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Abstract. We say that a binary operation * is associated with a (finite undirected) graph
G (without loops and multiple edges) if * is defined on V(G) and wv € E(G) if and only
ifu# v, uxv=vandv*u=wu for any u, v € V(G). In the paper it is proved that
a connected graph G is geodetic if and only if there exists a binary operation associated
with G which fulfils a certain set of four axioms. (This characterization is obtained as an
immediate consequence of a stronger result proved in the paper).

In the present paper we will prove that a connected graph G is geodetic if and
only if there exists a binary operation associated—in a certain sense—with G and
fulfilling a set of four axioms. We will obtain this characterization of geodetic graphs
as a trivial consequence of a stronger result.

(Note that in [4] and [5] the present author proved that a connected graph G is
geodetic if and only if there exists a set of paths in G which fulfils certain axioms.)

In the present paper the letters f,g,h,%,j, k,m and n are reserved for denoting
integers.

By a graph we mean a graph in the sense of [1], [2], or [3] (i.e. a finite undirected
graph without loops and multiple edges). Let G be a graph with a vertex set V(G)
and an edge set E(G). If u,v € V(G), then we say that a sequence

(0) (wo, ..., wy),
where n > 0, is a u — v path in G if wy, ..., w, are mutually distinct vertices of G,
u = wp, v = wy, and if n > 1, then wowy, ..., wp_1w, € E(G).

! Research supported by Grant No. 405/95/1554 from Grant Agency of the Czech Republic.

701



Let G be a graph, and let * be a binary operation defined on V(G). We will say
that * is associated with G if

w € E(G) ifandonlyif w#wv, uxv=vandvxu=u

for any u,v € V(G). Obviously, every binary operation defined on a finite nonempty
set is associated with exactly one graph.

Let G be a connected graph. We denote by d the distance function of G. If
u,v € V(G) and (0) is an © — v path in G, then we say that (0) is a shortest path (or
a geodesic [2]) in G if n = d(u,v). We denote by N the mapping of V(G) x V(G)
into the set of all subsets of V(G) defined for every (u,v) € V(G) x V(G) as follows:

N(u,v) ={u} if u=wv, and
N(u,v) ={w € V(G); d(u,w) =1 and d(w,v) = d(u,v) — 1} if u # v.

Note that if w # v, then N(u,v) is the same as N7 (u,v) in the sense of [3].

A graph G is called geodetic if it is connected and there exists exactly one shortest
u — v path in G for each ordered pair of vertices u and v of G. Proceeding by
induction on the distance of vertices, we see that a connected graph G is geodetic if
and only if [N (u,v)| =1 for each ordered pair of vertices u and v of G.

Let G be a geodetic graph. We will say that a binary operation x defined on V(G)
is the proper operation of G if u * v is the only vertex of N(u,v) for each ordered
pair of vertices u and v of G. Obviously, every geodetic graph has exactly one proper
operation and this operation is associated with it. Moreover, every binary operation
is the proper operation of at most one geodetic graph.

We will prove a theorem asserting that if G is a graph and * is a binary operation
associated with GG, then G is geodetic and * is the proper operation of G if and only
if G is connected and the operation * fulfils Axioms [-IV stated below. As a trivial
consequence we will obtain the following characterization of geodetic graphs: A
connected graph G is geodetic if and only if there exists a binary operation associated
with G which fulfils Axioms I-IV.

For proving our theorem we will need five lemmas.

Lemma 1. Let G be a geodetic graph, and let x be its proper operation. Then
the operation * fulfils the following Axioms I-1V:
I (uxv)*u=u for all u,v € V(G);
IT if (u*v) *v =wu, then u =v for all u,v € V(G);
IIT if v« u # u, then u* (v*u) =uxv for all u,v € V(G);
IV if w* v = v, then either u*w = u*v or w* (u*v) = v for all u,v,w € V(G).
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Proof. Itis very easy to verify Axioms I-III. We will verify Axiom IV. Consider
u,v,w € V(G) such that wxv = v and uxw # uxv. Then d(v,w) = 1. If u € {v,w},
then w * (u *v) = v. Let v # u # w. Then d(u,v) = d(u, w). Moreover, we see that
d(u*xv,w) > d(u=*v,v). Since d(v,w) = 1, we have d(u*v,w) = d(u*v,v)+ 1. This

implies that w * (u * v) = v, which completes the proof.

In Lemmas 2-5 we will assume that a graph G and a binary operation * associated

with G are given. Moreover, we will assume that the operation * fulfils Axioms I-TV.

Lemma 2. Let r and s be vertices of G. Then

(1) r«s=r ifandonlyif r=s
and
(2) r«s=s Iifandonlyif s*r=r.

Proof. AxiomsI and IT imply (1). Axiom I implies (2).

Lemma 3. Let h > 1, let r1,...,7h41, So, S1 be vertices of G, let
(3) TLFE T, e Th # Thal,
(4) T %80 =T, ...,Th %80 = Thil,
and let
(50) §1 %71 = Sg.
Then
(5¢) Tpksy =7Tp41 and Sy xTpy1 = So

foreach f,1 < f < h.

O

Proof. We will prove that (5,) holds for each g, 0 < g < h. We proceed by
induction on g. We know that (5¢) holds. Let 1 < g < h. According to (54-1),

s1 %15 = so. As follows from (4), rg * so = rg41.
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If ry, = so, then, by (1), rg41 = 74 * So = 4, which contradicts (3). We have
rg # so and therefore, s; * ry # ry. By virtue of Axiom III,

Tg % (81 %Tg) =Tg * 51.

Since s1 * g = So, we have g * $1 = g * g = rg41. Since s1 % 4 # rg, (2) implies
that 74 * 51 # s1. By Axiom III,

s1 % (rg * 81) = 81 % Tg.

Hence s1 % g1 = s1 %74 = so. We see that (5,) holds, which completes the proof of

the lemma. O
Lemma 4. Let k > 1, let ug,uq,...,ux+1, Yo, ...,V be vertices of G, let

(6) Ug # U, UL FE U,y ..., Uk F Uki1,

(7o) Ug * Vg = U1, UL *Vp = U,...,UkL* Vg = Upt1,

and let

(8) VL kUL = Vg, ..., Uk ¥ Up = Uk—1-

Then

(72) Ui ¥ Vj = Uj41y--., Uk *Vj = U411

for each i, 1 <1 < k.

Proof. We will prove that (7;) holds for each j, 0 < j < k. We proceed by
induction on j. We know that (7o) holds. Let 1 < j < k. According to (7;-1),

Uj *Vj—1 = WUj41y---, U *Vj—1 = Uk41-
As follows from (8), v; * u; = vj_1. By (6),
Uj 7 Ujg1, - oo Uk F U1

Lemma 3 implies that (7;) holds, which completes the proof of the lemma. O
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Lemma 5. Assume that G is connected. Let n > 1, and let xg,x1,x2,... be
vertices of (G such that

(9) [ N )
is a shortest path in G and
(10) Tpgf41 = Tnyf *xo for each f > 0.
Then there exists m > n such that x, 1, = .
Proof. Combining (10), Axiom I and (2) we get
(11)  Xpyf+1 *Tpgf = Tnts and Tpiyf * Tppjy1 = Tpyp41  for each f > 0.

First, we want to prove that there exists m > 0 such that x,,4,,, = xo. Suppose,
to the contrary, that

(12) Tnyp # a0 for each f > 0.
Combining (10), (12) and (1), we get
(13) Tntf+1 # Tngyp for each f > 0.

Recall that * is a binary operation associated with G and that (9) is a path in G.
Combining these facts with (11), we get

(14) Tgr1 *xTg =4 for each g > 0.

Recall that V(G) is finite. This implies that there exist h and i such that n < h <
and x; = xp,. By virtue of (13), h+2 < i. Moreover, using Axiom II we get h+3 < i.
By (10),
Tp kK TQ = Thil,. ., Ti 1% Ty = T;

and by (1) and (13),

Tp* T F# Thyt-

This means that there exists j, 0 < j < h — 1, satisfying
(15) Th*Lj = Thils. .., Timl ¥ Tj = T;
and there exists k, h < k < i — 1, such that

(16) Tk * Tjp1 F# Thtl-
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By (14), zj+1 * x; = z; and by (15), xx * &; = 2p41. We have zp * x41 # xp * ;5.
Axiom IV implies that

Tjp1 * (@ * x5) = xj.

Hence
(17) Tj41 * Thy1 = Tj.

Recall that x; = xp,. It is not difficult to see that (13), (15) and (17) together with
Lemma 3 imply that zx * ;41 = k41, which contradicts (16).
Thus we have proved that there exists m > 0 such that x,, = zo. Since (9) is
a shortest path in G, we get d(z,,x0) = n. Since * is associated with G, it follows
from (11) that
d(zp, xn+y) < f for each f > 0.

Thus m > n, which completes the proof of the lemma.
Now we will state the theorem which is the main result of the present paper. [J

Theorem. Let G be a graph, and let x be a binary operation associated with G.
Then the following statements (A) and (B) are equivalent:
(A) G is geodetic and * is its proper operation;
(B) G is connected and operation * fulfils Axioms I - IV.

Proof. If (A) holds, then, by virtue of Lemma 1, (B) also holds.
Conversely, let (B) hold. Then G is connected. We will prove that

(18,) N(u,v) ={uxwv} for arbitrary vertices u and v of G fulfilling d(u,v) < n

for each n > 0. As follows from (1) and from the fact that * is associated with G,
both (18p) and (18;) hold.

Let n > 2. If there exist no vertices y and z of G such that d(y, z) = n, then (18,)
is a trivial consequence of (18,_1). Assume that there exist such vertices y and z.

Consider arbitrary vertices u and v of G such that d(u,v) = n. Obviously,
N(u,v) # 0. Moreover, consider an arbitrary w € N(u,v). There exist vertices
X0y .« Ln—1, Ty of G such that g = v, z,—1 = w, x, = v and (9) is a shortest path
in G. Thus x,—1 € N(z,,x0). We define vertices Tp41, Tnt2, Tnts,... as in (10).
By Lemma 5, there exists m > n such that x,, 4, = z9. Without loss of generality
we assume that

(19) Tpt1 F X0 - - - Tntm—1 7 To-
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Recall that ©,,41 = u*v and z,_1 € N(u,v). We want to prove that x,_1 = T,y1.
Suppose, to the contrary, that

(20) Tp—1 F Tni1.
‘We now will show that
(21) T ¥ TQ 7 Typ—1-

If m = n, then (21) is an immediate consequence of (20). Let m > n. By virtue of
(10), Xy = @yp—1 * To. If @4y, * Tg = XTyp—1, then

(T * To) * To = Ty
and, by Axiom II, z,,, = x¢, which contradicts (19). Thus (21) holds. We have
T * Tppm 7 L1
This means that there exists k, 0 < k < m, such that
(22) Tht1 * Tntk+1 F Tk
and if k£ > 1, then
(23) T K Tl = L0y« -+, Tk * Ttk = Th—1-
Recall that * is associated with G and
Tp ¥ L0 = Tpnals-- Tnik ¥TQ = Tpnikil-

As follows from (1), (2), (10), (19) and Axiom I,

(24) TnTnils- - TnpkTnikil € E(G).
Thus x,, # Tptis. .-y Tntk 7 Tntk+1. Lemma 4 implies that if k£ > 1, then
Tp4l * X1 = Tpg2,- -y Ttk * Tk = Tpphktl-

Since z,, * g = Tp41, we have

(25) Tptf*Tf =Tnype1 foreach f, 0< f < k.
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Recall that d(z,,z0) = n and x,,—1 # Tpn41. There exists j, 0 < j < k, such that
(26) d(tn4j,x5) =n and  Tpijo1 # Tnijtas
and
(27)  if j <k, theneither d(zptjt1,%j41) <N —10r Tpyj = Tptjto.

Recall that (9) is a path. Combining this fact with (24), we have z;2;41 € E(G).
We distinguish two cases.
Case 1. Let j < k. Then k£ > 1 and by (23),

(28) Tjp1 * Tntjtl = Tj.
Assume that d(@n4j41,2541) < n— 1. By virtue of (18,,_1),
N(zjr1, Tntj+1) = {Tj41 * Tnijr1 )
According to (28), N(z+1,Zn+j+1) = {z;}. This implies that d(z,+;+1,2;) < n—2.

We have d(zn4j,2;) < 1+ d(zntjt1,2;) < n— 1, which contradicts (26). Hence

A(Tntj41,Tj41) = N
Since j < k, it follows from (27) that z,4; = n4;42. By (10),

Tpij+2 = (Tntj * To) * To.
Thus (@p4j * o) * g = Tpyj. By virtue of Axiom II, z,4; = zo, which is a

contradiction.
Case 2. Let j = k. By (22), zj41 * Tntj+1 # ;. Thus, as follows from (25),

(29) Tipr * (Tngj * 25) 7 25

Recall that x;z;11 € E(G). This implies that z;41 * z; = z;. Combining this fact
with (29) and Axiom IV, we get

Tt * Tj+1 = Tntj * Tj-
Therefore, by (25),

(30) Tptj * Tj41 = Tntjtl-
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According to (26), d(zn+j,2;) = n. Thus d(@nyj,2j41) = n — 1. By virtue of
(187171)’

(31) N(Zn+j, j41) = {@n4j * Tjga }
Since d(xn4j,zj+1) =n—12> 1, we have d(@n4j—1,2j41) = n— 2. This implies that
Tntj—1 € N(@nyj, Tjp1)-

As follows from (31), Tp4j—1 = Tn+j * Tj41. By virtue of (30), Tp+j—1 = Tntjt+1,
which contradicts (26).

We have proved that w = x,,—1 = 241 = u xv. Thus (18,,) holds. This implies
that G is geodetic and # is its proper operation. Hence (A) holds, which completes
the proof of the theorem. O

The following corollary is an immediate consequence of our theorem.

Corollary. Let G be a connected graph. Then G is geodetic if and only if there
exists a binary operation  associated with G which fulfils Axioms I-1V.

Remark 1. Let G be a connected graph. We will say that an ordered triple
(u,v,w) of vertices in G is a step in G if u # w and v € N(u,w). An axiomatic
characterization of the set of all steps in G was given by the present author in [6].
(Note that some ideas in the present paper were inspired by the paper [6].)

Remark 2. Let G be a graph with exactly n > 2 components, say Gi,..., and
G. Assume that for each i, 1 < i < n, G; is a geodetic graph different from a tree.
Consider arbitrary j, 1 < j < n. Let *; denote the proper operation of G;. Since G
is connected and different from a tree, there exists a unicyclic graph F; which spans
G;. Let CU) denote the cycle of F;. Orient each edge of F} in such a way that for
the resulting digraph, say H;, we have:

if 7 € V(F;) and s € V(CW), then there exists a directed path from 7 to s in Hj;.
Clearly, for every u € V(G;) there exists exactly one vertex fj(u) of G; such that
(u, fj(u)) is an arc in Hj.

Let x denote a binary operation defined on V(G) as follows. Consider arbitrary
z,y € V(G). Then there exist k, m € {1,...,n} such that x € V(Gi) and y €
V(Gp). If k =m, then we put = xy = z *, y. If k # m, then we put z xy = fi(x).
It is easy to see that operation * is associated with G and that * fulfils Axioms I-IV.
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Thus we see that the assumption that GG is connected cannot be deleted from our
corollary.

On the other hand, if G is disconnected and at least one of the components of G
is a tree, then it is not difficult to show that no binary operation associated with G
fulfils Axioms I and II. Therefore, our corollary can be complemented as follows:

Let G be a disconnected graph. Then each component of G is a geodetic graph
different from a tree if and only if there exists a binary operation * associated with
G which fulfils Axioms I-IV.

Remark 3. If G is a geodetic graph of diameter not exceeding two and * is its
proper operation, then * fulfils the following Axiom II:
II (u*v)*v=uvforall u,v e V(G).

Obviously, Axiom II is an immediate consequence of Axiom II. The following
characterization can be easily derived from our corollary:

A graph G is a geodetic graph of diameter not exceeding two if and only if there
exists a binary operation * associated with G which fulfils Axioms I, ﬁ, III and IV.

Remark 4. The author’s interest in the proper operation of a geodetic graph is
connected to his research in semiotics.
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