
B < a< f+n for somen eNU{0},
which contradicts the relation {«a, 5} C &. O
4.9. Corollary. Ifa,B € 0, a# 3, then o3 ¢ V(2,).
4.10. Corollary. Ifa,f € O, a # 3, then V(a3) L V().

4.11. Theorem. There is a proper class € of ordinals such that for each o € O
there exists #,, € Ant with the property that if a, 3 € O, o # [3, then #o, & W3.

Proof. Let & be asin 4.6. Consider all «7,, o € ¢ and put, for a € O,

According to 4.3 and 4.6, if a € O, then #, € Ant. Let a,8 € 0, o # 3. By 4.10
we have #, € #js. O
5. LARGE CHAIN OF ANTIATOMIC RETRACT VARIETIES

In this section we will apply the algebras <7, for a € & defined in the previous
section.

5.1. Notation. If«a € &, then we denote

Yo =V{p: B<a}).

5.2. Lemma. Ifa,B€ 0,0 < «, then ¥3 C ¥,,.

Proof. The assertion follows from 5.1. O
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5.3. Lemma. Ifa € 0, then ¥, € Ant.
Proof. We shall prove the assertion by means of 3.2. Let o € O, (A, f) € ¥,
By 1.1,
(A, f) € RP({e3: B < af),
i.e., there are a nonempty set I and monounary algebras (D, f) and (B;, f) for each
i € I such that

(1) (A, f) € R(D, ),
(2) (D, f)=T](Bi, ),
el
(3) {(Bi,f): i€ I} C{e: B<al.

Let x € A. Since (A, f) is isomorphic to a subalgebra of (D, f), by (B) there is
y € D with sy(z) < sf(y). Further, (A) yields that ss(y) < ss(y(i)) for each
i € I. According to 3.2, (B;, f) is unbounded for ¢ € I, hence ss(y(i)) # oo, thus

sf(x) # 00, too.

The relation (3) implies that if ¢ € I, then (B;, f) = 473, for some ; € &. Consider
the element d € D such that d(i) = 1g, for each ¢ € I. The remaining part of the
proof is analogous as in 4.3. O

5.4. Lemma. Leta € 0,z € D,(D,f) € ¥,. Then there isn € N U {0} such
that sf(z) < a+n.

Proof. It suffices to show that if I # () and (D, f) satisfies (2) and (3) of 5.3,
then the assertion is valid. In the case under consideration we have

sp(x) < sp(x(i)) for each i € I.

By 4.4, syp(x(i)) < B; + n for some n € NU {0}, where 8; < «, hence we obtain
sf(z) < a+n for some n € NU {0}. O

5.5. Lemma. Let o, € 0. If § < «, then o, ¢ V3.

Proof. Suppose that 8 < a and .27, € ¥3. By the definition of %7, we have
(1) 57(Pa) = o
Further, 5.4 implies
(2) s§(pa) < B+ n for some n € NU{0}.
Thus f < a < f+n, a =+ k for some k € N, which contradicts 4.6. O
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5.6. Corollary. Ifa,0€ 0,8 < «, then ¥ ; Y.

Proof. It is a consequence of 5.2 and 5.5. O

5.7. Theorem. There is a proper class € of ordinals such that for each o € 0
there exists ¥, € Ant with the property that if o, 8 € O, § < «, then ¥3 ; Y.

Proof. The assertion follows from 5.3 and 5.6. O

References

[1] D. Duffus, I. Rival: A structure theory for ordered sets. Discrete Math. 35 (1981),
53-118.

[2] D. Jakubikovd-Studenovskd: Retract irreducibility of connected monounary algebras I.
Czechoslovak Math. J. 46 (121) (1996), 291-308.

[3] D. Jakubikovd-Studenovskd: Retract irreducibility of connected monounary algebras II.
Czechoslovak Math. J. 47 (122) (1997), 113-126.

[4] D. Jakubikovd-Studenovskd: Two types of retract irreducibility of connected monounary
algebras. Math. Bohemica No. 2, 121 (1996), 143-150.

[5] D. Jakubikovd-Studenovskd: Retract varieties of monounary algebras. Czechoslovak
Math. J. 47 (122) (1997), 701-716.

[6] O. Kopecek, M. Novotng: On some invariants of unary algebras. Czechoslovak Math. J.
24 (1974), 219-246.

[7] M. Novotng: Uber Abbildungen von Mengen. Pacif. J. Math. 18 (1963), 1359-1369.

Author’s address: 04154 Kosice, Jesenna 5, Slovakia (Prirodovedecka fakulta UPJS.).

808



		webmaster@dml.cz
	2020-07-03T11:52:51+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




